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Introduction

J. Toby Stafford

There are multiple interactions between noncommutative algebra and representation
theory on the one hand and classical algebraic geometry on the other, and the aim of
this book is to expand upon this interplay. One of the most obvious areas of interaction
is in noncommutative algebraic geometry, where the ideas and techniques of algebraic
geometry are used to study noncommutative algebra. An introduction to this material is
given in Chapter I. Many of the algebras that appear naturally in that, and other, areas of
mathematics are deformations of commutative algebras, and so in Chapter II we provide
a comprehensive introduction to that theory. One of the most interesting classes of
algebras to have appeared recently in representation theory, and discussed in Chapter III,
is that of symplectic reflection algebras. Finally, one of the strengths of these topics is
that they have applications back in the commutative universe. Illustrations of this appear
throughout the book, but one particularly important instance is that of noncommutative
(crepant) resolutions of singularities. This forms the subject of Chapter I'V.

These notes have been written up as an introduction to these topics, suitable for
advanced graduate students or early postdocs. In keeping with the lectures upon which
the book is based, we have included a large number of exercises, for which we have
given partial solutions at the end of book. Some of these exercises involve computer
computations, and for these we have either included the code or indicated web sources
for that code.

We now turn to the individual topics in this book. Throughout the introduction k&
will denote an algebraically closed base field and all algebras will be k-algebras.

I. Noncommutative projective geometry. This subject seeks to use the results and
intuition from algebraic geometry to understand noncommutative algebras. There
are many different versions of noncommutative algebraic geometry, but the one that
concerns Us is noncommutative projective algebraic geometry, as introduced by Artin,
Tate, and Van den Bergh [9, 10].

As is true of classical projective algebraic geometry, we will be concerned with
connected graded (cg) k-algebras A. This means that (1) A =@D,,~y An With A,A,, €
Ap4m forall n,m >0 and (2) Ag = k. For the rest of the introduction we will also



2 INTRODUCTION

assume, for simplicity, that A is generated as a k-algebra by the finite-dimensional
vector space Aj. Write Ay =P, . A, for the irrelevant ideal.

The starting point to this theory appears in work of Artin and Schelter [5], who
were interested in classifying noncommutative analogues A of the polynomial ring
k[x,y, z] or, as we will describe later, noncommutative analogues of P2, So, what
should the definition be? The first basic condition is that A should have finite global
dimension gldim A = m, in the sense that every finitely generated A-module M should
have a finite projective resolution. This hypothesis is insufficient by itself; for example
the free algebra k{x, y} has global dimension one. So we also demand that A have
polynomially bounded growth in the sense that the function p(n) = dimy A, is bounded
above by some polynomial function of n. This is still not enough to eliminate rings like
k{x, y}/(xy) that have rather unpleasant properties. The insight of Artin and Schelter
was to add a Gorenstein condition: Ext’A (k, A) = 6; mk, where k is the trivial (right)
A-module A/A4. In the commutative case this condition is equivalent to the ring
having finite injective dimension, hence weaker than having finite global dimension, yet
in many ways in the noncommutative setting it is a more stringent condition. Algebras
with these three properties — global dimension m, polynomially bounded growth and
the Gorenstein condition — are now called Artin—Schelter regular or AS-regular rings
of dimension m. These algebras appear throughout noncommutative algebraic geometry
and form the underlying theme for Chapter I. All references in this subsection are to
that chapter.

Artin—Schelter regular algebras of dimension 2 are easily classified; this is the
content of Theorem 2.2.1. In fact there are just two examples: the quantum plane
kqlx, y] :== k{x, y]/(xy — qyx) for q € k ~. {0} and the Jordan plane k;[x, y] :=
k{x, y}/(xy — yx — y?). (Since we are concerned with projective rather than affine
geometry, we probably ought to call them the quantum and Jordan projective lines,
but we will stick to these more familiar names.) It is straightforward to analyse the
properties of these rings using elementary methods.

So it was the case of dimension 3 that interested Artin and Schelter, and here things
are not so simple. The Gorenstein condition enables one to obtain detailed information
about the projective resolution of the trivial module k = A/A4. In many cases this
is enough to describe the algebra in considerable detail, and in particular to give a
basis for the algebra. However there was one algebra, now called the Sklyanin algebra,
that Artin and Schelter could not completely understand (this algebra is described in
terms of generators and relations in Example 1.3.4 but its precise description is not so
important here). It was the elucidation of this and closely related algebras that required
the introduction of geometric techniques through the work of Artin, Tate, and Van den
Bergh [9, 10].

The idea is as follows. Given a commutative cg domain A the (closed) points
of the corresponding projective variety Proj(A) can be identified with the maximal
nonirrelevant graded prime ideals; under our hypotheses these are the graded ideals P
such that A/ P = k[x] is a polynomial ring in one variable. In the noncommutative case,
this is too restrictive — for example if ¢ is not a root of unity, then k,[x, y] has just two
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such ideals; (x) and (y). Instead one works module-theoretically and defines a point
module to be a right A-module M = @,y M,, such that M = MpA and dimy M,, = 1
for all n > 0. Of course, when A is corr_lmutative, these are the factor rings we just
mentioned, but they are more subtle in the noncommutative setting and are discussed
in detail in Sections 3 and 4. The gist is as follows. Let A be an AS regular algebra
of dimension 3. Then the point modules for A are in one-to-one correspondence with
(indeed, parametrised by) a scheme E, known naturally enough as the point scheme
of A. This scheme further comes equipped with the extra data of an automorphism
o and a line bundle £. From these data one can construct an algebra, known as the
twisted homogeneous coordinate ring B = B(E, L, o) of E. If A =k[xq, x1, x2] were
a commutative polynomial ring in three variables, then E = P? and B would simply
be A. In the noncommutative case E will either be a surface (indeed either P? or
P! x P) in which case A = B or, more interestingly, E could be a curve inside one of
those surfaces. The interesting case is when E is an elliptic curve, as is the case for
the Sklyanin algebra we mentioned before. This also helps explain why the Sklyanin
algebra caused such a problem in the original work of Artin and Schelter: elliptic curves
are not so easily approached by the sorts of essentially linear calculations that were
integral to their work.

The beauty of this theory is that the geometry of the point scheme E can be used
to describe the twisted homogeneous coordinate ring B = B(E, L, o) and its modules
in great detail. Moreover, for an AS regular algebra A of dimension 3, the ring B
is a factor B = A/gA of A, and the pleasant properties of B lift to give a detailed
description of A and ultimately to classify the AS-regular algebras of dimension 3.
This process is outlined in Section 3.2. An important and surprising consequence is
that these algebras A are all noetherian domains; thus every right (or left) ideal of A is
finitely generated.

We study twisted homogeneous coordinate rings in some detail since they are one
of the basic notions in the subject, with numerous applications. A number of these
applications are given in Section 5. For example, if A is a domain for which dimy A,
grows linearly, then, up to a finite-dimensional vector space, A is a twisted homogeneous
coordinate ring (see Theorem 5.1.1 for the details). One consequence of this is that the
module structure of the algebra A is essentially that of a commutative ring. To explain
the module theory we need some more notation.

If A is a commutative cg algebra then one ignores the irrelevant ideal A4 in con-
structing the projective variety Proj(A). This means we should ignore finite-dimensional
modules when relating that geometry to the module structure of A. This holds in the
noncommutative case as well. Assume that A is noetherian, which is the case that
interests us, and let gr A denote the category of finitely generated graded A-modules
M =@,z M; (thus M;A; € M, ; for all i and j). The category qgr(A) is defined to
be the quotient category of gr A by the finite-dimensional modules; see Definition 4.0.7
for more details. A surprisingly powerful intuition is to regard qgr(A) as the category
of coherent sheaves on the (nonexistent) space Proj(A). Similarly, there are strong
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arguments for saying that the AS regular algebras A of dimension 3 (or at least those
for which dimy A| = 3) are the coordinate rings of the noncommutative P%’s.

The fundamental result relating algebraic geometry to twisted homogeneous coordi-
nate rings is the following theorem of Artin and Van den Bergh [11], which is itself a
generalisation of a result of Serre [198]: under a condition called o-ampleness of the
sheaf £, the category qgr B(E, L, o) is equivalent to the category of coherent sheaves
on E. In particular, if A is a domain for which dimy A,, grows linearly with n, as was
the case two paragraphs ago, then qgr A will be equivalent to the category of coherent
sheaves on a projective curve: sometimes this is phrased as saying that noncommutative
curves are commutative!

Structure of Chapter 1. The main aim of this chapter is to give the reader a firm
understanding of the mathematics behind the above outline, and we have kept the
geometric prerequisites to a minimum. Thus, in Section 1 we emphasise techniques for
calculating the basis (or more generally the Hilbert series) of a graded algebra given by
generators and relations. Section 2 introduces the Artin—Schelter regular algebras and,
again, we emphasise how to use the Gorenstein condition to understand some of the
basic examples. Of course this does not work everywhere, so Section 3 introduces point
modules, the corresponding point scheme and shows how to compute this in explicit
examples. Section 4 then describes the corresponding twisted homogeneous coordinate
rings, while Section 5 outlines the applications of these techniques to the classifications
of noncommutative curves and particular classes of noncommutative surfaces.

I1. Deformations of algebras in noncommutative geometry. For simplicity, in dis-
cussing Chapter II we will assume that the base field k£ has characteristic zero. A great
many algebras appearing in noncommutative algebra, and certainly most of the ones
described in this book, are deformations of commutative algebras. For example, if
kqlx, yl=k{x, y}/(xy —qyx) is the quantum plane mentioned above then it is easy to
see that this algebra has basis {x/y/}. Thus, as ¢ passes from 1 to a general element
of k, it is natural to regard this algebra as deforming the multiplication of the algebra
k[x, y]. In fact there are many different ways of deforming algebras and some very
deep results about when this is possible. This is the topic of Chapter II. Once again, all
references in this subsection are to that chapter.

Here are a couple of illustrative examples. Given a finite-dimensional Lie algebra
g over the field k, with Lie bracket {—, —}, its enveloping algebra Ug is defined to
be the factor of the tensor algebra T'g on g modulo the relations xy — yx — {x, y} for
X,y € g. One can also form the symmetric algebra Sym g on g, which is nothing
more than the polynomial ring in dimy g variables. Perhaps the most basic theorem
on enveloping algebras is the PBW or Poincaré-Birkhoff—Witt Theorem: if one filters
Ug=J,>0 A<n by assigning g+k to A<y, then Sym g is isomorphic to the associated
graded rin_g grUg =@ A<n/A<nu—1). We interpret this as saying that Ug is a filtered
deformation of Sym g. A similar phenomenon occurs with the Weyl algebra, or ring of
linear differential operators on C". This is the ring with generators {x;, 9; : 1 <i < n}
with relations 9;x; — x;0; = 1 and all other generators commuting. Again one can filter
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this algebra by putting the x; and 9; into degree one and its associated graded ring is
then the polynomial ring C[xy, ..., y,] in 2n variables. As is indicated in Section 1,
there are numerous other examples of filtered deformations of commutative algebras,
including more general rings of differential operators and even some of the algebras
from Chapter III.

The commutative rings B that arise as the associated graded rings B = grA =
P A<n/A<pn-1) of filtered rings A = J A<, automatically have the extra structure
of a Poisson algebra. Indeed, given non-zero elements a € A<, /A<,—1) and be
A <m/A<@n—1), with preimages a, b € A then we define a new bracket {a, 5} =ab—ba
mod A <(;u4n—1). It is Toutine to see that this is actually a Poisson bracket in the sense
that it is a Lie bracket satisfying the Leibniz identity {ab, ¢} = a{b, c} + b{a, c}. The
algebra gr A is then called a Poisson algebra.

One can ask if the reverse procedure holds: Given a commutative Poisson algebra B,
can one deform it to a noncommutative algebra A in such a way that the Poisson
structure on B is induced from the multiplication in A? This is better phrased in terms
of infinitesimal and formal deformations, but see Corollary 2.6.6 for the connection.
To describe these deformations, pick an augmented base commutative ring R with
augmentation ideal R, which for us means either R = k[[i]] or R = k[h]/(h") with
Ry = hR. Then a (flat) deformation of B over R is (up to some technicalities) an
R-algebra A, isomorphic to B ®; R as an R-module, such that A®p R/R+ = B as
k-algebras. In other words, a deformation of B over R is an algebra (B ® R, -) such
that @ - b = ab mod R.. An infinitesimal deformation of B is a flat deformation over
R = k[h]/(hz), while a formal deformation is the case when R = k[[i]]. In both cases
the multiplication on A induces a Poisson structure on B by {a, b} = h=Y(ab — ba)
(which does make sense in the infinitesimal case) and we require that this is the given
Poisson structure on B. Remarkably, these concepts are indeed equivalent: Poisson
structures on the coordinate ring B of a smooth affine variety X correspond bijectively
to formal deformations of B. However it takes much more work to make this precise
(in particular one needs to work with appropriate equivalence classes on the two sides)
and much of Sections 3 and 4 is concerned with setting this up. The original result
here is Kontsevich’s famous formality theorem, which was first proved at the level of
R™ or more generally C*° manifolds. Kontsevich also outlined how to extend this to
smooth affine (and some nonaffine) algebraic varieties, while a thorough study in the
global algebraic setting was accomplished by Yekutieli and others; see Section 4.6 for
the details.

The starting point to deformation theory is that deformations are encoded in Hoch-
schild cohomology. To be a little more precise, let B be a k-algebra with opposite ring
B°P and set B¢ = B ®; B°P. The infinitesimal deformations of B are encoded by the
second Hochschild cohomology group HH?(B) = Ext%e (B, B), while the obstructions
to extending these deformations to higher-order ones (i.e., those where R = k[h]/ (hz) is
replaced by some R =k[h]/(h™)) are contained within the third Hochschild cohomology
group HH?3. This is made precise in Section 3 and put into a more general context in
Section 4.
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One disadvantage of formal deformation theorems like Kontsevich’s is that the
multiplication on the deformation is very complicated to describe, yet in many concrete
examples (like enveloping algebras) there is actually quite a simple formula for that
multiplication. The possible deformations also have a range of different properties, and
can often be “smoother” than the original commutative algebra. A illustrative example
is given by the fixed ring C[x, y]® where the generator o of G = Z/(2) acts by —1 on
x and y. This has many interesting deformations, including the factor U = U (sly)/(£2)
of the enveloping algebra of sl, by its Casimir element. (Here U is smooth in the
sense that, for instance, it has finite global dimension, whereas the global dimension of
Clx, y]© is infinite.) The ring U in turn has many different interpretations; for example,
as the ring of global differential operators on the projective line (see Theorems 1.8.2
and (1.J)) or as a spherical subalgebra of a Cherednik algebra in Chapter III.

This example can be further generalised to the notion of a Calabi—Yau algebra. These
algebras are ubiquitous in this book. The formal definition is given in Definition 3.7.9
but here we simply note that connected graded Calabi—Yau algebras are a special case
of AS regular algebras (see Section 5.5.3 of Chapter I). In particular the polynomial ring
Clxq, ..., x,] is Calabi-Yau, as are many of its deformations, including Weyl algebras
and many enveloping algebras. Further examples are provided by U (sl)/(€2) and the
symplectic reflection algebras of Chapter III, as well as various noncommutative resolu-
tions of Chapter IV. As these examples suggest, Calabi—Yau algebras can frequently
be written as deformations of commutative rings or at least of rings that are “close” to
commutative. This is discussed in Section 5 and has important applications to both
commutative and noncommutative algebras, as is explained in the next two subsections.

Structure of Chapter I1. The aim of the chapter is to give an introduction to deformation
theory. Numerous motivating examples appear in Section 1, including enveloping alge-
bras, rings of differential operators and Poisson algebras. The basic concepts of formal
deformation theory and Hochschild (co)homology appear in Section 2, while the rela-
tionship between these concepts is examined in greater depth in Section 3. These ideas
are considerably generalised in Section 4, in order to give the appropriate context for
Kontsevich’s formality theorem. The ramifications of this result and a hint to its proof are
also given there. Finally, Section 5 discusses Calabi—Yau algebras and their applications
to deformation theory, such as to quantizations of isolated hypersurface singularities.

III. Symplectic reflection algebras. A fascinating class of algebras that have only
recently been discovered (the first serious treatment appears in the seminal paper of
Etingof and Ginzburg [99] from 2002) are the symplectic reflection algebras, also known
in a special case as rational Cherednik algebras. They have many interactions with,
and applications to, other parts of mathematics and are also related to deformation
theory, noncommutative algebraic geometry and noncommutative resolutions. As such,
they form a natural class of algebras to study in depth in this book, and we do so in
Chapter III. Once again, all references in this subsection are to that chapter.

We first describe these algebras as deformations. Let G be a finite subgroup of GL(V')
for a finite-dimensional vector space V, say over C for simplicity. Then G acts naturally
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on the coordinate ring C[V] and a classic theorem of Chevalley—Shephard-Todd says
that the quotient variety V/G = Spec C[V]C is smooth if and only if G is a complex
reflection group (see Section 1 for the definitions). There is a symplectic analogue of
reflection groups, where V is now symplectic and G C Sp(V). (The simplest case, of
type A,_1, is when G = S, is the symmetric group acting naturally on C" & (C")*
by simultaneous permutations of the coordinates.) The variety V/G will not now
be smooth; for example in the A; case V/G is the surface xy = z2. However there
are some very natural noncommutative deformations of C[V/G] := C[v19; notably
Uj =U(sl) /(22— 1), where Q is again the Casimir element and A € C. For all but one
choice of A, the ring U; has finite global dimension and can be regarded as a smooth
noncommutative deformation of C[V/G].

This generalises to any symplectic reflection group. Given such a group G C Sp(V),
one can form the invariant ring C[V]1° and the skew group ring C[V] x G; this is the
same abelian group as the ordinary group ring C[V ]G, except that the multiplication is
twisted: gf = f8g for f € C[V] and g € G. Then Etingof and Ginzburg [99] showed
that one can deform C[V] x G into a noncommutative algebra, called the symplectic
reflection algebra H; (G), depending on two parameters ¢ and c. The trivial idempotent
e= deG g|G|_1 still lives in this ring and the spherical subalgebra eH; (G)e is
then a deformation of C[V]. Crucially, these algebras are filtered deformations in the
sense of Chapter II and so, under a natural filtration, one has an analogue of the PBW
Theorem: gr H; (G) =C[V] x G and greH; (G)e = C[v]°.

The parameter ¢ can always be scaled and so can be chosen to be either 0 or 1. These
cases are very different. For most of the chapter we will work in the case t = 1 and
write H.(G) = H1 +(G).

The rings H.(G) are typically defined in terms of generators and relations, which
are not easy to unravel (see Definition 1.2.1 and Equation 1.C). However, in the A
case, ¢eH.(G)e = U, for some A € C, and all such A occur. In general the properties
of the spherical subalgebras e H; -(G)e are reminiscent of those of a factor ring of an
enveloping algebra of a semisimple Lie algebra, and this analogy will guide much of
the exposition.

This similarity is most apparent in the special case of Cherednik algebras. Here
one takes a complex reflection group W € GL(h) for a complex vector space h. Then
W acts naturally on V = h x h* and defines a symplectic reflection group. The
rational Cherednik algebra is then the corresponding symplectic reflection algebra
H; . -(W). Inside H; (W), one has copies of C[h] and C[h*] as well as the group
ring CW and the PBW Theorem can be refined to give a triangular decomposition
H; (G) ZC[h] ®c CW ®c C[h*] as vector spaces.

The Cherednik algebra H; (W) can also regarded as a deformation of the skew
group ring A, X W of the Weyl algebra; in this case the spherical subalgebra e H; .(W)e
becomes a deformation of the fixed ring A,‘iV . This is most readily seen through the Dunkl
embedding of H.(W) into a localisation D(hreg) X W of A, x W (see Subsection 1.8
for the details). However, in many ways the intuition from Lie theory is more fruitful;
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for example, H.(W) can have finite-dimensional representations, whereas A, x W is
always simple and so cannot have any such representations.

The triangular decomposition is particularly useful for representation theory, since
one has natural analogues of the Verma modules and Category O, which are so powerful
in the representation theory of semisimple Lie algebras (see, for example [83]). For
Cherednik algebras, Category O consists of the full subcategory of finitely generated
H.(W)-modules on which C[h*] acts locally nilpotently. The most obvious such
modules are the standard modules A()) = Hc(W) ®cy*) A, where A is an irreducible
representation of W on which C[*] is given a trivial action. The structure of these
modules is very similar to that of Verma modules; for example, each A; has a unique
simple factor module and these define all the simple objects in Category O. The general
theory of Category O-modules is given in Section 2. In Type A,,_;, when W is the
symmetric group S,, one can get a much more complete description of these modules,
as is explained in Section 3. For example, it is known exactly when H.(Sy,) has a
finite-dimensional simple module (curiously, H.(S,) can never have more than one
such module). Moreover, the composition factors of the A(A) and character formulae
for the simple modules in Category O are known. The answers are given in terms
of some beautiful combinatorics relating two fundamental bases of representations of
certain quantum groups (more precisely, the level-one Fock spaces for quantum affine
Lie algebras of Type A).

Section 4 deals with the Knizhnik—Zamolodchikov (KZ) functor. This remarkable
functor allows one to relate Category O to modules over yet another important algebra,
in this case the cyclotomic Hecke algebra Hy (W) related to W. At its heart the KZ
functor is quite easy to describe. Recall that the Dunkl embedding identifies H.(W)
with a subalgebra of D(breg) X W, and in fact D(breg) X W is then a localisation of
H.(W). The key idea behind the KZ functor is that one can also localise the given
module to obtain a (D(breg) ¥ W)-module. At this point powerful results from the
theory of D-modules can be applied and these results ultimately lead to modules over
the Hecke algebra.

When we first defined the symplectic reflection algebras H; .(G) there was the
second parameter ¢ and the representation-theoretic results we have described so far
have all been concerned with the case ¢ # 0. The case r = 0, which is the topic of the
final Section 5, has a rather different flavour. The reason is that Hyp ;(G) is now a finite
module over its centre Z.(G) = Z(Hp (G)).

We again give a thorough description of the representation theory of Hy ;(G) although
this has a much more geometric flavour with a strong connection to Poisson and even
symplectic geometry. The Poisson structure on Spec Z.(G) comes from the fact that
the parameter ¢ gives a quantization of Z.(G)! A key observation here is that the
simple Hy ;(G)-modules are finite-dimensional, of dimension bounded by |G| (see
Theorem 5.1.4). Moreover they have maximal dimension precisely when their central
annihilator is a smooth point of Spec Z.(G). So, the geometry of that space and the
representations of Hy .(G) are intimately connected.
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The final topic in this chapter relates to Chapter IV and concerns applications of
Hy (G) back to algebraic geometry. An important geometric question is to understand
resolutions of singularities m : X > Xofa singular space X (thus X should be
nonsingular and the birational map m should be an isomorphism outside the singular
subset of X). Here we are interested in the case X =Y = V/G. In this setting, the
smooth locus of Y is even symplectic, and so one would further like the resolution
7:¥Y—>Ytobea symplectic resolution in the sense that Yis symplectic and 7 is an
isomorphism of symplectic spaces away from the singular set. Remarkably the question
of when this happens has been determined using H .(G) —it happens if and only if
Spec Z.(G) is smooth for some value of c¢. This can be made more precise. Recall
that the spherical subalgebra e Hy -(G)e is a deformation of C[Y] = (C[V]G. Indeed,
eHy .(G)e = Z.(G) is even commutative and so is a commutative deformation of C[Y].
Thus Y has a symplectic resolution if and only if e Hy .(G)e is a smooth deformation
of C[Y] (see Theorem 5.8.3). Completing this circle of ideas we note that symplectic
reflection algebas have even been used to determine the groups G for which Y =V /G
has a symplectic resolution of singularities.

Structure of Chapter III. The aim of the chapter is to give an introduction to the con-
struction and representation theory of symplectic reflection algebras H; .(G). The basic
definitions and structure theorems, including the PBW Theorem and deformation theory,
are given in Section 1. In Section 2 the representation theory of the Cherednik algebra
H.(W) = Hj (W) is discussed, with emphasis on Category O-modules. In particular,
Category O is shown to be highest weight category. These results can be considerably
refined when W = S, is a symmetric group, and this case is studied in detail in Sec-
tion 3. Here one can completely describe the characters of simple O-modules and the
composition factors of the standard modules. This is achieved by relating H.(S;) to
certain Schur and quantum algebras. The KZ functor is described in Section 4 and again
relates the representation theory of H.(W) to other subjects: in this case the theory of
D-modules and, ultimately, to cyclotomic Hecke algebras H, (W). This allows one to
prove subtle and nontrivial results about both the Cherednik and Hecke algebras. The
final Section 5 studies the representation theory of the symplectic reflection algebras
Hy (G), with particular reference to their Poisson geometry and symplectic leaves.
The application of these algebras to the theory of symplectic resolutions of quotient
singularities is discussed briefly.

IV. Noncommutative resolutions. As we have just remarked, a fundamental problem
in algebraic geometry is to understand the resolution of singularities 7 : X —> Xofa
singular space X = Spec R. Even for nonsymplectic singularities, one can sometimes
resolve the singularity by means of a noncommutative space and this can provide more
information about the commutative resolutions. This theory is described in Chapter IV.

The resolution 7 is obtained by blowing up an ideal / of R related in some way to
the singular subspace of Y. Unfortunately, the ideal 7 is not unique and even among
rings R of (Krull) dimension three there are standard examples where different ideals
I, 1" give rise to nonisomorphic resolutions of singularities. However, through work of
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Bridgeland [42] and Bridgeland—King—Reid [44], these resolutions are closely related
(more precisely, derived equivalent). The motivation for this chapter comes from work
of Van den Bergh who, in [230, 231], abstracted Bridgeland’s work by showing that
one can find a noncommutative ring A that is actually derived equivalent to both these
resolutions. Thus it is reasonable to think of A (or perhaps its category of modules) as
a noncommutative resolution of singularities of Y. The purpose of this chapter is to
explain how to construct such a ring A, to outline some of the methods that are used to
extract the geometry, and to discuss the geometric applications.

For the rest of this introduction fix a commutative Gorenstein algebra R and set X =
Spec R (in fact much of the theory works for Cohen—Macaulay rather than Gorenstein
rings, but the theory is more easily explained in the Gorenstein case, and this also fits
naturally with the other parts of the book). For simplicity, we assume throughout this
introduction that R is also a normal, local domain. Then a noncommutative crepant
resolution or NCCR for X (or R) is a ring A satisfying

(1) A=Endg(M) for some reflexive R-module M,
(2) A is a Cohen—Macaulay (CM) R-module, and
3) gldimA =dim X.

Before discussing this definition, here is a simple but still very important example:
let G C SL(2, C) be a finite subgroup acting naturally on S = C[x, y] and set R =
SG. Then it is easy to show that the skew group ring A = § x G, in the sense of
Chapter III, is isomorphic to Endg (), and it follows that A is a NCCR for the quotient
singularity X = Spec(R) = C?/G. This construction can be considerably generalised
(to a polynomial ring in n > 2 variables, in particular), but the present case provides a
rich supply of examples that we use throughout the chapter, not least because the finite
subgroups of SL(2, C) are classified and easy to manipulate. See Sections 1 and 5 in
particular.

Let us now explain some aspects of the definition of a NCCR; further details can be
found in Section 2. First, the hypothesis that A be CM corresponds to the geometric
property of crepancy (which is one reason these are called NC Crepant Resolutions).
The definition of crepancy is harder to motivate, and is discussed in Section 4, but for
symplectic singularities like the variety ¥ = V /G from the last subsection, crepancy
is equivalent to the resolution being symplectic. Since we want to obtain a smooth
resolution of the given singular space it is very natural to require that gldim A < oo.
Unfortunately, as also occurred in Chapter I, this is too weak an assumption in a
noncommutative setting and so we require the stronger hypothesis (3). This is actually
the same as demanding that all the simple A-modules have the same homological
dimension and is in turn equivalent to demanding that A satisfy a nongraded version
of the Artin—Schelter condition from Chapter I (see Corollary 4.6.3 for the details).
So, once again, the definition is quite natural given the general philosophy of the book.
Although NCCRs are not unique, they are at least Morita equivalent in dimension 2
(meaning that the categories of modules are equivalent) and derived equivalent in
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dimension 3 (meaning that the derived categories of modules are equivalent). See
Theorems 2.3.4 and 2.4.2, respectively.

So, what does this have to do with commutative resolutions of singularities? The
main motivation both for the definition of NCCRs and for this chapter is to prove that,
in dimensions 2 and 3, an NCCR A of R leads to a commutative crepant resolution
of singularities r : X—>X= Spec R (see Theorem 5.4.1 for a more precise version).
Combined with the derived equivalence mentioned above this easily proves the result
of Bridgeland with which we began this discussion. In order to explain this transition
from noncommutative algebra to geometry, we need two further concepts: Geometric
Invariant Theory (GIT) to construct appropriate smooth spaces and then a further
discussion on derived categories and tilting to utilise those spaces.

The basic ideas of quiver GIT are described in Section 3. To set the stage, fix an
NCCR A =Endg (M) of R. From this we are hoping to construct a smooth variety ¥
that will provide our crepant resolution X — X. This is easiest to explain if we also
assume that A is a quiver with relations A=k Q/J, although this is not strictly necessary.
A brief review of quivers and their representations is given in the chapter’s Appendix
(page 297), so here we just mention that Q is a quiver, or finite directed graph, and kQ
denotes the path algebra or set of all possible paths around the quiver. The relations J
will be ignored for the moment. A representation V = (V;, f,) of Q (or, equivalently,
of kQ) consists of a finite-dimensional vector space V; at each vertex i € Qp and a
linear map f, at each arrow a of Q. The dimension vector of V is simply the vector
o = (dimg V; 1 i € Qp}. It is easy to obtain a smooth space from this— one simply
takes the vector space

R =Ry =Rep(kQ, o) = {representations of kQ of dimension vector «}.

Unfortunately, one needs to take the isomorphism classes of such representations, and
this corresponds to the set of G-orbits in R for G = ]_[ieQ 0 GL(dim V;). This space
will typically be unpleasant to work with and will certainly not be smooth and so
the idea of GIT is to find a better quotient with nicer properties. This is achieved
by first introducing a little extra data in the form of a character x of G and open
subsets R* € R*S of R called the x-(semi)stable representations. One then constructs
a quotient g : R** — R/, G of R** that actually parametrises the isomorphism classes
of x-stable representations. It is called the moduli space of x-stable representations
of kQ of dimension vector a. If A =kQ/J is a quiver with relations then the same
constructions work except that one has to be mindful of the relations. These moduli
spaces are surprisingly easy to compute for specific quivers and a number of examples
are given in Section 3. Crucially, they are often smooth and so they are candidates for
our desired resolutions.

At this stage the categories we are given are the category mod(A) of finitely generated
A-modules and the category of coherent sheaves coh(Y) for one of these moduli spaces Y.
Unfortunately, it is almost impossible for them to be equivalent; for example, mod(A)
always has enough projective modules but coh(Y) almost never does, and this is why
we can only hope for an equivalence of derived categories. This is achieved in Section 4,
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where the basic theory of derived categories is described, as well as the basic technique,
called tilting, for producing equivalences between such categories.

Finally, in Section 5 we pull everything together by looking in detail at two important
cases. First we relate NCCRs to minimal resolutions of ADE surface singularities:
this is the case when the singular variety equals Spec(C[x, y]9), for a finite group
G CSL(2, C). Secondly, we show how NCCRs induce crepant resolutions in dimension
three—this result was really Van den Bergh’s original motivation for defining NCCRs,
since it implies the theorem of Bridgeland with which we began the discussion.

Structure of Chapter IV. The aim of the chapter is to give an introduction to NCCRs.
In Section 1 we introduce the basic ideas by explicitly constructing potential NCCRs
of the form A = Endg(M) for one particular ring R. The ring we pick is R =
Cla, b, cll/(ab—c?), although the computations work more generally. This leads to the
general noncommutative concepts, including the definition of NCCRs in Section 2. In
that section NCCRs are also shown to be Morita equivalent in dimension 2 and derived
equivalent in dimension 3. Section 3 gives a brief overview of quiver Geometric Invariant
Theory, which then allows us to extract geometric objects from NCCRs. Section 4
introduces derived categories and the homological techniques needed to relate the
geometry with the NCCRs. In particular, we show that NCCRs are Calabi—Yau. Finally,
Section 5 applies this to describe minimal resolutions of ADE surface singularities and
crepant resolutions of 3-folds.



CHAPTER 1

Noncommutative projective geometry

Daniel Rogalski

Introduction

These notes are a significantly expanded version of the author’s lectures at the
graduate workshop “Noncommutative algebraic geometry” held at the Mathematical
Sciences Research Institute in June 2012. The main point of entry to the subject we
chose was the idea of an Artin—Schelter regular algebra. The introduction of such
algebras by Artin and Schelter motivated many of the later developments in the subject.
Regular algebras are sufficiently rigid to admit classification in dimension at most 3,
yet this classification is nontrivial and uses many interesting techniques. There are also
many open questions about regular algebras, including the classification in dimension 4.

Intuitively, regular algebras with quadratic relations can be thought of as the coor-
dinate rings of noncommutative projective spaces; thus, they provide examples of the
simplest, most fundamental noncommutative projective varieties. In addition, regular
algebras provide some down-to-earth examples of Calabi—Yau algebras. This is a class
of algebras defined by Ginzburg more recently, which is related to several of the other
lecture courses given at the workshop.

Section 1 reviews some important background and introduces noncommutative
Grobner bases. We also include as part of Exercise Set 1 a few exercises using the
computer algebra system GAP. Section 2 presents some of the main ideas of the theory
of Artin—Schelter regular algebras. Then, using regular algebras as examples and
motivation, in Sections 3 and 4 we discuss two important aspects of the geometry of
noncommutative graded rings: the parameter space of point modules for a graded algebra,
and the noncommutative projective scheme associated to a noetherian graded ring.
Finally, in Section 5 we discuss some aspects of the classification of noncommutative
curves and surfaces, including a review of some more recent results.

We have tried to keep these notes as accessible as possible to readers of varying
backgrounds. In particular, Sections 1 and 2 assume only some basic familiarity with
noncommutative rings and homological algebra, as found for example in [117] and
[193]. Only knowledge of the concept of a projective space is needed to understand the
main ideas about point modules in the first half of Section 3. In the final two sections,
however, we will of necessity assume that the reader has a more thorough background

13
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in algebraic geometry, including the theory of schemes and sheaves as in Hartshorne’s
textbook [128].

We thank MSRI for holding the graduate workshop, and we thank the student
participants and our co-organizers for the feedback and inspiration they provided. We
are indebted to Toby Stafford, from whom we first learned this subject in a graduate
course at the University of Michigan. Other sources that have influenced these notes
include some lecture notes of Darrin Stephenson [215], and the survey article of Stafford
and Van den Bergh [214]. We thank all of these authors. We also thank Jonathan Conder,
Susan Elle, Jason Gaddis, Matthew Grimm, Brendan Nolan, Stephan Weispfenning, and
Robert Won for reading earlier versions of these notes and giving helpful comments.

1. Review of basic background and the Diamond Lemma

1.1. Graded algebras. In this section, we review several topics in the theory of rings
and homological algebra which are needed before we can discuss Artin—Schelter regular
algebras in Section 2. We also include an introduction to noncommutative Grobner
bases and the Diamond Lemma.

Throughout these notes we work for simplicity over an algebraically closed base
field k. Recall that a k-algebra is a (not necessarily commutative) ring A with identity
which has a copy of k as a subring of its center; then A is also a k-vector space such
that scalar multiplication - satisfies (A-a)b = A - (ab) =a(L-b) forall A €k, a, b € A.
(The word algebra is sometimes used for objects with nonassociative multiplication, in
particular Lie algebras, but for us all algebras are associative.)

DEFINITION 1.1.1. A k-algebra A is N-graded if it has a k-vector space decomposi-
tion A =P, An such that A;A; C A;; forall i, j > 0. We say that A is connected
if Ag=k. An element x in A is homogeneous if x € A,, for some n. A right or left ideal
I of A is called homogeneous or graded if it is generated by homogeneous elements,
or equivalently if I = @D,,~.o(I NAy).

EXAMPLE 1.1.2. Recall that the free algebra in n generators x1, ..., X is the ring
k(x1, ..., x,), whose underlying k-vector space has as basis the set of all words in the
variables x;, that is, expressions x; x;, ... x;, for some m > 1, where 1 <i; <n for
all j. The length of a word x;, x;, . .. x;, is m. We include among the words a symbol
1, which we think of as the empty word, and which has length 0. The product of two
words is concatenation, and this operation is extended linearly to define an associative
product on all elements.

The free algebra A = k(xq, ..., x,) is connected N-graded, where A; is the k-span
of all words of length i. For a more general grading, one can put weights d; > 1
on the variables x; and define A; to be the k-span of all words x;, ... x;, such that

DEFINITION 1.1.3. A k-algebra A is finitely generated (as an algebra) if there is a
finite set of elements ay, ..., a, € A such that the set

{ai\aiy ... aj, |1 <ij <n,m>=1}U{l}
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spans A as a k-space. It is clear that if A is finitely generated and N-graded, then it
has a finite set of homogeneous elements that generate it. Then it is easy to see that a
connected N-graded k-algebra A is finitely generated if and only if there is a degree
preserving surjective ring homomorphism k(xy, ..., x,) — A for some free algebra
k(xt, ..., x,) with some weighting of the variables, and thus A = k(x{,...x,)/I for
some homogeneous ideal /. If / is generated by finitely many homogeneous elements
(as a 2-sided ideal), say I = (f1, ..., fin), then we say that A is finitely presented, and
we call k(x1,...,x,)/(f1,..., fin) a presentation of A with generators xp, ..., x, and
relations fi,..., fm-

DEFINITION 1.1.4. For the sake of brevity, in these notes we say that an algebra A
is finitely graded if it is connected N-graded and finitely generated as a k-algebra. Note
that if A is finitely graded, then dimy A, < oo for all n, since this is true already for
the free algebra.

In Section 1.3 below, we will give a number of important examples of algebras
defined by presentations.

1.2. Graded modules, GK-dimension, and Hilbert series.

DEFINITION 1.2.1. Let A be an N-graded k-algebra. A right A-module M is graded
if M has a k-space decomposition M = P, .7 M, such that M;A; € M, ; for all
ieZ,jeN.

Given a graded A-module M, we define M (i) to be the graded module which
is isomorphic to M as an abstract A-module, but which has degrees shifted so that
M (i), = M;4,. Any such module is called a shift of M. (Note that if we visualize the
pieces of M laid out along the integer points of the usual number line, then to obtain
M (i) one shifts all pieces of M to the left i units if i is positive, and to the right |i|
units if 7 is negative.)

A homomorphism of A-modules ¢ : M — N is a graded homomorphism if ¢ (M) C
N, for all n.

We will mostly be concerned with graded A-modules M which are finitely generated.
In this case, we can find a finite set of homogeneous generators of M, say m1, ..., m,
with m; € Mg, and thus define a surjective graded right A-module homomorphism
P:_, A(—d;) - M, where the 1 of the ith summand maps to the generator m;. This
shows that any finitely generated graded A-module M over a finitely graded algebra A
has dimy M,, < oo for all n and dimy; M,, =0 for n < 0, and so the following definition
makes sense.

DEFINITION 1.2.2. Let A be finitely graded. If M is a finitely generated graded
A-module, then the Hilbert series of M is the formal Laurent series

hy (1) = Z(dimk M)t".
nez

We consider the Hilbert series of a finitely generated graded module as a generating
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function (in the sense of combinatorics) for the integer sequence dimy M,,, and it is
useful to manipulate it in the ring of Laurent series Q((7)).

EXAMPLE 1.2.3. The Hilbert series of the commutative polynomial ring k[x] is
1+1t+12+..., which in the Laurent series ring has the nicer compact form 1/(1 —1).

More generally, if A =k[xq, ..., x;] then hy(t) = 1/(1 —1)™. On the other hand, the
free associative algebra A =k(x1, ..., x;;) has Hilbert series
ha()=14+mt+m?>+---=1/(1 —mt).

In particular, dimy A, grows exponentially as a function of n if m > 2. In Exercise 1.6.1,
the reader is asked to prove more general versions of these formulas for weighted
polynomial rings and free algebras.

DEFINITION 1.2.4. If A is a finitely generated (not necessarily graded) k-algebra,

the Gelfand—Kirillov (GK) dimension of A is defined to be

GKdim(A) = limsup log,, (dimy V"),

n—oo

where V is any finite dimensional k-subspace of A which generates A as an algebra
and has 1 € V. The algebra A has exponential growth if lim sup,,_, o (dimy ymlin 1,
otherwise, clearly lim sup,,_, ., (dimg v™M/n — 1 and we say that A has subexponential
growth. The book [157] is the main reference for the basic facts about the GK-dimension.
In particular, the definitions above do not depend on the choice of V [157, Lemma 1.1,
Lemma 2.1]. Also, if A is a commutative finitely generated algebra, then GKdim A is
the same as the Krull dimension of A [157, Theorem 4.5(a)].

If A is finitely graded, then one may take V to be Ag @ --- @ A, for some m,
and using this one may prove that GKdim A = limsup,,_,  log,, (37", dimy A;) [157,
Lemma 6.1]. This value is easy to calculate if we have a formula for the dimension of
the i™ graded piece of A. In fact, in most of the examples in which we are interested
below, there is a polynomial p(¢) € Q(¢) such that p(n) = dimg A, for all n > 0, in
which case p is called the Hilbert polynomial of A. When p exists then it easy to
see that GKdim(A) = deg(p) + 1. For example, for the commutative polynomial ring
A =k[xy,...,Xxn], one has dimy A, = (";’ffl), which agrees with a polynomial p(n)
of degree m — 1 for all n > 0, so that GKdim A = m.

We briefly recall the definitions of noetherian rings and modules.

DEFINITION 1.2.5. A right module M is noetherian if it has the ascending chain
condition (ACC) on submodules, or equivalently if every submodule of M is finitely
generated. A ring is right noetherian if it is noetherian as a right module over itself,
or equivalently if it has ACC on right ideals. The left noetherian property is defined
analogously, and a ring is called noetherian if it is both left and right noetherian.

The reader can consult [117, Chapter 1] for more information on the noetherian
property. By the Hilbert basis theorem, the polynomial ring k[x1, ..., X;;] is noetherian,
and thus all finitely generated commutative k-algebras are noetherian. On the other hand,
a free algebra k(xq, ..., x,) in m > 2 variables is not noetherian, and consequently
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noncommutative finitely generated algebras need not be noetherian. The noetherian
property still holds for many important noncommutative examples of interest, but one
often has to work harder to prove it.

1.3. Some examples, and the use of normal elements.

EXAMPLES 1.3.1.
(1) For any constants 0 # g;; € k, the algebra

A=k(xi,x2, ..., x0)/(xjX; —qijxixj |1 <i < j<n)

is called a quantum polynomial ring. The set {xlllxé2 .. .xf{' li1,i2,...,i, >0}isa

k-basis for A, as we will see in Example 1.4.2. Then A has the same Hilbert series

as a commutative polynomial ring in n variables, and thus h4 () = 1/(1 —1)".
(2) The special case n =2 of (1), so that

A=k{x,y)/(yx —qxy)

for some 0 # ¢, is called the quantum plane.

(3) The algebra
A=k{x, y)/(yx —xy —x%)
is called the Jordan plane. We will also see in Example 1.4.2 that if A is the Jordan
plane, then {xyJ|i, j >0} is a k-basis for A, and so hs(t) =1/(1 — 2.
(Note that we often use a variable name such as x to indicate both an element in the

free algebra and the corresponding coset in the factor ring; this is often convenient in a
context where there is no chance of confusion.)

All of the examples above have many properties in common with a commutative
polynomial ring in the same number of generators. For example, they all have the
Hilbert series of a polynomial ring and they are all noetherian domains. The standard
way to verify these facts is to express these examples as iterated Ore extensions. We omit
a discussion of Ore extensions here, since the reader can find a thorough introduction
to these elsewhere, for example in [117, Chapters 1-2]. Instead, we mention a different
method, which will also apply to some important examples which are not iterated Ore
extensions. Given a ring A, an element x € A is normal if xA = Ax (and hence the
right or left ideal generated by x is an ideal). Certain properties can be lifted from a
factor ring of a graded ring to the whole ring, when one factors by an ideal generated
by a homogeneous normal element.

LEMMA 1.3.2. Let A be a finitely graded k-algebra, and let x € Ag be a homogeneous
normal element for some d > 1.
(1) If x is a nonzerodivisor in A, then if A/xA is a domain then A is a domain.
(2) If A/x A is noetherian, then A is noetherian.

PROOF. We ask the reader to prove part (1) as Exercise 1.6.2.
We sketch the proof of part (2), which is [9, Theorem 8.1]. First, by symmetry
we need only show that A is right noetherian. An easy argument, which we leave to
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the reader, shows that it suffices to show that every graded right ideal of A is finitely
generated. Suppose that A has an infinitely generated graded right ideal. By Zorn’s
lemma, we may choose a maximal element of the set of such right ideals, say /. Then
A/I is a noetherian right A-module. Consider the short exact sequence

0— (AxN1)/Ix — I/Ix — I/(AxNI) — 0. (1.A)

We have I/(Ax N1I) = (I + Ax)/Ax, which is a right ideal of A/Ax and hence is
noetherian by hypothesis. Now (Ax N [) = Jx for some subset J of A which is
easily checked to be a graded right ideal of A. Then (AxN1)/Ix = Jx/Ix = Mx,
where M = J/I is a noetherian A-module since it is a submodule of A//. Given an
A-submodule P of Mx, it is easy to check that P = Nx where N ={m € M |mx € P}.
Thus since M is noetherian, so is Mx. Then (1.A) shows that //Ix is a noetherian
A-module, in particular finitely generated. Thus we can choose a finitely generated
graded right ideal N C [ such that N + /x = I. An easy induction proof shows that
N+ Ix" =1 for all n > 0, and then one gets N, = I, for all m > 0 since x has positive
degree. In particular, I is finitely generated, a contradiction. (Alternatively, once one
knows I/Ix is finitely generated, it follows that / is finitely generated by the graded
Nakayama lemma described in Lemma 1.5.1 below.) (]

COROLLARY 1.3.3. The algebras in Examples 1.3.1 are noetherian domains.

PROOF. Consider for example the quantum plane A = k(x, y)/(yx —gxy). Then it
is easy to check that x is a normal element and that A/xA = k[y]. We know h4(t) =
1/(1=1)? and haxa(t) =1/(1—1). Obviously hy(f) is at most as large as /(1 —1)2,
with equality if and only if x is a nonzerodivisor in A. Since ha(t) =hya(t)+ha/xa(t),
equality is forced, so x is a nonzerodivisor in A. Since k[y] is a noetherian domain, so
is A by Lemma 1.3.2. The argument for the general skew polynomial ring is a simple
inductive version of the above, and the argument for the Jordan plane is similar since x
is again normal. O

EXAMPLE 1.3.4. The algebra
S=kix,y,z)/(ayx +bxy+ cz?, axz+bzx + cyz, azy +byz + cxz),

for any a, b, ¢ € k, is called a Sklyanin algebra, after E. J. Sklyanin. As long as a, b, ¢
are sufficiently general, S also has many properties in common with a polynomial
ring in 3 variables, for example S is a noetherian domain with hg(#) = 1/(1 — t)3.
These facts are much more difficult to prove than for the other examples above, since
S does not have such a simply described k-basis of words in the generators. In fact S
does have a normal element g of degree 3 (which is not easy to find) and in the end
Lemma 1.3.2 can be applied, but it is hard to show that g is a nonzerodivisor and the
factor ring S/gS takes effort to analyze. Some of the techniques of noncommutative
geometry that are the subject of this course, in particular the study of point modules,
were developed precisely to better understand the properties of Sklyanin algebras. See
the end of Section 3 for more details.
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1.4. The Diamond Lemma. In general, it can be awkward to prove that a set of
words that looks like a k-basis for a presented algebra really is linearly independent.
The Diamond Lemma gives an algorithmic method for this. It is part of the theory of
noncommutative Grobner bases, which is a direct analog of the theory of Grobner bases
which was first studied for commutative rings. George Bergman gave an important
exposition of the method in [34], which we follow closely below. The basic idea behind
the method goes back farther, however; in particular, the theory is also known by the
name Grobner—Shirshov bases, since A. I. Shirshov was one of its earlier proponents.

Consider the free algebra F = k(xy,...,x,). While we stick to free algebras
on finitely many indeterminates for notational convenience, everything below goes
through easily for arbitrarily many indeterminates. Fix an ordering on the variables, say
X] <Xy < ---<Xxp,. Also, we choose a total order on the set of words in the x; which
extends the ordering on the variables and has the following properties: (i) for all words
u,v, and w, if w < v, then uw < uv and wu < vu, and (ii) for each word w the set of
words {v | v < w} is finite. We call such an order admissible.

If we assign weights to the variables, and thus assign a degree to each word, then
one important choice of such an ordering is the degree lex order, where w < v if w has
smaller degree than v or if w and v have the same degree but w comes earlier than v in
the dictionary ordering with respect to the fixed ordering on the variables. For example,
in k(x, y) with x < y and variables of weight 1, the beginning of the degree lex order is

1<x<y<x2<xy<yx<y2<x3<x2y<xyx<xy2<-~~

Given an element f of the free algebra, its leading word is the largest word under the
ordering which appears in f with nonzero coefficient. For example, the leading word
of xy +3x2y + 5xyx in k(x, y) with the degree lex ordering is xyx.

Now suppose that the set {gs}scs € F generates an ideal / of F (as a 2-sided ideal).
By adjusting each g, by a scalar we can assume that each g, has a leading term with
coefficient 1, and so we can write g, = ws — f5, Where wy is the leading word of g,
and fy is a linear combination of words v with v < wy. A word is reduced (with respect
to the fixed set of relations {gs }scs) if it does not contain any of the w, as a subword.
If a word w is not reduced, but say w = uwg v, then w is equal modulo 7 to uf, v, which
is a linear combination of strictly smaller words. Given an index o € S and words u, v,
the corresponding reduction r = r,, is the k-linear endomorphism of the free algebra
which takes w = uwq v to ufyv and sends every other word to itself. Since every word
has finitely many words less than it, it is not hard to see that given any element / of the
free algebra, some finite composition of reductions will send /4 to a k-linear combination
of reduced words. Since a reduction does not change the class of an element modulo 7,
we see that the images of the reduced words in k(x{, x3, ..., x,)/[ are a k-spanning
set. The idea of noncommutative Grobner bases is to find good sets of generators g, of
the ideal 7 such that the images of the corresponding reduced words in k(x1, ..., x,)/I
are k-independent, and thus a k-basis. The Diamond Lemma gives a convenient way to
verify if a set of generators g, has this property. Moreover, if a set of generators does
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not, the Diamond Lemma leads to a (possibly non-terminating) algorithm for enlarging
the set of generators to one that does.

The element 4 of the free algebra is called reduction-unique if given any two
finite compositions of reductions s and s, such that s1(h) and sy (k) consist of linear
combinations of reduced words, we have s1(h) = so(h). In this case we write red(h) for
this uniquely defined linear combination of reduced words. Suppose that w is a word
which can be written as w = tvu for some nonempty words ¢, u, v, where ws = tv
and w; = vu for some o, t € S. We call this situation an overlap ambiguity. Then
there are (at least) two different possible reductions one can apply to reduce w, namely
r1 =714y and rp =ry¢1. If there exist compositions of reductions s1, s with the property
that 51 ory(w) = s orp(w), then we say that this ambiguity is resolvable. Similarly,
we have an inclusion ambiguity when we have w, = tw,u for some words ¢, u and
some o, T € S. Again, the ambiguity is called resolvable if there are compositions of
reductions s; and sy such that s; o rj51(w) = 59 0 rpry(w).

We now sketch the proof of the main result underlying the method of noncommutative
Grobner bases.

THEOREM 1.4.1. (Diamond Lemma) Suppose that {gs}oes C F = k{x1,...,Xp)
generates an ideal I, where g5 = wg — f5 With wy the leading word of g5 under some
fixed admissible ordering on the words of F. Consider reductions with respect to this
fixed set of generators of 1. Then the following are equivalent:

(1) All overlap and inclusion ambiguities among the g, are resolvable.
(2) All elements of k{x1, ..., x,) are reduction-unique.
(3) The images of the reduced words in k{x1, ..., xp)/I form a k-basis.

When any of these conditions holds, we say that {gs }scs is a Grobner basis for the ideal
I of F.

PROOF. (1) = (2) First, it is easy to prove that the set of reduction-unique
elements of k(xy, ..., x,) is a k-subspace, and that red(—) is a linear function on this
subspace (Exercise 1.6.3). Thus it is enough to prove that all words are reduction-unique.
This is proved by induction on the ordered list of words, so assume that w is a word
such that all words v with v < w are reduction-unique (and so any linear combination
of such words is). Suppose that r =r;o---orpor; and r’ = r} o---orjor| are two
compositions of reductions such that (w) and ' (w) are linear combinations of reduced
words. If | = r{, then since r|(w) = r{(w) is reduction-unique by the induction
hypothesis, clearly r(w) =r’(w). Suppose instead that 7| = rye, and ri = rysrz; Where
w = ywgsuz = ytwrz and the subwords w, and w, overlap. By the hypothesis that
all overlap ambiguities resolve, there are compositions of reductions sy and s> such
that s1 o 71¢y (Wou) = 52 07471 (fw7). Then replacing each reduction r4,, among those
occurring in the compositions s1 and s by ry4pp;, We obtain compositions of reductions
s1 and s} such that v = 5] 0 ryeuz (W) = 55 0 Fyrrz(w). Since ryguz (W), ryrez(w), and v
are reduction-unique, we get r(w) =red(ryoyz (w)) =red(v) = red(rysrz(w)) = r'(w).
Similarly, if w = ytwsuz = ywrz and r{ = rysey; and ri = ryrz, then using the
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hypothesis that all inclusion ambiguities resolve we get r(w) = r'(w). Finally, if
W = yweuwrz and 11 = ryguw,z» 'y = Fyweurz, then ri(w) = yfeuw:z and r{(w) =
Ywg Ufrz are linear combinations of reduction-unique words. Then since red(—) is
linear, we get r(w) =red(yfouw,z) =red(yfyufrz) =red(ywoufrz) = (w). Thus
r(w) = r’(w) in all cases, and w is reduction-unique, completing the induction step.

(2) = (3) Let F =k(xy, ..., x;). By hypothesis there is a well-defined k-linear
map red : F — F. Let V be its image red(F), in order words the k-span of all reduced
words. Obviously red |y is the identity map V — V and so red is a projection; thus
F =K ®V as k-spaces, where K = ker(red). We claim that K = [. First, every
element of 7 is a linear combination of expressions ug, v for words u and v. Obviously
the reduction 7,4, sends ugs v to 0 and thus ugsv € K; since K is a subspace we get
I € K. Conversely, since every reduction changes an element to another one congruent
modulo /7, we must have K € I. Thus K = [ as claimed. Finally, since F =1V,
clearly the basis of V consisting of all reduced words has image in F/I which is a
k-basis of F/I.

The reverse implications, (3) = (2) and (2) = (1), are left to the reader; see
Exercise 1.6.3. U

EXAMPLE 1.4.2. Let A = k(x,y, 2)/(f1, f2, f3) be a quantum polynomial ring
in three variables, with f; = yx — pxy, f = zx —gxz, and f3 = zy — ryz. Taking
x <y < z and degree lex order, the leading terms of these relations are yx, zx, zy.
There is one ambiguity among these three leading words, the overlap ambiguity zyx.
Reducing the zy first and then continuing to do more reductions, we get

IYX =ryIX =TrqyxXz =rqpxyz,
while reducing the yx first we get

IYX = piXy = pqxzy = pqrxyz.

Thus the ambiguity is resolvable, and by Theorem 1.4.1 the set { f1, f2, f3} is a Grobner
basis for the ideal it generates. The same argument applies to a general quantum
polynomial ring in n variables: choosing degree lex order with x| < - -+ < x,,, there is
one overlap ambiguity xgx;x; for each triple of variables with x; < x; < x;, which
resolves by the same argument as above. Thus the corresponding set of reduced words,
{xilxéz .. .xf,” |i; > 0}, is a k-basis for the quantum polynomial ring A. In particular,
A has the same Hilbert series as a polynomial ring in n variables, h4(¢t) = 1/(1 —1)",
as claimed in Example 1.3.1(1).

An even easier argument shows that the Jordan plane in Examples 1.3.1 has the
claimed k-basis {x’y/ |i, j > 0}: taking x < y, its single relation yx — xy — x2 has
leading term yx and there are no ambiguities.

EXAMPLE 1.4.3. Let A =k(x, y)/(yx2 —x2y, y2x — xy?). Taking degree lex order
with x < y, there is one overlap ambiguity yzx2 in the Diamond Lemma, which resolves,
as is easily checked. Thus the set of reduced words {xi(yx)jyk |i, j, k >0} is a k-basis
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for A. Then A has the same Hilbert series as a commutative polynomial ring in variables
of weights 1, 1,2, namely i 4(t) = 1/(1 —1)%(1 — %) (Exercise 1.6.1).

If a generating set {gs}ses for an ideal / has non-resolving ambiguities and so
is not a Grobner basis, the proof of the Diamond Lemma also leads to an algorithm
for expanding the generating set to get a Grobner basis. Namely, suppose the overlap
ambiguity w = wyu = tw; does not resolve. Then for some compositions of reductions
s1 and so, h1 = 51 o Figyu(w) and hy = s o ryz1(w) are distinct linear combinations
of reduced words. Thus 0 # h; — hy € I is a new relation, whose leading word is
necessarily different from any leading word w, with p € S. Replace this relation with
a scalar multiple so that its leading term has coefficient 1, and add this new relation to
the generating set of /. The previously problematic overlap now obviously resolves, but
there may be new ambiguities involving the leading word of the new relation, and one
begins the process of checking ambiguities again. Similarly, a nonresolving inclusion
ambiguity will lead to a new relation in / with new leading word, and we add this new
relation to the generating set. This process may terminate after finitely many steps, and
thus produce a set of relations with no unresolving ambiguities, and hence a Grébner
basis. Alternatively, the process may not terminate. It is still true in this case that
the infinite set of relations produced by repeating the process infinitely is a Grobner
basis, but this is not so helpful unless there is a predictable pattern to the new relations
produced at each step, so that one can understand what this infinite set of relations
actually is.

EXAMPLE 1.44. Let A=k(x, y, z)/(zz—xy—yx, 7x—xz, zy —yz). The reader may
easily check that g = z2 — xy — yx, g0 = zx — Xz, g3 = zy — yz is not a Grobner basis
under degree lex order with x < y < z, but attempting to resolve the overlap ambiguities
z2x and z2y lead by the process described above to new relations g4 = yx2 —x2y and

g5 = y2x —xy? such that {g1, ..., g5} is a Grébner basis (Exercise 1.6.4).

EXAMPLE 1.4.5. Let A = k(x, y)/(yx —xy — x2) be the Jordan plane, but take
degree lex order with y < x instead so that x2 is now the leading term. It overlaps
itself, and one may check that the overlap ambiguity does not resolve. In this case the
algorithm of checking overlaps and adding new relations never terminates, but there is
a pattern to the new relations added, so that one can write down the infinite Grobner
basis given by the infinite process. The reader may attempt this calculation by hand, or
by computer (Exercise 1.6.7(2)). This example shows that whether or not the algorithm
terminates is sensitive even to the choice of ordering.

1.5. Graded Ext and minimal free resolutions. The main purpose of this section is
to describe the special features of projective resolutions and Ext for graded modules
over a graded ring. Although we remind the reader of the basic definitions, the reader
encountering Ext for the first time might want to first study the basic concept in a book
such as [193]. Some facts we need below are left as exercises for a reader with some
experience in homological algebra, or they may be taken on faith.
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Recall that a right module P over a ring A is projective if, whenever A-module
homomorphisms f: M — N and g: P — N are given, with f surjective, then there
exists @ homomorphism % : P — M such that f oh = g. It is a basic fact that a module
P is projective if and only if there is a module Q such that P & Q is a free module; in
particular, free modules are projective. A projective resolution of an A-module M is a
complex of A-modules and A-module homomorphisms,

dy_y dy  dy
o> P, > Py —---— PL—> Py—0, (1.B)
together with a surjective augmentation map € : Po — M, such that each P; is projective,
and the sequence

dp—1 d do €
-~-—>Pn—>Pn_1—>-~-—>P1—>P0—>M—>0 (1C)
is exact. Another way of saying that (1.B) is a projective resolution of M is to say
that it is a complex P, of projective A-modules, with homology groups H;(P,) = 0 for
i #0and Hy(P,) = M. Since every module is a homomorphic image of a free module,
every module has a projective resolution.
Given right A-modules M and N, there are abelian groups Exti& (M, N) for each
i > 0. To define them, take any projective resolution of M, say

dy—q d; dy
o= Py — Pn—] —)---—>P1—>P0—>0,
and apply the functor Hom4 (—, N) to the complex (which reverses the direction of the
maps), obtaining a complex of abelian groups

dx d*
.. < Homa(P,, N) ' Homu(P,_1, N) < --- <~ Homy (Py, N) < 0.

Then Ext! (M, N) is defined to be the i homology group ker df/imd? | of this
complex. These groups do not depend up to isomorphism on the choice of projective
resolution of M, and moreover Extg (M, N) = Homy (M, N) [193, Corollary 6.57,
Theorem 6.61].

For the rest of the section we consider the special case of the definitions above where
A is finitely graded. A graded free module over a finitely graded algebra A is a direct
sum of shifted copies of A, that is @, .; A(ig). A graded module M is left bounded if
M, =0 for n <« 0. For any m > 0, we write A>,, as shorthand for @n>m A,,. Because
A has a unique homogeneous maximal ideal A~1, in many ways the th_eory for finitely
graded algebras mimics the theory for local rings. For example, we have the following
graded version of Nakayama’s lemma.

LEMMA 1.5.1. Let A be a finitely graded k-algebra. Let M be a left bounded graded
A-module. If MA>1 = M, then M = 0. Also, a set of homogeneous elements {m;} € M
generates M as an A-module if and only if the images of the m; span M/M A~ as a
A/As1 = k-vector space.

PROOF. The first statement is easier to prove than the ungraded version of Nakayama’s
lemma: if M is nonzero, and d is the minimum degree such that M, # 0, then M A~
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is contained in degrees greater than or equal to d + 1, so M A~ = M is impossible.
The second statement follows by applying the first statement to N = M /(> m; A). O

Given a left bounded graded module M over a finitely graded algebra A, a set
{m;} € M of homogeneous generators is said to minimally generate M if the images
of the m; in M/M A~ are a k-basis. In this case we can construct a surjective graded
A-module homomorphism ¢ : €@; A(—d;) — M, where d; = deg(m;) and the 1 of the
ith copy of A maps to m; € M. The k-vector space map P; A/A>1(—d;) > M/MA=,
induced by ¢ is an isomorphism. We call ¢ a minimal surjection of a graded free
module onto M. A graded free resolution of M of the form

dp—1 d d
> PAan) S S PAar) = P A-ap) >0 (1.D)
i i i

is called minimal if d; is a minimal surjection onto im d; for all i > 0, and the augmen-
tation map € : @; A(—ap ;) — M is a minimal surjection onto M. For any left bounded
graded module M over A, the kernel of a minimal surjection of a graded free module
onto M is again left bounded. Thus, by induction a minimal graded free resolution of
M always exists.

In general, projective resolutions of a module M are unique only up to homotopy
[193, Theorem 6.16], but for minimal graded free resolutions we have the following
stronger form of uniqueness.

LEMMA 1.5.2. Let M be a left bounded graded right module over a finitely graded
algebra A.

(1) A graded free resolution P, of M is minimal if and only if d; : P;+1 — P; has image
inside P; A~ for eachi > 0.

(2) Any two minimal graded free resolutions P, and Q. of M are isomorphic as com-
plexes; that is, there are graded module isomorphisms f; : P; — Q; for each i
giving a chain map. In particular, the ranks and shifts of the free modules occurring
in a free resolution of M are invariants of M.

PROOF. We provide only a sketch, leaving some of the details to the reader. The
proof is similar to the proof of the analogous fact for commutative local rings, for
example as in [92, Theorem 20.2].

(1) Consider a minimal surjection ¢ of a graded free module P onto a left bounded
module N, and the resulting exact sequence 0 — K —f> P f) N — 0, where K = ker ¢.
Applying —®4 A/A> gives an exact sequence

K/KAs1 L P/PA, & NJNAL — 0.

By definition ¢ is an isomorphism, forcing f =0 and K C PA- . If P, is a minimal
projective resolution, then each imd; is the kernel of some minimal surjection and
so imd; € P;A> for each i > 0 by the argument above. The converse is proved by
essentially the reverse argument.
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(2) As in part (1), consider the exact sequence 0 — K I) P f) N — 0 with ¢ a
minimal surjection, and suppose that there is another minimal surjection ¥ : Q — N
leading to an exact sequence 0 — K’ £ Q—> N—0.If p: N— N is any graded
isomorphism, then there is an induced isomorphism ¥ "' opod: P/PA>| — Q/QA>,
which lifts by projectivity to an isomorphism of graded free modules 4 : P — Q. Then
h restricts to an isomorphism K — K’. Part (2) follows by applying this argument
inductively to construct the required isomorphism of complexes, beginning with the
identity map M — M. (]

In the graded setting that concerns us in these notes, it is most appropriate to use a
graded version of Hom. For graded modules M, N over a finitely graded algebra A, let
Homg,. 4 (M, N) be the vector space of graded (that is, degree preserving) module homo-
morphisms from M to N. Then we define Hom , (M, N) = @7, Homg 4 (M, N(d)),
as a graded vector space. It is not hard to see that there is a natural inclusion
Hom, (M, N) € Homu (M, N), and that this is an equality when M is finitely gener-
ated (or more generally, generated by elements in some finite set of degrees). We are
primarily concerned with finitely generated modules in these notes, and so in most
cases there is no difference between Hom and Hom, but for consistency we will use the
graded Hom functors Hom throughout. Similarly as in the ungraded case, for graded
modules M and N we define @‘A(M , N) by taking a graded free resolution of M,
applying the functor Hom 4 (—, N), and taking the i th homology. Then E_xt’A(M ,N) is
a graded k-vector space.

As we will see, the graded free resolution of the trivial module k = A /A~ of a finitely
graded algebra A will be of primary importance. In the next example, we construct such
a resolution explicitly. In general, given a right A-module M we sometimes write M 4
to emphasize the side on which A is acting. Similarly, 4 N indicates a left A-module.
This is especially important for bimodules such as the trivial module k, which has both
a natural left and right A-action.

EXAMPLE 1.5.3. Let A = k(x, y)/(yx —xy — x2) be the Jordan plane. We claim
that the minimal graded free resolution of k4 has the form
=) do=(% )
— —

O%Akﬂd A(—1)®2 A— 0. (1.E)

Here, we think of the free right modules as column vectors of elements in A, and
the maps as left multiplications by the indicated matrices. Thus d; is ¢ > ((729)¢)
and dj is (Z) > xa + yb. Note that left multiplication by a matrix is a right module
homomorphism.

If we prove that (1.E) is a graded free resolution of k4, it is automatically minimal by
Lemma 1.5.2. Recall that A is a domain with k-basis {x’y/ | i, j > 0} (Examples 1.3.1
and Corollary 1.3.3). It is easy to see that the sequence above is a complex; this amounts
to the calculation

(x ) <_y_x> = (x(—y —x) +yx) = (0),

X
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using the relation. The injectivity of d; is clear because A is a domain, and the cokernel
of dp is obviously isomorphic to k = A/A~1. Exactness in the middle may be checked
in the following way. Suppose we have an element (‘g) € kerdy. Since

imd; = { <(_yx;x)h> ‘h c A},

using that {x?y/} is a k-basis for A, after subtracting an element of im(d;) from (i) we
can assume that b = f(y) is a polynomial in y only. Then xa + yb =xa+ yf(y) =0,
which using the form of the basis again implies that a = b = 0. In Section 2 we will
prove a general result, Lemma 2.1.3, from which exactness in the middle spot follows
automatically.

One may always represent maps between graded free modules as matrices, as in
the previous result, but one needs to be careful about conventions. Given a finitely
graded k-algebra A, it is easy to verify that any graded right A-module homomorphism
¢ : @:-":1 A(—si) —> @?:1 A(—t;) between two graded free right A-modules of finite
rank can be represented as left multiplication by an n x m matrix of elements of A,
where the elements of the free modules are thought of as column vectors. On the other
hand, any graded left module homomorphism ¥ : @/ | A(—s;) — @?:1 A(—tj) can
be represented as right multiplication by an m x n matrix of elements of A, where the
elements of the free modules are thought of as row vectors. A little thought shows that
the side we multiply the matrix on, and whether we consider row or column vectors, is
forced by the situation. The following is an easy reinterpretation of Lemma 1.5.2(1):

LEMMA 1.5.4. Let A be a finitely graded k-algebra, and let M be a left bounded
graded right A-module. If M has a graded free resolution P, with all P; of finite rank,
then the resolution is minimal if and only if all entries of the matrices representing the
maps d; lie in A-. O

It will be important for us to understand the action of the functor Hom , (—, A) on
maps between graded free modules. If N is a graded right module over the finitely
graded algebra A, then Hom 4 (N, A) is a left A-module via [a - ¥ ](x) = ay(x). Given
a homomorphism ¢ : N — Nj of graded right A-modules, then the induced map
Hom , (N2, A) — Hom 4 (N1, A) given by f+— fo¢ is aleft A-module homomorphism.
Then from the definition of Ext, it is clear that @’A (N, A) is a graded left A-module,
for each graded right module N. A similar argument shows that in general, if M
and N are right A-modules and B is another ring, then E_Xt’A(M , N) obtains a left
B-module structure if N is a (B, A)-bimodule, or a right B-module structure if M is
a (B, A)-bimodule (use [193, Proposition 2.54] and a similar argument), but we will
need primarily the special case we have described explicitly.

LEMMA 1.5.5. Let A be a finitely graded k-algebra.
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(1) For any graded free right module @/, A(—s;), there is a canonical graded left
A-module isomorphism

Homa (@D A(=si), A) =P Alsi).
i=1 i=1

(2) Given a graded right module homomorphism
m n
¢p:P=PAs)—> 0= A(-1)).
i=1 j=1

represented by left multiplication by the matrix M, then applying Hom(—, A) gives
a left module homomorphism ¢* : Hom 4(Q, A) — Hom 4 (P, A), which we can
canonically identify with a graded left-module map ¢* : @?:1 A(tj) — B, Asi),
using part (1). Then ¢* is given by right multiplication by the same matrix M.

PROOF. The reader is asked to verify this as Exercise 1.6.5. (]
We now revisit Example 1.5.3 and calculate E_xtfq (k, A).

EXAMPLE 1.5.6. Let A =k(x, y)/(yx —xy —x2) be the Jordan plane, and consider
the graded free resolution (1.E) of k4. Applying Homy4 (—, A) and using Lemma 1.5.5,
we get the complex of left modules

*__(—y—x *__
0« AQ2) dl_g—}" ) A2 W, <0,
where as described above, the free modules are row vectors and the maps are right
multiplication by the matrices. By entirely analogous arguments as in Example 1.5.3,
we get that this complex is exact except at the A(2) spot, where d} has image A>1(2).
Thus Ext! (k4, A) =0 for i # 2, and Ext?(k4, A) = 4k(2).

Notice that this actually shows that the complex above is a graded free resolution of
the left A-module 4k(2). We will see in the next section that this is the key property
of an Artin—Schelter regular algebra: the minimal free resolutions of 4k and k4 are
interchanged (up to shift of grading) by applying Homy4 (—, A).

Let A be a finitely graded algebra. We will be primarily concerned with the category
of graded modules over A, and so we will work exclusively throughout with the
following graded versions of projective and global dimension. Given a Z-graded right
A-module M, its projective dimension proj.dim(M) is the minimal n such that there is
a graded projective resolution of M of length n, that is

dp— d do
0O—-P, > P,1—>--— P1— Ph—0,

in which all projectives P; are graded and all of the homomorphisms of the complex,
as well as the augmentation map, are graded homomorphisms. If no such n exists, then
proj. dim(M) = oo. The right global dimension of A, r. gl.dim(A), is defined to be the
supremum of the projective dimensions of all Z-graded right A-modules, and the left
global dimension 1. gl. dim(A) is defined analogously in terms of graded left modules.
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PROPOSITION 1.5.7. Let A be a finitely graded k-algebra. Then
r. gl. dim(A) = proj. dim(k4) = proj. dim(4k) = 1. gl. dim(A),
and this number is equal to the length of the minimal graded free resolution of k4.

PROOF. The reader familiar with the basic properties of Tor can attempt this as
Exercise 1.6.6, or see [9, Section 2] for the basic idea. U

Because of the result above, for a finitely graded algebra we will write the common
value of r. gl. dim(A) and 1. gl. dim(A) as gl. dim(A) and call this the global dimension
of A. For example, the result above, together with Example 1.5.3, shows that the Jordan
plane has global dimension 2.

1.6. Exercise Set 1.

EXERCISE 1.6.1. Let A =k[xq, ..., x,] be a commutative polynomial algebra with
weights deg x; =d;, and let F =k(xq, ..., x,) be a free associative algebra with weights
deg X;i = d,'.

(1) Prove that h4(t) = 1/p(t) where p(t) = ?:1 (1— tdi). (Hint: induct on n).
(2) Prove that hp (1) =1/q(r) where g(t) =1-"1"_, 9. (Hint: write hp (1) = 3 a;t!
and prove by counting that a; =Y/, a;_g.).

EXERCISE 1.6.2. Prove Lemma 1.3.2(1). Also, use Lemma 1.3.2 to prove that
Example 1.4.3 is a noetherian domain (consider the element xy — yx).

EXERCISE 1.6.3. Complete the proof of Theorem 1.4.1. Namely, prove that the set
of reduction-unique elements is a k-subspace and that the operator red(—) is linear on
this subspace, and prove the implications (3) = (2) and (2) = (1).

EXERCISE 1.6.4. Verify the calculations in Example 1.4.4, find explicitly the set of
reduced words with respect to the Grobner basis g1, ..., g5, and show that the Hilbert
series of the algebra is 1/(1 — 3.

EXERCISE 1.6.5. Prove Lemma 1.5.5.

EXERCISE 1.6.6. (This exercise assumes knowledge of the basic properties of Tor).
Prove Proposition 1.5.7, using the following outline.

Assume that the global dimension of A is equal to the supremum of the projective
dimensions of all finitely generated graded A-modules. (The general argument that it
suffices to consider finitely generated modules in the computation of global dimension
is due to Auslander, see [15, Theorem 1].) In particular, we only need to look at left
bounded graded A-modules.

(1) Show that if M4 is left bounded, then its minimal graded free resolution P, is
isomorphic to a direct summand of any graded projective resolution. Thus the
length of the minimal graded free resolution is equal to proj. dim(M4).

(2) Show that if M, is left bounded, then

proj. dim(M ) = max{i | Tor'y (M, 4k) # O}.
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(3) Show that if M is left bounded then proj. dim(M 4) < proj.dim(4k). A left-sided
version of the same argument shows that proj. dim(4 N) < proj.dim(k,4) for any
left bounded graded left module N.

(4) Conclude that proj.dim(4k) = proj.dim(k4) and that this is the value of both
I. gl. dim(A) and r. gl. dim(A).

EXERCISE 1.6.7. In this exercise, the reader will use the computer algebra system
GAP to get a feel for how one can calculate noncommutative Grobner bases using
software. To do these exercises you need a basic GAP installation, together with the
noncommutative Grobner bases package (GBNP). After opening a GAP window, the
following code should be run once:

LoadPackage ("GBNP") ;
SetInfolevel (InfoGBNP,0) ;
SetInfolevel (InfoGBNPTime,0) ;

(1) Type in and run the following code, which shows that the three defining relations
of a quantum polynomial ring are already a Grobner basis. It uses degree lex order
with x < y < z, and stops after checking all overlaps (and possibly adding new
relations if necessary) up to degree 12. The vector [1, 1, 1] is the list of weights of
the variables.

A:=FreeAssociativeAlgebraWithOne (Rationals, "x", "y", "z");
x:=A.x;; y:=A.y;; z:=A.z;; o0:=0One(A);;

uerels:=[y*x-2xx*xy, zxy-3*y*z, z*x-b*x*z];
uerelsNP:=GP2NPList (uerels);;

PrintNPList (uerelsNP) ;

GBNP.ConfigPrint (A);

GB:=SGrobnerTrunc (uerelsNP, 12, [1,1,1]);;

PrintNPList (GB);

(2) Change the first three lines of the code in (1) to

A:=FreeAssociativeAlgebraWithOne (Rationals, "y", "x");
x:=A.x;; y:=A.y;; o0:=One(A);;
uerels:=[y*x-x*y-x*x] ;
and run it again. This attempts to calculate a Grobner basis for the Jordan plane with
the ordering y < x on the variables. Although it stops in degree 12, the calculation
suggests that this calculation would continue infinitely, and the pattern to the new
relations produced suggest what the infinite Grobner basis produced by the process
is. (One can easily prove for certain that this infinite set of relations is inded a
Grdobner basis by induction.) Calculate the corresponding k-basis of reduced words
and verify that it gives the same Hilbert series 1/(1 —7)? we already know.

(3) Change the third line in code for (1) to

uerels:=[2xy*x+3xx*xy+5%xz*z, 2kx*z+3*z*xX+5xyxy, 2kzky+3ky*kz+5xx*x] ;

and change the number 12 in the seventh line to 8. Run the code again and scroll
through the output. Notice how quickly the new relations added in the Diamond
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Lemma become unwieldy and complicated. Certainly the calculation suggests that
the algorithm is unlikely to terminate, and it is hard to discern any pattern in the
new relations added by the algorithm. This shows the resistance of the Sklyanin
algebra to Grobner basis methods.

(4) Replace the third line in (1) with
uerels:=[z*x+x*z, y*z+z*y, z*z-X*x-y*y];
and run the algorithm again. This is an example where the original relations are
not a Grobner basis, but the algorithm terminates with a finite Grobner basis. This

basis can be used to prove that the algebra has Hilbert series 1/(1 — 3, similarly
as in Exercise 1.6.4.

2. Artin—Schelter regular algebras

With the background of Section 1 in hand, we are now ready to discuss regular
algebras.

DEFINITION 2.0.8. Let A be a finitely graded k-algebra, and let k = A/A~ be the
trivial module. We say that A is Artin—Schelter regular if

(1) gl.dim(A) =d < oo;

(2) GKdim(A) < oo; and

(3) as left A-modules,

0 ifi #d,

Ext) (ka, Ap) =
Exty (ka. A2) {Ak(z) ifi=d,

for some shift of grading ¢ € Z.

We call an algebra satisfying (1) and (3) (but not necessarily (2)) weakly Artin—
Schelter regular.

This definition requires some further discussion. From now on, we will abbreviate
“Artin—Schelter” to “AS”, or sometimes even omit the “AS”, but the reader should be
aware that there are other notions of regularity for rings. We want to give a more intuitive
interpretation of condition (3), which is also known as the (Artin—Schelter) Gorenstein
condition. By Proposition 1.5.7, the global dimension of A is the same as the length
of the minimal graded free resolution of k4. Thus condition (1) in Definition 2.0.8
is equivalent to the requirement that the minimal graded free resolution of the trivial
module k4 has the form

0O—P;j—> Py 1—-+—> P— Py—0, (2.A)

for some graded free modules P;. It is not immediately obvious that the P; must have
finite rank, unless we also happen to know that A is noetherian. It is a fact, however,
that for a weakly AS-regular algebra the P; must have finite rank ([218, Proposition
3.1]). This is not a particularly difficult argument, but we will simply assume this
result here, since in the main examples we consider it will obviously hold by direct
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computation. The minimality of the resolution means that the matrices representing the
maps in the complex P, have all of their entries in A~ (Lemma 1.5.4).

To calculate E_xtf4 (ka, Ag), we apply Homy (—, A) to (2.A) and take homology.
Thus putting P* = Homa (P;, A), we get a complex of graded free left modules

0« Pj < P | <« P« Pj<0. (2.B)

By Lemma 1.5.5, the matrices representing the maps of free left modules in this complex
are the same as in (2.A) and so also have all of their entries in A>1. The AS-Gorenstein
condition (3) demands that the homology of this complex should be O in all places
except at P*, where the homology should be isomorphic to 4k(£) for some €. This is
equivalent to (2.B) being a graded free resolution of 4k(£) as a left module. Moreover,
this is necessarily a minimal graded free resolution because of the left-sided version of
Lemma 1.5.4. Equivalently, applying the shift operation (—¢) to the entire complex,

0« PJ(—0) < P} (—£) < - < P{(—8) < Pi(—£) <0

is a minimal graded free resolution of 4k.

Thus parts (1) and (3) of the definition of AS-regular together assert that the minimal
free resolutions of k4 and 4k are finite in length, consist of finite rank free modules
([218, Proposition 3.1]), and that the operation Hom4 (—, A 4) together with a shift
of grading sends the first to the second. Furthermore, the situation is automatically
symmetric: one may also show that Hom4(—, 4 A) sends a minimal free resolution of
Ak to a shift of a minimal free resolution of k4, or equivalently that E_xt’;4 (ak, AA) is
trivial for i # d and is isomorphic to k4 (¢) as a right module if i = d (Exercise 2.4.1).

When we talk about the dimension of an AS-regular algebra, we mean its global
dimension. However, all known examples satisfying Definition 2.0.8 have gl. dim(A) =
GKdim(A), so there is no chance for confusion. The term weakly AS-regular is not
standard. Rather, some papers simply omit condition (2) in the definition of AS-regular.
It is useful for us to have distinct names for the two concepts here. There are many
more examples of weakly AS-regular algebras than there are of AS-regular algebras.
For example, see Exercise 2.4.4 below.

Condition (2) of Definition 2.0.8 can also be related to the minimal free resolution
of k: if the ranks and shifts of the P; occurring in (2.A) are known, then one may
determine the Hilbert series of A, as follows. Recall that when we have a finite length
complex of finite-dimensional vector spaces over k, say

C: 0>V, >V, 1—>--—>Vi—>Vy—>0,

then the alternating sum of the dimensions of the V; is the alternating sum of the
dimensions of the homology groups, in other words

> (=D dimy V; = (= 1) dimy H; (C). (2.0)

Now apply (2.C) to the restriction to degree n of the minimal free resolution (2.A) of
k4, obtaining
0 ifn#0,

Z(_l) dim"(Pi)”z{l if n=0.

1
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These equations can be joined together into the single power series equation
L=hi(t) =hpy(t) —hp () +- -+ (=1)"hp, (1) (2.D)

Moreover, writing P; = EB']";l A(—s;, ;) for some integers m; and s; j, then because
ha(—s)(t) =ha(t)t® for any shift s, we have hp (1) = Zj h4(t)t%-i. Thus (2.D) can
be solved for h4(¢), yielding

ha(t)=1/p(t), where p(t) = Z(—l)itsi’f. (2.E)
iJ
Note also that Py = A, while all other P; are sums of negative shifts of A. Thus the
constant term of p(¢) is equal to 1.
The GK-dimension of A is easily determined from knowledge of p(t), as follows.

LEMMA 2.0.9. Suppose that A is a finitely graded algebra with Hilbert series h 4 (t) =
1/ p(t) for some polynomial p(t) € Z[t] with constant term 1. Then precisely one of the
following occurs:

(1) All roots of p(t) in C are roots of unity, GKdim(A) < oo, and GKdim(A) is equal
to the multiplicity of 1 as a root of p(t); or else

(2) p(t) has a root r with |r| < 1, and A has exponential growth; in particular,
GKdim(A) = oo.

PROOF. This is a special case of [218, Lemma 2.1, Corollary 2.2]. Since p(¢) has
constant term 1, we may write p(1) =[]/L, (1—r;1), where the r; € C are the reciprocals
of the roots of p(z).

Suppose first that |r;| < 1 for all i. Since the product of the r; is the leading
coefficient of p(z) (up to sign), it is an integer. This forces |r;| = 1 for all i. This also
implies that the leading coefficient of p(¢) must be 1, so each root 1/r; of p(t) is
an algebraic integer. Since the geometric series 1/(1 —r;t) =14rjt + rl.zt2 + ... has
coefficients of norm 1, and 1/p(#) is the product of m such series, it easily follows that
1/p(t) =" ant" has |a,| < (";”1;1) for all n > 0, so GKdim(A) < m. It follows from
a classical theorem of Kronecker that algebraic integers on the unit circle are roots of
unity. References for this fact and for the argument that the precise value of GKdim(A)
is determined by the multiplicity of 1 as a root of p(#) may be found in [218, Corollary
2.2].

If instead |r;j| > 1 for some i, then we claim that A has exponential growth.
By elementary complex analysis the series Y a," has radius of convergence r =
(lim SUP, s 00 an |/ ”)71. Since A is finitely generated as an algebra, A is generated by
V=Ag® - - @A, for some d > 1. Then it is easy to prove that A, C V" foralln> 1. If
A has subexponential growth, then by definition we have lim sup,,_, ,, (dimy vml/n=1,
and this certainly forces lim sup,,_, a,y " < 1. In particular, the radius of convergence
of ha(t) is at least as large as 1, and so it converges at 1/r;. Plugging in 1/r; into
p()ha(t) =1 now gives 0 = 1, a contradiction. O

EXAMPLE 2.0.10. Consider the Hilbert series calculated in Exercise 1.6.1. Applying
Lemma 2.0.9 shows that a weighted polynomial ring in n variables has GK-dimension
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n, and that a weighted free algebra in more than one variable has exponential growth
(it is easy to see from the intermediate value theorem that a polynomial 1 — ) 7_, 14
has a real root in the interval (0, 1) when n > 2.)

2.1. Examples. Our next goal is to present some explicit examples of AS-regular
algebras. One interpretation of regular algebras is that they are the noncommutative
graded algebras most analogous to commutative (weighted) polynomial rings. This
intuition is reinforced by the following observation.

EXAMPLE 2.1.1. Let A = k[xy, ..., x;] be a commutative polynomial ring in n
variables, with any weights deg x; = d;. Then the minimal free resolution of k is

0— A" > A1 5 ... 5 A1 5 A0 5,

where the basis of the free A-module A’/ is naturally indexed by the j th wedge in the
exterior algebra in n symbols ey, es, ..., e, that is,

AJZk{eiI/\eiz/\~-~Aeij|i1<i2<~-~<ij},

and A7/ = AJ ®k A. In particular, r = (;’) The differentials are defined on basis
elements of the free modules by

k+1 -
d(e;, /\---Ae,-j)=Z(—l) eiy Ao A A e )iy,
k

where as usual e’,; means that element is removed. The various shifts on the summands
of each A’/ which are needed to make this a graded complex are not indicated above,
but are clearly uniquely determined by the weights of the x;.

The complex P, above is well-known and is called the Koszul complex: it is standard
that it is a free resolution of k4 [54, Corollary 1.6.14]. It is also graded once the
appropriate shifts are introduced, and then it is minimal by Lemma 1.5.4. The complex
Hom 4 (P,, Ay) is isomorphic to a shift of the Koszul complex again [54, Proposition
1.6.10] (of course, left and right modules over A are canonically identified), and thus
the weighted polynomial ring k[x1, ..., x,] is AS-regular.

In fact, it is known that a commutative AS-regular algebra must be isomorphic to a
weighted polynomial ring; see [54, Exercise 2.2.25].

EXAMPLE 2.1.2. The Jordan and quantum planes from Examples 1.3.1 are AS-regular
of dimension 2. Indeed, the calculations in Examples 1.5.3 and 1.5.6 immediately imply
that the Jordan plane is regular, and the argument for the quantum plane is very similar.
More generally, the quantum polynomial ring in n variables from Examples 1.3.1 is
regular; we won’t give a formal proof here, but the explicit resolution in case n =3
appears in Example 2.3.2 below.

Before we give some examples of AS-regular algebras of dimension 3, it is useful
to prove a general result about the structure of the first few terms in a minimal free
resolution of k4. We call a set of generators for an k-algebra minimal if no proper
subset generates the algebra. Similarly, a minimal set of generators of an ideal of the
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free algebra is one such that no proper subset generates the same ideal (as a 2-sided
ideal).

LEMMA 2.1.3. Let F =k(xy, ..., x,) be a weighted free algebra, where deg x; = e;
foralli, and let A= F/I for some homogeneous ideal I. Let {g; |1 < j <r} be a set of
elements in I, with deg g; = sj, and write gj =), x;g;j in F. Let X be the image in A
of an element x of F. Then the complex

=(877)

r dl n d():
EB A(-sj) — @ A(—e;) — A—0 (2.F)
j=1 i=1

is the beginning of a minimal free resolution of ka if and only if the {x;} minimally
generate A as a k-algebra and the {g;} minimally generate the ideal I of relations.

PROOF. It is straightforward to check that a set of homogeneous elements of A
generates A1 as a right ideal if and only if it is a generating set for A as a k-algebra.
Thus dy has image A~ and the homology at the A spot is k4. It also follows that
dp is a minimal surjection onto its image A~ if and only if the {X;} are a minimal
generating set for A as a k-algebra.

Now consider the right A-submodule X = kerdy = {(hl, e hn) | D Xh = 0}
of P | A(—e;). We also define Y = {(hy, ..., hy) | Y; xihi € 1} S Pl F(—ep).
Suppose that we are given a set of elements {f;; |1 <i <n,1 < j <s} C F such that
fj=2>_;xifij €I forall j. We leave it to the reader to prove that the following are all
equivalent:

(1) {f}} generates I as a 2-sided ideal of F.

Q) I=xiI+--+xal +3; fiF.

3) Y:IEBn—i-Zj(flj,...,fnj)F.

4) XZZJ-(]T]',...,E)A.

It follows that the set {g;} generates I as a 2-sided ideal if and only if im d; = X =ker dy.
Then {g;} minimally generates / if and only if ¢} is a minimal surjection onto ker dp. [

REMARK 2.1.4. As remarked earlier, the graded free modules in the minimal graded
free resolution of k4 for a weakly AS-regular algebra A must be of finite rank [218,
Proposition 3.1]. Thus Lemma 2.1.3, together with the uniqueness of minimal graded
free resolutions up to isomorphism (Lemma 1.5.2), shows that any weakly AS-regular
algebra is finitely presented.

Proving that an algebra of dimension 3 is AS-regular is often straightforward if it
has a nice Grobner basis.

EXAMPLE 2.1.5. Fix nonzero a, b € k, and let

A=k(x,y,2)/ @y + (1/b)x* = (a/b)yz, zx — (b/a)xz — (1/a)y*, yx — (a/b)xy).

We leave it to the reader to show that under degree lex order with x < y < z, the single
overlap ambiguity zyx resolves, and so the algebra A has a k-basis {x'y/ 7k li, j, k>0}
and Hilbert series 1/(1 —1)°.
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We claim that a minimal graded free resolution of k4 has the form

0— A(=3) -5 A(=2)® MA@ % A0,

where
x (I/b)x  —(b/a)z —(a/b)y

u=\|(=a/b)y|; M=|—-(@/b)z —1/a)y x ;andv=(x y z).
z y X 0

Here, as usual the maps are left multiplications by the matrices and the free modules
are represented by column vectors. It is straightforward, as always, to check this is
a complex. It is easy to see that {x, y, z} is a minimal generating set for A, and that
the three given relations are a minimal generating set of the ideal of relations. Thus
exactness at the A and A(—l)@3 spots follows from Lemma 2.1.3. Exactness at the
A(=3) spot requires the map A(—3) — A(—2)®3 to be injective. If this fails, then
there is 0 #% w € A such that zw = yw = xw = 0. However, the form of the k-basis
above shows that xw = 0 implies w = 0.

We lack exactness only possibly at the A(—2)®3 spot. We can apply a useful general
argument in this case: if an algebra is known in advance to have the correct Hilbert
series predicted by a potential free resolution of k4, and the potential resolution is
known to be exact except in one spot, then exactness is automatic at that spot. In
more detail, if our complex has a homology group at A(—2)®3 with Hilbert series
q(t), then a similar computation as the one preceding Lemma 2.0.9 will show that
ha(t)=(1—q(1))/(1—1)3. But we know that h4 (1) = 1/(1 —1)3 by the Grobner basis
computation, and this forces ¢ () = 0. Thus the complex is a free resolution of k4, as
claimed.

Now applying Hom 4 (—, A4), using Lemma 1.5.5 and shifting by (—3), we get the
complex of left modules

0 A< A=D® 2 A0)®3 2 A(=3) <0,

where the free modules are now row vectors and the maps are given by right multiplica-
tion by the matrices. The proof that this is a free resolution of 4k is very similar, using
a left-sided version of Lemma 2.1.3, and noting that the form of the k-basis shows that
wz = 0 implies w = 0, to get exactness at A(—3).

Thus A is a regular algebra of global dimension 3 and GK-dimension 3.

Not every regular algebra of dimension 3 which is generated by degree 1 elements
has Hilbert series 1/(1 — 1)3. Here is another example.

EXAMPLE 2.1.6. Let A =k(x, y)/(yx?—x2y, y2x —xy?), as in Example 1.4.3. As
shown there, A has k-basis {x(yx)/ yk |i, j, k > 0} and thus the Hilbert series of A
is1/(1— 1)%(1 — ). We claim that the minimal graded free resolution of k4 has the
following form:

y —xy —y?
() (x¥)
—

2 ,
0— A(—4) A=DHBL T T Aen® Y A 0.
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This is proved in an entirely analogous way as in Example 2.1.5. The proof of the
AS-Gorenstein condition also follows in the same way as in that example, and so A is
AS-regular of global and GK-dimension 3. Notice from this example that the integer ¢
in Definition 2.0.8 can be bigger than the dimension of the regular algebra in general.

Next, we give an example which satisfies conditions (1) and (2) of Definition 2.0.8,
but not the AS-Gorenstein condition (3).

EXAMPLE 2.1.7. Let A =k(x, y)/(yx). The Diamond Lemma gives that this algebra
has Hilbert series 1/(1 —7)% and a k-basis {x’y/ |i, j > 0}, so GKdim(A) = 2. The
basis shows that left multiplication by x is injective; together with Lemma 2.1.3 we
conclude that

(9)
X

0 A(=2) -3 a=n22D 450
is a minimal free resolution of k4. In particular, Proposition 1.5.7 yields gl. dim A = 2.
Applying Hom(—, A 4) to this free resolution and applying the shift (—2) gives the
complex of left A-modules
(g ) 2 (X Y)
0 A < ADP <7 A(=2) <0,
using Lemma 1.5.5. It is apparent that this is not a minimal resolution of 4k: the
fact that the entries of (2) do not span kx + ky prevents this complex from being
isomorphic to the minimal graded free resolution constructed by the left-sided version
of Lemma 2.1.3. More explicitly, the homology at the A spotis A/Ax, and Ax # A>
(in fact Ax =k[x]). So A fails the AS-Gorenstein condition and hence is not AS-regular.

It is obvious that A is not a domain, and one may also check that A is not noetherian
(Exercise 2.4.3).

The example above demonstrates the importance of the Gorenstein condition in
the noncommutative case. There are many finitely graded algebras of finite global
dimension with bad properties, and for some reason adding the AS-Gorenstein condition
seems to eliminate these bad examples. It is not well-understood why this should be
the case. In fact, the answers to the following questions are unknown:

QUESTION 2.1.8. Is an AS-regular algebra automatically noetherian? Is an AS-
regular algebra automatically a domain? Must an AS-regular algebra have other
good homological properties, such as Auslander-regularity and the Cohen—Macaualay
property?

We omit the definitions of the final two properties; see, for example, [164]. The
questions above have a positive answer for all AS-regular algebras of dimension at most
3 (which are classified), and for all known AS-regular algebras of higher dimension.
It is known that if a regular algebra of dimension at most 4 is noetherian, then it is a
domain [10, Theorem 3.9], but there are few other results of this kind.

In the opposite direction, one could hope that given a finitely graded algebra of
finite global dimension, the AS-Gorenstein condition might follow from some other



1.2. ARTIN-SCHELTER REGULAR ALGEBRAS 37

more basic assumption, such as the noetherian property. There are some results along
these lines: for example, Stephenson and Zhang proved that a finitely graded noetherian
algebra which is quadratic (that is, with relations of degree 2) and of global dimension
3 is automatically AS-regular [219, Corollary 0.2]. On the other hand, the author and
Sierra have recently given examples of finitely graded quadratic algebras of global
dimension 4 with Hilbert series 1/(1 — 1)* which are noetherian domains, but which
fail to be AS-regular [187].

2.2. Classification of regular algebras of dimension 2. We show next that AS-regular
algebras A of dimension 2 are very special. For simplicity, we only study the case
that A is generated as an k-algebra by A1, in which case we say that A is generated in
degree 1. The classification in the general case is similar (Exercise 2.4.5).

THEOREM 2.2.1. Let A be a finitely graded algebra which is generated in degree 1,
such that gl. dim(A) = 2.

(1) If A is weakly AS-regular, then A = F/(g), where F = k{x1,...,x,) and g =
Z?:l x;T(xj) for some bijective linear transformation v € Endy(F1) and some
n>2.

(2) If A is AS-regular, then n = 2 above and A is isomorphic to either the Jordan or
quantum plane of Examples 1.3.1.

PROOF. (1) Since A is weakly regular, it finitely presented (Remark 2.1.4). Thus
A=ZF/(g1,.--,8), where F = k(xy,...,x,) with degx; = 1, and deg g; = s;. We
may assume that the x; are a minimal set of generators and that the g; are a minimal
set of homogeneous relations. The minimal resolution of k4 has length 2, and so by
Lemma 2.1.3, it has the form

(xl X2 ... xn>

(21/)

r n
0> EPAs) — @A — A—0,
j=1 i=1

where g; = > x;gij- Applying Homy (—, A4) gives

(gij> (xl X2 ... xn)

0 Pac) <~ Paw — A <0, 2.G)
j=1 i=1

which should be the minimal graded free resolution of gk(¢) for some ¢, by the AS-
Gorenstein condition. On the other hand, by the left-sided version of Lemma 2.1.3, the
minimal free resolution of 4k has the form

X1
X2

x,) ™ (hji> r
0« A «— @A(—l) A @A(—s,y—o, (2.H)
j=1

i=1
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where g; = >, hj;x;. Since minimal graded free resolutions are unique up to iso-
morphism of complexes (Lemma 1.5.2(2)), comparing the ranks and shifts of the free
modules in (2.G) and (2.H) immediately implies that r = 1, 51 = 2, and £ = 2. Thus
the minimal free resolution of k4 has the form

Y1
.y.n' n (xl xn>
0— A(=2) @A(—l) — A—0 2.0
i=1

for some y; € Ay, and there is a single relation g = Y 7, x;y; such that A = F/(g).
Once again using that (2.G) is a free resolution of 4k(2), the {y;} must span Ay;
otherwise )  Ay; # Asj. Thus the {y;} are a basis of A also and g = > x;7(x;)
for some linear bijection 7 of Fi. If n = 1, then we have A = k[x]/ (xz), which is
well-known to have infinite global dimension (or notice that the complex (2.I) is not
exact at A(—2) in this case), a contradiction. Thus n > 2.

(2) The shape of the free resolution in part (1) implies by (2.E) that h4(t) =
1/(1 —nt +1%). By Lemma 2.0.9, A has finite GK-dimension if and only if all of the
roots of (1 — nt + 12) are roots of unity. It is easy to calculate that this happens only if
n=1or2,and n =1 is already excluded by part (1). Thus n =2, and A = (x, y)/(g),
where g has the form x7(x) 4 yt(y) for a bijection t. By Exercise 2.4.3 below, any
such algebra is isomorphic to the quantum plane or the Jordan plane. Conversely, the
regularity of the quantum and Jordan planes was noted in Example 2.1.2. U

In fact, part (1) of the theorem above also has a converse: any algebra of the form
A=kixy,...,xq)/(Q; xit(x;)) with n > 2 is weakly AS-regular (Exercise 2.4.4).
When n > 3, these are non-noetherian algebras of exponential growth which have other
interesting properties [250].

2.3. First steps in the classification of regular algebras of dimension 3. The classi-
fication of AS-regular algebras of dimension 3 was a major achievement. The basic
framework of the classification was laid out by Artin and Schelter in [5], but to complete
the classification required the development of the geometric techniques in the work of
Artin, Tate, and Van den Bergh [9, 10]. We certainly cannot give the full details of the
classification result in these notes, but we present some of the easier first steps now,
and give a glimpse of the main idea of the rest of the proof at the end of Section 3.

First, a similar argument as in the global dimension 2 case shows that the possible
shapes of the free resolutions of k4 for regular algebras A of dimension 3 are limited.
We again focus on algebras generated in degree 1 for simplicity. For the classification
of regular algebras of dimension 3 with generators in arbitrary degrees, see the work of
Stephenson [216, 217].

LEMMA 2.3.1. Let A be an AS-regular algebra of global dimension 3 which is
generated in degree 1. Then exactly one of the following holds:
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() A=k(x1,x2,x3)/(f1, f2, f3), where the f; have degree 2, and ho(t) = 1/(1 —t)3;
or
2) AZk(xy1,x2)/(f1, f2), where the f; have degree 3, and h o (t) = 1/(1 —t)2(1 —t2).

PROOF. As in the proof of Theorem 2.2.1, A is finitely presented. Let A =
k{x1,...,xn)/(f1,..., fr) be a minimal presentation. By Lemma 2.1.3, the mini-
mal free resolution of k4 has the form

r n
0> P> PA-s)—>EPA-1)—> A0,
i=1 i=1
where s; is the degree of the relation f;. A similar argument as in the proof of
Theorem 2.2.1 using the AS-Gorenstein condition implies that the ranks and shifts
of the graded free modules appearing must be symmetric: namely, necessarily r = n,
P3 = A(—¢) for some ¢, and s; = £ — 1 for all i, so that the resolution of k4 now has
the form

n n
0— A(—s — 1) > @A(—s) - @A(—n — A—0.
i=1 i=1
In particular, from (2.E) we immediately read off the Hilbert series

ha() =1/(—* 4 n* —nr +1).

By Lemma 2.0.9, since A has finite GK-dimension, p(r) = —**t! +ns* —nt + 1 has
only roots of unity for its zeros. Note that p(1) =0, and that p'(1) = —(s+1)+sn—n=
sn—n—s—1.Ifn+s>5thensn—n—s—1=(s—1)(n—1)—2> 0, so that p(¢) is
increasing at ¢ = 1. Since lim;_, 5, p(t) = —00, p(¢) has a real root greater than 1 in this
case, a contradiction. Thus n+4s <5. The case n =1 gives A =k[x]/(x*), which is easily
ruled out for having infinite global dimension, similarly as in the proof of Theorem 2.2.1.
If s = 1, then the relations have degree 1, and the chosen generating set is not minimal,
a contradiction. If s =n = 2 then an easy calculation shows that the power series
ha(t) =1/(1—2t42¢%—13) has first few terms 1+2¢ + 202 4+13 +0t* +067 +10+ .. .;
in particular, A4 =0 and Ag # 0. Since A is generated in degree 1, A;A; = A;; for
all i, j > 0, and so A4 =0 implies A~4 = 0, a contradiction. This leaves the cases
n=3,s=2andn=2,s =3. O

Based on the degree in which the relations occur, we say that A is a quadratic regular
algebra in the first case of the lemma above, and that A is cubic in the second case.
We have seen regular algebras of both types already (Examples 2.1.5 and 2.1.6). Note
that the cubic case has the same Hilbert series as a commutative polynomial ring in
three variables with weights 1, 1, 2; such a commutative weighted polynomial ring is
of course AS-regular, but not generated in degree 1. In general, no AS-regular algebra
is known which does not have the Hilbert series of a weighted polynomial ring.
Suppose that A is an AS-regular algebra of global dimension 3, generated in degree
1. By Lemma 2.3.1, we may write the minimal graded free resolution of k4 in the form

0— A(—s—1) = A(—s)®" X a—n® % 40, 2.J)
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where v = (xq,...,x;,) @ =2orn=23)and u = (y;,...,y,)", and M is an n x n
matrix of elements of degree s — 1, where s = 5 —n. The y; are also a basis of
kxi+---+kx,, by a similar argument as in the proof of Theorem 2.2.1. Recall that the
minimal resolution of k4 is unique only up to isomorphism of complexes. In particular,
it is easy to see we can make a linear change to the free basis of A(—s)®", which will
change u to ' = Pu and M to M’ = MP~!, for some P € GL, (k). In this way we

can make u’ = (x1, ..., x;)" = v’. Our resolution now has the form
V! M’ v
0> A(=s—1) — A(=)¥" = A(-D¥" = A > 0. 2.K)

In terms of the canonical way to construct the beginning of a graded free resolution
given by Lemma 2.1.3, all we have done above is replaced the relations with some linear
combinations. Now change notation back and write M for M’. Since the entries of M
consist of elements of degree s — 1 and the relations of A have degree s, the entries of
M and v lift uniquely to homogeneous elements of the free algebra F = k(xy, ..., x,),
where A = F/I is a minimal presentation. The n entries of the product vM, taking
this product in the ring F', are a minimal generating set of the ideal I of relations, as
we saw in the proof of Lemma 2.1.3. Since applying Hom (—, A4) to the complex
(2.K) gives a shift of a minimal free resolution of gk, this also forces the n entries of
the column vector M v, with the product taken in F, to be a minimal generating set of
the ideal /. Thus there is a matrix Q € GL, (k) such that Q Mv’ = (vM)’, as elements
of F.

EXAMPLE 2.3.2. Consider a quantum polynomial ring

A=k(x,y,2)/(yx — pxy, Xz —qzx,2y —ryz).
A minimal graded free resolution of k4 has the form
rz -py z 0
(py) : 0 -rz
— X yz
0— A(=3) L A—2)®3 T p=n® 4 o,

by a similar argument as in Example 2.1.5. By a linear change of basis of A(—2)®3,
this can be adjusted to have the form

0 pz —rpy
(§) M=| —rqz O rx
0— A(=3) % A(=2)® v _—gax 0
as in (2.K). Then in the free algebra, one easily calculates that Q M v’ = (vM)’, where
v=(x y z),and Q=diag(q/p, p/r.r/q).

A=1)® 2D 4 o,

In Artin and Schelter’s original work on the classification of regular algebras [5], the
first step was to classify possible solutions of the equation QMv' = (vM)" developed
above, where M has entries of degree s — 1 and Q is an invertible matrix. Since one is
happy to study the algebras A up to isomorphism, by a change of variables one can
change the matrices v’, M, v in the resolution (2.K) to P'v', P~'M(P")~!, and v P for
some P € GL,(k), changing Q to P~'QP. Thus one may assume that Q is in Jordan
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canonical form. Artin and Schelter show in this way that there are a finite number of
parametrized families of algebras containing all regular algebras up to isomorphism,
where each family consists of a set of relations with unknown parameters, such as the
Sklyanin family S(a, b, ¢) given in Example 1.3.4 (for which Q is the identity matrix).
It is a much more difficult problem to decide for which values of the parameters in a
family one actually gets an AS-regular algebra, and the Sklyanin family is one of the
hardest in this respect: no member of the family was proved to be regular in [5]. In
fact, these algebras are all regular except for a few special values of a, b, c. At the end
of Section 3, we will outline the method that was eventually used to prove this in [9].

2.4. Exercise Set 2.

EXERCISE 2.4.1. Show that if P is a graded free right module of finite rank over a
finitely graded algebra A, then there is a canonical isomorphism

Homy (Homy (P4, Ap), AA) = Pa.

Using this, prove that if A satisfies (1) and (3) of Definition 2.0.8, then A automatically
also satisfies the left-sided version of (3), namely that

0 ifi #d,

ka(t) ifi=d.

EXERCISE 2.4.2. Let A be the universal enveloping algebra of the Heisenberg Lie
algebra L = kx + ky + kz, which has bracket defined by [x, z] = [y, z] =0, [x, y] =z.
Explicitly, A has the presentation k(x, y, z)/(zx — xz,2y — yz,Z — xy — yx), and
thus A is graded if we assign weights degx = 1, degy = 1, degz = 2. Note that
z can be eliminated from the set of generators, yielding the minimal presentation
A Zk(x,y)/(yx? — 2xyx + x%y, y2x — 2yxy + xy?). Now prove that A is a cubic
AS-regular algebra of dimension 3.

Ext'y (4k, A A) = {

EXERCISE 2.4.3. Consider rings of the form A = k(x, y)/(f) where 0 # f is
homogeneous of degree 2. Then f can be written uniquely in the form f=x7(x)+yt(y)
for some nonzero linear transformation t : kx +ky — kx +ky. Write A = A(7).

(1) The choice of 7 can be identified with a matrix B = (b;;) by setting 7(x) =
b11x +b1ay and t(y) = by1x + byoy. Show that there is a graded isomorphism
A(t) = A(z) if and only if the corresponding matrices B and B’ are congruent,
that is B’ = C' BC for some invertible matrix C.

(2) Show that A is isomorphic to k(x, y)/(f) for one of the four following f’s: (i)
f =yx—qxy for some 0 # g € k (the quantum plane); (ii) f = yx —xy —x2 (the
Jordan plane); (iii) f = yx; or (iv) f = x2. (Hint: show that the corresponding
matrices are a complete set of representatives for congruence classes of nonzero
2 x 2 matrices.)

(3) Examples (i), (ii), (iii) above all have Hilbert series 1/(1 — t)2, GK-dimension 2,
and global dimension 2, as we have already seen (Examples 1.4.2, 2.1.2, 2.1.7).
In case (iv), find the Hilbert series, GK-dimension, and global dimension of the
algebra. Show in addition that both algebras (iii) and (iv) are not noetherian.
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EXERCISE 2.4.4. Prove a converse to Theorem 2.2.1(1). Namely, show that if
n>2and t : F| — F] is any linear bijection of the space of degree 1 elements in
F=k(xy,...,x), then A= F/(f) is weakly AS-regular, where f =), x;7(x;). (See
[250] for a more extensive study of this class of rings.)

(Hint: if the term x,zl does not appear in f, then under the degree lex order with
X| <--- <X, f has leading term of the form x,x; for some i < n. Find a k-basis of
words for A and hence s 4(t). Find a potential resolution of k4 and use the Hilbert
series to show that it is exact. If instead x,zl appears in f, do a linear change of variables
to reduce to the first case.)

EXERCISE 2.4.5. Classify AS-regular algebras of global dimension 2 which are
not necessarily generated in degree 1. More specifically, show that any such A is
isomorphic to k(x, y)/(f) for some generators with weights degx = dj, degy = d,
where either (i) f = xy —qyx for some g € k*, or else (ii) dji = dy for some i and
f =yx—xy—x'Tl Conversely, show that each of the algebras in (i), (ii) is AS-regular.
(Hint: mimic the proof of Theorem 2.2.1.)

EXERCISE 2.4.6. Suppose that A is AS-regular of global dimension 3. Consider a
free resolution of k4 of the form (2.K), and the corresponding equation Q M v’ = (vM)!
(as elements of the free algebra F' =k(xy, ..., x,)). Let s be the degree of the relations
of A,and letd = s+ 1.

Consider the element w = vMv’, again taking the product in the free algebra. Write
= Z(il,...id)e{l,Z,...,n}d Qi ,....igXiy - - - Xiy» Where o, € k. Let T be the automor-
phism of the free algebra F determined by the matrix equation (xp,...,x,)Q "' =
(Tx), ..., Tlxn)).

(1) Prove that 7 = Z(h,..‘id) &y, .ig T (Xig)Xiy -+ Xi,_ . (In recent terminology, this
says that m is a twisted superpotential. For instance, see [39].) Conclude that
t(m)=m.

(2) Show that 7 preserves the ideal of relations / (where A = F'/I) and thus induces an
automorphism of A. (This is an important automorphism of A called the Nakayama
automorphism.)

3. Point modules

In this section, we discuss one of the ways that geometry can be found naturally,
but perhaps unexpectedly, in the underlying structure of noncommutative graded rings.
Point modules and the spaces parameterizing them were first studied by Artin, Tate,
and Van den Bergh [9] in order to complete the classification of AS-regular algebras of
dimension 3. They have turned out to be important tools much more generally, with
many interesting applications.

DEFINITION 3.0.7. Let A be a finitely graded k-algebra that is generated in degree 1.
A point module for A is a graded right module M such that M is cyclic, generated in
degree 0, and has Hilbert series hps(t) = 1/(1 —t), in other words dimy M,, = 1 for all
n>0.
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In this section, we are interested only in graded modules over a finitely graded
algebra A, and so all homomorphisms of modules will be graded (degree preserving)
unless noted otherwise. In particular, when we speak of isomorphism classes of point
modules, we will mean equivalence classes under the relation of graded isomorphism.

The motivation behind the definition of point module comes from commutative
projective geometry. Recall that the projective space P" over k consists of equivalence
classes of n + 1-tuples (ag, ai, ...,an) € k"t such that not all a; are 0, where two
n + 1-tuples are equivalent if they are nonzero scalar multiples of each other. The
equivalence class of the point (aq, a1, ..., ay) is written as (ag : aj : - -+ : ay). Each
point p = (ag : ay : --- : ay) € P" corresponds to a homogeneous ideal I = I(p) of
B =k[xqg, ..., xy], where I; ={f € By | f(ag, ay, ...,a,) =0}. It is easy to check
that B/I is a point module of B, since vanishing at a point is a linear condition on
the elements of B,;. Conversely, if M is a point module of B, then since M is cyclic
and generated in degree 0, we have M = B/J for some homogeneous ideal J of B.
Necessarily J = Ann(M), so J is uniquely determined by M and is the same for any
two isomorphic point modules M and M’. Since J; is an n-dimensional subspace of
kxo+ - - -+ kxy, it has a 1-dimensional orthogonal complement, in other words there is

a unique up to scalar nonzero vector p = (aq : - - - : an) such that f(ag, ..., a,) =0 for
all f e J;. It is straightforward to prove that / is generated as an ideal by /] (after a
change of variables, one can prove this for the special case I = (xq, ..., x,—1), which

is easy.) Since J; = I} we conclude that J 2 I and hence J = I since they have the
same Hilbert series.

To summarize the argument of the previous paragraph, the isomorphism classes of
point modules for the polynomial ring B are in bijective correspondence with the points
of the associated projective space. This correspondence generalizes immediately to any
finitely graded commutative algebra which is generated in degree 1. Namely, given
any homogeneous ideal J of B =k[xg, ..., x,], one can consider A =k[xq, ..., x,]/J
and the corresponding closed subset of projective space

ProjA ={(ag:aj:---:ay) € P"| f(ag, ..., ay) =0 for all homogeneous f € J}.

Then the point modules of A are precisely the point modules of B killed by J, that
is those point modules B/I such that J € I. So there is a bijective correspondence
between isomorphism classes of point modules of A and points in X = Proj A. We may
also say that X parametrizes the point modules for A, in a sense we leave informal for
now but make precise later in this section.

Many noncommutative graded rings also have nice parameter spaces of point modules.

EXAMPLE 3.0.8. Consider the quantum plane A = k(x, y)/(yx — gxy) for some
g # 0. We claim that its point modules are parametrized by P!, just as is true for
a commutative polynomial ring in two variables. To see this, note that if M is a
point module for A, then M = A/I for some homogeneous right ideal I of A, with
dimy I, = dimyg A, — 1 for all n > 0. Also, I is uniquely determined by knowledge of
the (graded) isomorphism class of the module M, since I = Ann M. Thus it is enough
to parametrize such homogeneous right ideals /. But choosing any 0 # f € Iy, the right
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ideal f A has Hilbert series ¢/(1 — 7)% (since A is a domain) and so A/f A has Hilbert
series 1/(1 —1)2 —1/(1 —1)2 =1/(1 —1), that is, it is already a point module. Thus
fA = 1. Then the point modules up to isomorphism are in bijective correspondence
with the 1-dimensional subspaces of the 2-dimensional space Ay, that is, with a copy
of P!. The same argument shows the same result for the Jordan plane.

It is natural to consider next the point modules for a quantum polynomial ring in
more than two variables, as in Examples 1.3.1. The answer is more complicated than
one might first guess—we discuss the three variable case in Example 3.0.12 below. First,
we will develop a general method which in theory can be used to calculate the parameter
space of point modules for any finitely presented algebra generated in degree 1. In
the commutative case, we saw that the point modules for k[xg, ..., x,]/J were easily
determined as a subset of the point modules for k[x, ..., x,]. In the noncommutative
case it is natural to begin similarly by examining the point modules for a free associative
algebra.

EXAMPLE 3.0.9. Let A =k(xg, ..., x,) be a free associative algebra with deg x; = 1
for all i. Fix a graded k-vector space of Hilbert series 1/(1—t), say M =kmo@®km . . .,
where m; is a basis vector for the degree i piece. We think about the possible graded
A-module structures on this vector space. If M is an A-module, then

MiXj=Aj jMii] (3.A)

for some A; ;j € k. It is clear that these constants A; ; determine the entire module
structure, since the x ; generate the algebra. Conversely, since A is free on the generators
X;, it is easy to see that any choice of arbitrary constants A; ; € k does determine an
A-module structure on M via the formulas (3.A). Since a point module is by definition
cyclic, if we want constants A; ; to define a point module, we need to make sure that
for each i, some x j actually takes m; to a nonzero multiple of m; . In other words,
M is cyclic if and only if for each i, A; ; # 0 for some j. Also, we are interested in
classifying point modules up to isomorphism. It is easy to check that point modules
determined by sequences {A; ;}, {)»g’ j} as above are isomorphic precisely when for each

i, the nonzero vectors (A; 0, ...,A; ) and ()L; 0r e )L; ,) are scalar multiples (scale
the basis vectors m; to compensate). Thus we can account for this by considering each
(Ai,0 -t Ajpn) as apoint in projective n-space.

In conclusion, the isomorphism classes of point modules over the free algebra A are
in bijective correspondence with N-indexed sequences of points in P",

{Qijo -2 ki) €P" i =0},
or in other words points of the infinite product P" x P" x - - = [[72, P".

Next, we show that we can parametrize the point modules for a finitely presented
algebra by a subset of the infinite product in the example above. Suppose that f €
k{xg, ..., xn) is a homogeneous element of degree m, say f = Zw ayw, where the
sum is over words of degree m. Consider a set of m(n 4+ 1) commuting indeterminates
{yij 11 =i <m,0<j <n} and the polynomial ring B = k[y;;]. The multilinearization
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of f is the element of B given by replacing each word w = x;, x;, . .. x;,, occurring in
S BY Y1.i;Y2,iy - - - Ym.i, - Given any such multilinearization g and a sequence of points
{pi=(aio:-:ai,) |1 <i<m} T[], P", the condition g(py, ..., pm) =0, where
g(p1, ..., pm) means the evaluation of g by substituting a; ; for y; ;, is easily seen to
be well-defined.

PROPOSITION 3.0.10. Let A = k{xq, ..., xn)/(f1, ..., fr) be a finitely presented
connected graded k-algebra, where deg x; = 1 and the f; are homogeneous of degree
dj > 2. For each f;, let g; be the multilinearization of f;.

(1) The isomorphism classes of point modules for A are in bijection with the closed
subset X of [[72, P" given by

{(po. p1.--)18j(Pis Pit1s -+ Pigaj—1) =0forall 1 < j <r.i=0}
(2) Consider for each m > 1 the closed subset X, of ]_[:.";Ol IP" given by

{(po. 1o P11 8j(Pis Pig1s - Piva;—1) =0forall1 < j<r,0<i<m—d;}.

The natural projection onto the first m coordinates defines a map ¢p : X1 — Xm
for each m. Then X is equal to the inverse limit l(gn Xm of the X, with respect to the
maps ¢m. In particular, if ¢, is a bijection for all m > my, then the isomorphism
classes of point modules of A are in bijective correspondence with the points of
Ximg-

PROOF. (1) Let F =k(xg,...,xp)and J =(f]..., fr), sothat A= F/J. Clearly
the isomorphism classes of point modules for A correspond to those point modules of
F which are annihilated by J. Write a point module for F as M =kmy®km1 & .. .,
as in Example 3.0.9, where m;x; = A; jm; 1. Thus M corresponds to the infinite
sequence of points (pg, p1,...), where p; = (Ajo:---:Aj,). The module M is
a point module for A if and only if m; f; =0 for all i, j. If w = x;xj,...x;, is a
word, then m;w = A; j; Ait1,iy - - - Aitd—1,iyMi+d> and so m; f; =0 if and only if the
multilinearization g; of f; satisfies g;(p;, ..., p,-+dj_1) =0.

(2) This is a straightforward consequence of part (1). [l

In many nice examples the inverse limit in part (2) above does stabilize (that is, ¢y,
is a bijection for all m > m(), and so some closed subset X mo of a finite product of
projective spaces parametrizes the isomorphism classes of point modules.

EXAMPLE 3.0.11. Let k = C for simplicity in this example. Let
S=kix,y,z)/(azy +byz + ex?, axz+bzx + cyz, ayx +bxy + czz)

be the Sklyanin algebra for some a, b, ¢ € k, as in Example 1.3.4. Consider the closed
subset X5 C P2 x P2 = {(x¢ : Yo : 20), (x1 1 y1 : z1)} given by the vanishing of the
multilinearized relations

azoy1 +Dbyoz1 +cxox1, axoz1 + bzox1 +cyoy1, ayox1 +bxoy1 +czoz1-
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Let E be the projection of X, onto the first copy of P2, To calculate E, note that the 3
equations can be written in the matrix form

cxg azp by X1
bZ() cyp axo yi|= 0. (3.B)
ayo bxog czo 21

Now given (xg: Yo : 20) € P2, there is at least one solution (x| : y1:21) € P2 to this
matrix equation if and only if the matrix on the left has rank at most 2, in other words
is not invertible. Moreover, if the matrix has rank exactly 2 then there is exactly one
solution (xj : y; : z1) € P2. Taking the determinant of the matrix, we see that the locus
of (xo:y0:20) € P2 such that the matrix is singular is the solution set E of the equation

(@ +b>+ c3)xoy0zo - abc(xg + yg + ZS) =0.
One may check that E is a nonsingular curve (as in [128, Section 1.5]), as long as
abc #0 and ((a® + b + ) /3abe)’ # 1,

and then E is an elliptic curve since it is the vanishing of a degree 3 polynomial [128,
Example V.1.5.1]. We will assume that a, b, c satisfy these constraints.

A similar calculation can be used to find the second projection of X;. The three
multilinearized relations also can be written in the matrix form

cxyp azp by
(xo Yo =z0)|bz1 cyi ax;|=0.
ayy bxyp czy

Because the 3 x 3 matrix here is simply the same as the one in (3.B) with the subscript
0 replaced by 1, an analogous argument shows that the second projection is the same
curve E.

One may show directly, given our constraints on a, b, ¢, that for each point (xq : x7 :
xp) € E the corresponding matrix in (3.B) has rank exactly 2. In particular, for each
p € E there is a unique g € E such that (p, q) € X5. Thus X ={(p,o(p))|p € E}
for some bijective function o. It is easy to see that o is a regular map by finding an
explicit formula: the cross product of the first two rows of the matrix in (3.B) will be
orthogonal to both rows and hence to all rows of the matrix when it has rank 2. This
produces the formula

. . 2 2.2 2.2 2
o (x0 : Yo : 20) = (a”zoxp — bcyy : b”yozo — acxy : ¢“xoyo — abzy),

which holds on the open subset of E for which the first two rows of the matrix are
linearly independent. One gets similar formulas by taking the other possible pairs of
rows, and since at each point of £ some pair of rows is linearly independent, the map
is regular.

It now follows from Proposition 3.0.10 that X = {(p, o (p), az(p), ...)IpeE}is
the subset of the infinite product [ ]2, P2 parametrizing the point modules. Thus the
maps ¢, of Proposition 3.0.10 are isomorphisms for m > 2 and X, = E is already
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in bijective correspondence with the isomorphism classes of point modules for the
Sklyanin algebra S (with parameters a, b, c¢ satisfying the constraints above).

EXAMPLE 3.0.12. Let

A=k(x,y,2)/(zy —ryz, Xz —qzX, yX — pxy)

be a quantum polynomial ring, where p, g, r # 0.

The calculation of the point modules for this example is similar as in Example 3.0.11,
but a bit easier, and so we leave the details to the reader as Exercise 3.3.1, and only state
the answer here. Consider X, C P2 x IPZ, the closed set cut out by the multilinearized
relations z; yj+1 — ryizi+1 = 0, xizi4+1 — qzixi+1 =0, and y;x;+1 — px;yi+1 = 0. It
turns out that if pgr = 1, then X = {(s,0(s)) |s € IP’Z}, where o : P? — P2 is an
automorphism. If instead pgr # 1, then defining E = {(a : b : ¢) |abc = 0} C P2, we
have X, = {(s, 0 (s)) | s € E} for some automorphism o of E. Note that E is a union
of three lines in this case.

In either case, we see that X, is the graph of an automorphism of a subset E of
P2, and as in Example 3.0.11 it follows that the maps ¢,, of Proposition 3.0.10 are
isomorphisms for m > 2. Thus E is in bijection with the isomorphism classes of point
modules.

The examples above demonstrate a major difference between the commutative and
noncommutative cases. If A is a commutative finitely graded k-algebra, which is
generated in degree 1 and a domain of GK-dimension d + 1, then the projective variety
Proj A parametrizing the point modules has dimension d. When A is noncommutative,
then even if there is a nice space parameterizing the point modules, it may have dimension
smaller than d. For instance, the quantum polynomial ring A in Example 3.0.12 has
GK-dimension 3, but a 1-dimensional parameter space of point modules when pgr # 1;
similarly, the Sklyanin algebra for generic a, b, ¢ in Example 3.0.11 has point modules
corresponding to an elliptic curve. In fact, the examples above are fairly representative
of the possibilities for AS-regular algebras A of dimension 3, as we will see later in
this section.

3.1. The formal parametrization of the point modules. The details of this section
require some scheme theory. The reader less experienced with schemes can skim this
subsection and then move to the next, which describes how the theory of point modules
is used to help classify AS-regular algebras of dimension 3.

Up until now, we have just studied the isomorphism classes of point modules of an
algebra as a set, and shown that in many cases these correspond bijectively to the points
of some closed subset of a projective variety. Of course, it should mean something
stronger to say that a variety or scheme parametrizes the point modules—there should
be a natural geometry intrinsically attached to the set of point modules, which is given
by that scheme. We now sketch how this may be made formal.

It is not hard to see why the set of point modules for a finitely graded algebra A
has a natural topology, following the basic idea of the Zariski topology. As we have
noted several times, every point module is isomorphic to A/I for a uniquely determined
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graded right ideal /. Then given a graded right ideal J of A, the set of those point
modules A/I such that I contains J can be declared to be a closed subset in the set X
of isomorphism classes of point modules, and the family of such closed subsets made
the basis of a topology. But we really want a scheme structure, not just a topological
space, so a more formal construction is required. The idea is to use the “functor of
points”, which is fundamental to the study of moduli spaces in algebraic geometry. An
introduction to this concept can be found in [93, Section 1.4 and Chapter VI].

To use this idea, one needs to formulate the objects one is trying to parametrize
over arbitrary commutative base rings. Let A be a finitely graded k-algebra. Given
a commutative k-algebra R, an R-point module for A is a graded R ®; A-module M
(where R ® A is graded with R in degree 0) which is cyclic, generated in degree 0, has
My = R, and such that M,, is a locally free R-module of rank 1 for all » > 0. Clearly a
k-point module is just a point module in the sense we have already defined. Now for
each commutative k-algebra R we let P(R) be the set of isomorphism classes of R-point
modules for A. Then P is a functor from the category of commutative k-algebras to the
category of sets, where given a homomorphism of k-algebras ¢ : R — S, the function
P(¢p) : P(R) — P(S) is defined by tensoring up, that is M +— S ®g M. We call P the
point functor for A.

Given any k-scheme X, there is also a corresponding functor iy from k-algebras
to sets, defined on objects by R — Homy _gchemes(Spec R, X). The functor Ay acts
on a homomorphism of k-algebras ¢ : R — S (which corresponds to a morphism of
schemes 5: Spec S — Spec R) by sending it to hx(¢) : Homy_gchemes (Spec R, X) —
Homy —gchemes (Spec S, X), where hy (¢)(f) = f o 5 We say that a functor from k-
algebras to sets is representable if it is naturally isomorphic to the functor iy for some
scheme X. It is a basic fact that the functor 4y uniquely determines the scheme X;
this is a version of Yoneda’s lemma [93, Proposition VI-2]. If the point functor P
above associated to the finitely graded algebra A is naturally isomorphic to hy for
some scheme X, then we say that the scheme X parametrizes the point modules for
the algebra A, or that X is a fine moduli space for the point modules of A. Note that
morphisms of schemes from Spec k to X are in bijective correspondence with the closed
points of X, and so in particular the closed points of X then correspond bijectively to
the isomorphism classes of k-point modules.

The previous paragraph shows how to formalize the notion of the point modules
for A being parametrized by a scheme, but in practice one still needs to understand
whether there exists a k-scheme X which represents the point functor P. In fact,
Proposition 3.0.10, which showed how to find the point modules as a set in terms
of the relations for the algebra, also gives the idea for how to find the representing
scheme. For each m > 0 we define X, to be the subscheme of 1—[?1:—01 P" defined by
the vanishing of the multilinearized relations, as in Proposition 3.0.10(2) (previously,
we only considered X, as a subset). A truncated R-point module of length m + 1 for A
is an R @ A module M = ., M; with My = R, which is generated in degree 0, and
such that M; is locally free of rank 1 over R for 0 <i <m. Then one can define the
truncated point functor P, which sends a commutative k-algebra R to the set P, (R)
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of isomorphism classes of truncated R-point modules of length m + 1. A rather formal
argument shows that the elements of P, (R) are in natural bijective correspondence
with elements of Homy_gchemes (Spec R, X;n), and thus X, represents the functor P,
(see [9, Proposition 3.9]). Just as in Proposition 3.0.10, one has morphisms of schemes
&m  Xm+1 — Xm for each m, induced by projecting onto the first m coordinates. In
nice cases, ¢, is an isomorphism for all m > m(, and in such cases the projective
scheme X, represents the point functor P.

When it is not true that ¢, is an isomorphism for all large m, one must work with
an inverse limit of schemes lim X, as the object representing the point functor P. Such
objects are rather unwieldy, and so it is useful to understand when the inverse limit
does stabilize (that is, when ¢, is an isomorphism for m > 0). One cannot expect
it to stabilize in complete generality, as this already fails for the free algebra as in
Example 3.0.9. Artin and Zhang gave an important sufficient condition for stabilization
of the inverse limit in [14], which we describe now.

DEFINITION 3.1.1. A noetherian k-algebra A is strongly noetherian if for all com-
mutative noetherian k-algebras C, the base extension A ®j C is also noetherian.

THEOREM 3.1.2. [14, Corollary E4.12] Let A be a finitely graded algebra which is
strongly noetherian and generated in degree 1. Then there is m( such that the maps of
schemes ¢, : X;+1 — X described above are isomorphisms for all m > m, and the
point modules for A are parametrized by the projective scheme X, .

In fact, Artin and Zhang studied in [14] the more general setting of Hilbert schemes,
where one wishes to parametrize factors M of some fixed finitely generated graded
A-module Q with a given fixed Hilbert function f :n+> dimy M,. Theorem 3.1.2 is
just a special case of [14, Theorem E4.3], which shows that under the same hypotheses,
there is a projective scheme parametrizing such factors for any Q and f. The study of
these more general moduli spaces is also useful: for example, the line modules—cyclic
modules generated in degree 0 with Hilbert series 1/(1 — t)>—have an interesting
geometry for AS-regular algebras of dimension 4 [200].

The strong noetherian property is studied in detail in [6]. Many nice algebras are
strongly noetherian. For example, no non-strongly noetherian AS-regular algebras
are known (although as we noted in Question 2.1.8 above, it has not been proved
that an AS-regular algebra must even be noetherian in general). On the other hand,
there are families of finitely graded algebras which are noetherian, but not strongly
noetherian, and for which the inverse limit of truncated point schemes does not stabilize.
The simplest such examples are known as naive blowups, which will be described in
Section 5.

3.2. Applications of point modules to regular algebras. We now give an overview of
how point modules were used in the classification of AS-regular algebras of dimension
3 by Artin, Tate and Van den Bergh. The details can be found in [9].

Let A be an AS-regular algebra of global dimension 3 which is generated in degree 1.
By Lemma 2.3.1, we know that A is either quadratic or cubic. The method we are about
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to describe works quite uniformly in the two cases, but for simplicity it is easiest to
consider only the quadratic case in the following discussion. Thus we assume that A has
three generators and 3 quadratic relations, and we let X C P2 x P2 be the subscheme
defined by the multilinearizations of the three relations, as in Proposition 3.0.10.

We have seen several examples already where X is the graph of an automorphism of
a closed subscheme of ]P’z, and the first step is to show that this is always the case. First,
using the matrix method of Example 3.0.11, it is straightforward to show that the first
and second projections of X, are equal to a common closed subscheme E C P2, and
that either E = P2 or else E is a degree 3 divisor in P2, in other words the vanishing of
some cubic polynomial (Exercise 3.3.4). It is important to work with subschemes here;
for example, for the enveloping algebra of the Heisenberg Lie algebra of Exercise 2.4.2,
E turns out to be a triple line. Showing that X» is the graph of an automorphism of E is
more subtle, and is done using some case-by-case analysis of the form of the relations
[9, Section 5].

Once one has X, ={(p, o0 (p)) | p € E} for some automorphism o : E — E, one knows
that E parametrizes the point modules for A. Since E comes along with an embedding
i : E C P2, there is also an invertible sheaf on E defined by the pullback £ =i*(O(1)),
where O(1) is the twisting sheaf of Serre [128, Section I1.5]. From the data (E, L, o)
one may construct a twisted homogeneous coordinate ring B = B(E, L, 0). We will
study this construction in more detail in the next section; for the purposes of this outline,
it is important only to know that this is a certain graded ring built out of the geometry
of E, whose properties can be analyzed using geometric techniques. In particular, using
algebraic geometry one can prove the following facts: (i) B is generated in degree 1;
(ii) B is noetherian; and (iii) B has Hilbert series 1/(1 — t)3 in case E = P2, while B
has Hilbert series (1 — t3)/(1 —1)3 in case E is a cubic curve in P2

The idea of the remainder of the proof is to study a canonical ring homomorphism
¢:A— B(E, L, o) built out of the geometric data coming from the point modules.
The construction of ¢ is quite formal, and it is automatically an isomorphism in degree
1. Since B is generated in degree 1, ¢ is surjective. When E = P2, it follows from
the Hilbert series that A = B, and so A = B(]P’z, O(1), 0). These particular twisted
homogeneous coordinate rings are known to have a fairly simple structure; for example,
they can also be described as Zhang twists of commutative polynomial rings in three
variables (see Definition 4.1.1 below). In the other case, where E is a cubic curve, one
wants to show that there is a normal nonzerodivisor g € A3 such that gA = ker ¢ and
thus A/gA = B. If one happened to know in advance that A was a domain, for example
via a Grobner basis method, then this would easily follow from the known Hilbert series
of A and B. However, one does not know this in general, particularly for the Sklyanin
algebra. Instead, this requires a detailed analysis of the presentation k(x, y, z)/J of B,
again using geometry [9, Sections 6, 7]. In particular, one proves that J is generated as
a two-sided ideal by three quadratic relations and one cubic relation. The cubic relation
provides the needed element g. This also shows that A is uniquely determined by B,
since the three quadratic relations for B are all of the relations for A. SL:short page
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The final classification of the quadratic AS-regular algebras A which have a cubic
curve E as a point scheme is as follows: there is a simple characterization of the
possible geometric triples (E, £, o) which can occur, and the corresponding rings A
are found by forgetting the cubic relation of each such B(E, L, o) [9, Theorem 3].

One immediate corollary of this classification is the fact that any regular algebra of
dimension 3 is noetherian, since B is noetherian and either A= B or A/gA = B (use
Lemma 1.3.2). It is also true that all AS-regular algebras of dimension 3 are domains
[10, Theorem 3.9], though Lemma 1.3.2 does not immediately prove this in general,
since the ring B is a domain only if E is irreducible. For the Sklyanin algebra with
generic parameters as in Example 3.0.11, however, where E is an elliptic curve, the
ring B is a domain, and hence A is a domain by Lemma 1.3.2 in this case. While this is
not the only possible method for proving these basic properties of the Sklyanin algebra
(see [224] for another approach), there is no method known which does not use the
geometry of the elliptic curve E in some way.

3.3. Exercise Set 3.

EXERCISE 3.3.1. Fill in the details of the calculation of X, in Example 3.0.12, for
instance using the matrix method of Example 3.0.11. In particular, show that X» is the
graph of an automorphism o of £ C P2, and find a formula for o

EXERCISE 3.3.2. Let A be the cubic regular algebra k(x, )/ (2x —xy2, yx2—x2y).
Calculate the scheme parametrizing the point modules for A. (Hint: study the image of
X3 € P! x P! x P! under the projections pi2, pa3 : (P13 — (P1)*2)

EXERCISE 3.3.3. Find the point modules for the algebra A = k(x, y)/(yx), by
calculating explicitly what sequences (pg, p1, pa, ...) of points in P! as in Proposi-
tion 3.0.10 are possible. Show that the map ¢, : X,,;1 — X, from that proposition is
not an isomorphism for all n > 1.

EXERCISE 3.3.4. Let A be AS-regular of global dimension 3, generated in degree 1.
Choose the free resolution of k4 in the special form (2.J), namely

v on M én Y
0> A(—s—1) — A(—s)¥" — A(-DH¥" — A —> 0,

Let A be presented by the particular relations which are the entries of the vector vM

(taking this product in the free algebra). We also know that (vM)’ = QMv' in the free

algebra, for some Q € GL3(k).

(1) Generalizing Examples 3.0.12 and 3.0.11, show that if A is quadratic then X, C
P2 x P2 has equal first and second projections E = p1(X3p) = pa(Xp) C P2, and
either E = P? or E is the vanishing of a cubic polynomial in P2,

(2) Formulate and prove an analogous result for a cubic regular algebra A.

4. Noncommutative projective schemes

In Section 3, we saw that the parameter space of point modules is one important way
that geometry appears naturally in the theory of noncommutative graded rings. In this
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section, we consider the more fundamental question of how to assign a geometric object
to a noncommutative ring, generalizing the way that Proj A is assigned to A when A
is commutative graded. One possible answer, which has led to a very fruitful theory,
is the idea of a noncommutative projective scheme defined by Artin and Zhang [13].
In a nutshell, the basic idea is to give up on the actual geometric space, and instead
generalize only the category of coherent sheaves to the noncommutative case. The lack
of an actual geometric space is less of a problem than one might at first think. In fact,
the study of the category of coherent sheaves on a commutative projective scheme (or
its derived category) is of increasing importance in commutative algebraic geometry as
an object of interest in its own right.

To begin, we will quickly review some relevant notions from the theory of schemes
and sheaves, but this and the next section are primarily aimed at an audience already
familiar with the basics in Hartshorne’s book [128]. We also assume that the reader has
familiarity with the concept of an abelian category.

Recall that a scheme X is a locally ringed space with an open cover by affine schemes
U, = Spec Ry, [128, Section I1.2]. We are primarily interested here in schemes of finite
type over the base field &, so that X has such a cover by finitely many open sets, where
each R, is a finitely generated commutative k-algebra. The most important way of
producing projective schemes is by taking Proj of a graded ring. Let A be a finitely
graded commutative k-algebra, generated by A; = kxg + - - - + kx,. For each i, we
can localize the ring A at the multiplicative system of powers of x;, obtaining a ring
Ay, which is now Z-graded (since the inverse of x; will have degree —1). Then the
degree 0 piece of Ay; is a ring notated as A(y,). The projective scheme Proj A has
an open cover by the open affine schemes U; = Spec A(y;) [128, Proposition I1.2.5].
Recall that a sheaf F on a scheme X is called quasi-coherent if there is an open cover
of X by open affine sets Uy, = Spec Ry, such that F(U,) is the sheaf associated to an
Ry-module M, for each o [128, Section I1.5]. The sheaf F is coherent if each My, is
a finitely generated module. If X = Proj A as above, then we can get quasi-coherent
sheaves on X as follows. If M is a Z-graded A-module, then there is a sheaf M where
M (Ui) = My, is the degree 0 piece of the localization My, of M at the powers of x;
[128, Proposition I1.5.11]. The sheaf M is coherent if M is finitely generated.

The constructions above demonstrate how crucial localization is in commutative
algebraic geometry. The theory of localization for noncommutative rings is more limited:
there is a well-behaved localization only at certain sets of elements called Ore sets (see
[117, Chapter 9]). In particular, the set of powers of an element in a noncommutative
ring is typically not an Ore set, unless the element is a normal element. Thus it is
problematic to try to develop a general theory of noncommutative schemes based around
the notion of open affine cover. There has been work in this direction for rings with
“enough” Ore sets, however [236].

The actual space with a topology underlying a scheme is built out of prime ideals.
In particular, given a finitely graded commutative k-algebra A, as a set Proj A is the
set of all homogeneous prime ideals of A, excluding the irrelevant ideal A~1. As a
topological space, it has the Zariski topology, so the closed sets are those of the form



1.4. NONCOMMUTATIVE PROJECTIVE SCHEMES 53

V(I)={P €ProjA| P 21}, as I varies over all homogeneous ideals of A. Recall that
for a not necessarily commutative ring R, an ideal P is called prime if 1J € P for
ideals I, J implies that I € P or J C P. Thus one can define the space of homogeneous
non-irrelevant prime ideals, with the Zariski topology, for any finitely graded k-algebra
A. For noncommutative rings, this is often a space which is too small to give a good
geometric intuition. The reader may verify the details of the following example in
Exercise 4.5.1.

EXAMPLE 4.0.5. Let A =k(x, y)/(yx —gxy) be the quantum plane, where g € k is
not a root of unity. Then the homogeneous prime ideals of A are (0), (x), (y), (x,y) =
As1. IfA=kix,y)/(yx —xy — x2) is the Jordan plane, then the homogeneous prime
ideals of A are (0), (x), (x,y) = A~>1.

On the other hand, both the Jordan and quantum planes have many properties in common
with a commutative polynomial ring k[x, y], and one would expect them to have an
associated projective geometry which more closely resembles P! = Proj k[x, y].

We now begin to discuss the theory of noncommutative projective schemes, which
finds a way around some of the difficulties mentioned above. The key idea is that
there are ways of defining and studying coherent sheaves on commutative projective
schemes without explicit reference to an open affine cover. Let A be a finitely graded
commutative k-algebra, and let X = Proj A. For a Z-graded module M, for any n € Z
we define M>, = D;~, M;, and call this a rail of M. It is easy to see that any two
tails of a finitely generated graded A-module M lead to the same coherent sheaf M on
X. Namely, given n € Z and a finitely generated graded module M, we have the short
exact sequence

0— M>y,—>M—> M/M=, — 0,

where the last term is finite dimensional over k. Since localization is exact, and
localization at the powers of an element x; € A kills any finite-dimensional graded
module, we see that the A(y;)-modules (M>y)(y;) and M(y,) are equal. Thus Mz, =M.
In fact, we have the following stronger statement.

LEMMA 4.0.6. Let X = Proj A for a commutative finitely graded k-algebra A which
is generated in degree 1.

(1) Every coherent sheaf on X is isomorphic to M for some finitely generated graded
A-module M [128, Proposition II.5.15].

(2) Two finitely generated Z-graded modules M, N satisfy M = N as sheaves if and
only if there is an isomorphism of graded modules M, = N>, for some n € Z
[128, Exercise 11.5.9].

We can interpret the lemma above in the following way: the coherent sheaves on a
projective scheme Proj A can be defined purely in terms of the Z-graded modules over
A, by identifying those finitely generated Z-graded modules with isomorphic tails. The
scheme Proj A and its open cover play no role in this description. One can use this idea
to define a noncommutative analog of the category of coherent sheaves, as follows.
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DEFINITION 4.0.7. Let A be a noetherian finitely graded k-algebra. Let gr-A be the
abelian category of finitely generated Z-graded right A-modules. Let tors-A be its full
subcategory of graded modules M with dimy M < oo; we call such modules torsion in
this context. We define a new abelian category qgr-A. The objects in this category are
the same as the objects in gr-A, and we let 7 : gr-A — qgr-A be the identity map on
objects. The morphisms are defined for M, N € gr-A by

Homggr 4 (m (M), m(N)) = lim Homgr s (M>,, N), 4.A)
n—oo -
where the direct limit on the right is taken over the maps of abelian groups
Homgy g (M>p, N) — Homgra (M>; 11, N)

induced by the inclusion homomorphisms M>, 1 — M>,.

The pair (qgr-A, w(A)) is called the noncommutative projective scheme associated
to the graded ring A. The object w(A) is called the distinguished object and plays the
role of the structure sheaf. The map 7 : gr-A — qgr-A is a functor, the quotient functor,
which sends the morphism f: M — N to f|py., € Hom(M>q, N) in the direct limit.

The passage from gr-A to qgr-A in the definition above is a special case of a more
general abstract construction called a quotient category. See [13, Section 2] for more
discussion. It may seem puzzling at first that gr-A and qgr-A are defined to have the
same set of objects. However, some objects that are not isomorphic in gr-A become
isomorphic in qgr-A, so there is indeed a kind of quotienting of the set of isomorphism
classes of objects. For example, it is easy to see from the definition that 7 (M) = (M>,)
in the category qgr-A, for any graded module M and n € Z (Exercise 4.5.2).

EXAMPLE 4.0.8. If A is a commutative finitely graded k-algebra, generated by
A1, then there is an equivalence of categories ® : qgr-A — coh X, where coh X is the
category of coherent sheaves on X = Proj A, and where ®(r(A)) = Ox [128, Exercise
I1.5.9]. Thus commutative projective schemes (or more properly, their categories of
coherent sheaves) are special cases of noncommutative projective schemes.

The definition of a noncommutative projective scheme is indicative of a general
theme in noncommutative geometry. Often there are many equivalent ways of thinking
about a concept in the commutative case. For example, the idea of a point module of a
commutative finitely graded algebra B and the idea of a (closed) point of Proj B (that
is, a maximal element among nonirrelevant homogeneous prime ideals) are just two
different ways of getting at the same thing. But their analogues in the noncommutative
case are very different, and point modules are more interesting for the quantum plane,
say, than prime ideals are. Often, in trying to generalize commutative concepts to the
noncommutative case, one has to find a way to formulate the concept in the commutative
case, often not the most obvious one, whose noncommutative generalization gives the
best intuition.

We have now defined a noncommutative projective scheme associated to any con-
nected finitely graded k-algebra. This raises many questions, for instance, what are
these categories like? What can one do with this construction? We will first give some
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more examples of these noncommutative schemes, and then we will discuss some of
the interesting applications.

4.1. Examples of noncommutative projective schemes. It is natural to study the
category qgr-A in the special case that A is an Artin—Schelter regular algebra. We will
see that for such A of global dimension 2, the category qgr-A is something familiar.
For A of global dimension 3 one obtains new kinds of categories, in general.

First, we study a useful general construction.

DEFINITION 4.1.1. Let A be an N-graded k-algebra. Given a graded algebra
automorphism t : A — A, the Zhang twist of A by 7 is a new algebra B = A". It
has the same underlying graded k-vector space as A, but a new product * defined on
homogeneous elements by a xb = at™ (b) for a € By, b € By,.

The reader may easily verify that the product on AT is associative. Given an N-graded
k-algebra A, let Gr-A be its abelian category of Z-graded A-modules. One of the most
important features of the twisting construction is that it preserves the category of graded
modules.

THEOREM 4.1.2. [249, Theorem 1.1] For any N-graded k-algebra A with graded
automorphism 7 : A — A, there is an equivalence of categories F : Gr-A — Gr-A". The
functor F is given on objects by M +— MT, where M7 is the same as M as a Z-graded
k-space, but with new A”-action x defined by x xb = xt(b), for x € M,,;, b € A,,. The
functor F acts as the identity map on morphisms.

PROOF. Given M € Gr-A, the proof that M7 is indeed an A®-module is formally
the same as the proof that AT is associative, and it is obvious that F is a functor.

Now t : AT — AT, given by the same underlying map as 7 : A — A, is an
automorphism of A” as well. Thus we can define the twist (AT)T_l , which is isomorphic
to A again via the identity map of the underlying k-space. Thus we also get a functor
G : Gr-A" — Gr-A given by N +— N ©" The reader may easily check that F and G
are inverse equivalences of categories. O

The reader may find more details about the twisting construction defined above in
[249]. In fact, Zhang defined a slightly more general kind of twist depending on a
twisting system instead of just a choice of graded automorphism, and proved that these
more general twists of a connected finitely graded algebra A with A| # 0 produce all
N-graded algebras B such that Gr-A and Gr-B are equivalent categories [249, Theorem
1.2].

Suppose now that A is finitely graded and noetherian. Given the explicit description
of the equivalence Gr-A — Gr-A" in Theorem 4.1.2, it is clear that it restricts to
the subcategories of finitely generated modules to give an equivalence gr-A — gr-A".
Moreover, the subcategories of modules which are torsion (that is, finite-dimensional
over k) also correspond, and so one gets an equivalence qgr-A — qgr-A®, under which
the distinguished objects w(A) and 7 (A") correspond. Since a commutative graded
ring typically has numerous noncommutative Zhang twists, this can be used to give
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many examples of noncommutative graded rings whose noncommutative projective
schemes are simply isomorphic to commutative projective schemes.

EXAMPLE 4.1.3. Let A = k[x, y] be a polynomial ring, with graded automorphism
0:A— Agivenby o(x) =x,0(y) =y—x. In B= A% we calculate x xy = x(y — x),
y*x =xy, x x = x2. Thus we have the relation

Xx*xy—y*x+xxx=0.

Then there is a surjection C = k(x, y)/(yx —xy —x2) — B, where C is the Jordan
plane from Examples 1.3.1. Since hc(t) =1/(1 —0)? and hg(t) =ha(t) = 1/(1 —1)2,
B = C. Now there is an equivalence of categories qgr-B =~ qgr-A by the remarks above.
Since qgr-A ~ coh P! by Example 4.0.8, we see that the noncommutative projective
scheme qgr-C associated to the Jordan plane is just the commutative scheme P!.

A similar argument shows that the quantum plane C from Examples 1.3.1 is also
isomorphic to a twist of k[x, y], and so qgr-C =~ coh P! for the quantum plane also.

EXAMPLE 4.1.4. Consider the quantum polynomial ring

A=kix,y,z)/(yx — pxy,zy —qyz, Xz —rzx)

from Example 3.0.12. It is easy to check that A is isomorphic to a Zhang twist of
k[x, y, z] if and only if pgr = 1 (Exercise 4.5.3). Thus when pgr = 1, one has
qgr-A ~ qgr-k[x, y, z] ~ cohP2. We also saw in Example 3.0.12 that A has point
modules parametrized by P? in this case. This can also also be proved using Zhang
twists: it is clear that the isomorphism classes of point modules of B and B® are in
bijection under the equivalence of categories gr-B >~ gr-BT, for any finitely graded
algebra B.

On the other hand, when pgr # 1, we saw in Example 3.0.12 that the point modules
of A are parametrized by a union of three lines. In this case it is known that qgr-A
is not equivalent to the category of coherent sheaves on any commutative projective
scheme, although we do not prove this assertion here. It is still appropriate to think
of the noncommutative projective scheme qgr-A as a kind of noncommutative P2, but
this noncommutative projective plane has only a one-dimensional subscheme of closed
points on it.

4.2. Coordinate rings. Above, we associated a category qgr-A to a noetherian finitely
graded algebra A. It is important that one can also work in the other direction and
construct graded rings from categories.

DEFINITION 4.2.1. Let C be an abelian category such that each Hom¢ (F, G) is
a k-vector space, and such that composition of morphisms is k-bilinear; we say that
C is a k-linear abelian category. Let O be an object in C and let s : C — C be an
autoequivalence, that is, an equivalence of categories from C to itself. Then we define
an N-graded k-algebra B = B(C, O, s) = EBn>O Home (O, s"O), where the product is
given on homogeneous elements f € By, g € B, by fxg=s"(f)og.
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In some nice cases, the construction above allows one to recover a finitely graded
algebra A from the data of its noncommutative projective scheme (qgr-A, 7(A)) and a
natural shift functor.

PROPOSITION 4.2.2. Let A be a noetherian finitely graded k-algebra with A # k.
Let C = qgr-A and let s = (1) be the autoequivalence of C induced from the shift functor
M +— M (1) on modules M € gr-A. Let O = (A).

(1) There is a canonical homomorphism of rings ¢ : A — B(C, O, s). The kernel ker ¢
is finite-dimensional over k and is 0 if A is a domain.

) If E_xt}L‘ (ka, An) is finite-dimensional over k, then coker ¢ is also finite-dimensional;
this is always the case if A is commutative. Moreover, if E_xtllL‘ (ka, Ap) =0, then ¢
is surjective.

PROOEF. Let B = B(C, O, s). Then
B =P Home (0, 5"(0) =€) lim Homgrs (A=, A(m) = lim Homy (A=, A)=o.

n>0 n>0

Thus there is a map ¢ : A — B which sends a homogeneous element x € A, to the
corresponding element /, € Hom4 (A, A) in the i = 0 part of this direct limit, where
Iy (y) = xy. It is easy to see from the definition of the multiplication in B that ¢ is a
ring homomorphism. For each exact sequence 0 - A>~; - A — A/A~; — 0 we can
apply Hom (—, A)>¢, and write the corresponding long exact sequence in Ext. It is
easy to see that the direct limit of exact sequences of abelian groups is exact, so we
obtain an exact sequence

0— lim Homy(A/As;, A)sp— A % B lim E_xtl‘(A/Azi, A)so— 0.
1—> 00 1—> 00

The proof is finished by showing that lim E_xtg(A /A=i, A)>p is finite dimensional
11— 00

(or 0) as long as E_xti (k, A) is finite dimensional (or 0, respectively). We ask the
reader to complete the proof in Exercise 4.5.4. Note that Hom4 (k, A) is certainly
finite-dimensional, since A is noetherian, and Hom 4 (k, A) = 0 if A is a domain (since
A # k). The claim that E_xtl‘ (k, A) is always finite-dimensional in the commutative
case is also part of Exercise 4.5.4. (]

The proposition above shows that for a noetherian finitely graded domain A, one
recovers A in large degree from its category qgr-A, as long as E_xtl‘ (k, A) is finite-
dimensional. This kind of interplay between categories and graded rings is very useful.

Interestingly, it is not always true for a noncommutative finitely graded algebra that
E_xtk (k, A) is finite-dimensional. We ask the reader to work through an example, which
was first given by Stafford and Zhang in [213], in Exercise 4.5.5. More generally, Artin
and Zhang defined the y-conditions in [13], as follows. A finitely graded noetherian
algebra A satisfies y; if E_xtf4 (k, M) is finite-dimensional for all finitely generated
Z-graded A-modules M and for all j <i; the algebra A satisfies x if it satisfies x;
for all i > 0. If A satisfies xi, this is enough for the map ¢ : A — B(C, O, s) of
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Proposition 4.2.2 to have finite-dimensional cokernel, but other parts of the theory (such
as the cohomology we discuss below) really work well only for graded rings satisfying
the full x condition. Fortunately, x holds for many important classes of rings, for
example noetherian AS-regular algebras [13, Theorem 8.1].

4.3. Twisted homogeneous coordinate rings. Twisted homogeneous coordinate rings
already made a brief appearance at the end of Section 3, in the outline of the classifi-
cation of AS-regular algebras of dimension 3. Because such rings are defined purely
geometrically, the analysis of their properties often reduces to questions of commutative
algebraic geometry. These rings also occur naturally (for example, in the study of
regular algebras, as we have already seen), and in some cases would be very difficult to
study and understand without the geometric viewpoint.

We now give the precise definition of twisted homogeneous coordinate rings, relate
them to the general coordinate ring construction of the previous section, and work
through an example.

DEFINITION 4.3.1. Let X be a projective scheme defined over the base field k. Let
L be an invertible sheaf on X, and let o : X — X be an automorphism of X. We use the
notation F° for the pullback sheaf o*(F). Let £, =L L ® - - ® (E)"n_I for each
n>1,andlet Lo=0Oyx. Let HY(X, F) be the global sections F(X) of a sheaf F. For any
sheaf, there is a natural pullback of global sections map o™ : H 0x, F)—> HYX, Fo).

We now define a graded ring B = B(X, L,0) = @n>0 B,,, called the rwisted
homogeneous coordinate ring associated to this data. Set B, = H 0(X , L) forn >0,

and define the multiplication on B,, ®j B, via the chain of maps
1 myx m
ST HOX, Ly @ HOX, L")

LB HOX, Ln L") =HYX, Lynsn),

HYX, L) @ HO(X, L)

where w is the natural multiplication of global sections map.

We can also get these rings as a special case of the construction in the previous
section. Consider C = coh X for some projective k-scheme X. If £ is an invertible
sheaf on X, then £ ®@, — is an autoequivalence of C. For any automorphism o of X,
the pullback map o *(—) is also an autoequivalence of the category C. It is known that
in fact an arbitrary autoequivalence of C must be a composition of these two types, in
other words it must have the form s = (£ ® o *(—)) for some £ and o [11, Proposition
2.15], [13, Corollary 6.9]. Now we may define the ring B = B(C, Oy, s), and an
exercise in tracing through the definitions shows that this ring is isomorphic to the
twisted homogeneous coordinate ring B(X, £, o) defined above.

It is also known when qgr-B recovers the category coh X. Recalling that £, =
LRLLR---® L"n71 , then L is called o-ample if for any coherent sheaf F, one has
Hi(X, FRL,)=0forall n>0and all i > 1. When o = 1, this is just one way to
define the ampleness of £ in the usual sense [128, Proposition II1.5.3]. In fact, Keeler
completely characterized o-ampleness [150, Theorem 1.2]. In particular, when X has at
least one o -ample sheaf, then £ is o-ample if and only if £, is ample for some n > 1, so
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it is easy to find o -ample sheaves in practice. When L is o -ample, then B = B(X, L, o)
is noetherian and there is an equvialence of categories qgr-B ~ coh X [11, Theorems
1.3, 1.4], and so this construction produces many different “noncommutative coordinate
rings” of X.

It can be difficult to get a intuitive feel for the twisted homogeneous coordinate ring
construction, so we work out the explicit details of a simple example.

EXAMPLE 4.3.2. We calculate a presentation for B(P', (1), o), where o : P! — P!
is given by the explicit formula (a : b) — (a : a + b), and O(1) is the twisting sheaf of
Serre as in [128, Sec. I1.5].

Let R =k[x, y] and P! =Proj R, with its explicit open affine cover U = Spec Ry =
Speck[u], and Uy = Spec R(y) = Speck[u‘l], where u = yx_l. Then the field of
rational functions of P! is explicitly identified with the field k(u), the fraction field of
both R(y) and R(y). Let K be the constant sheaf on P! whose value is k(u) on every
nonempty open set. In doing calculations with a twisted homogeneous coordinate ring
on an integral scheme, it is useful to embed all invertible sheaves explicitly in the
constant sheaf of rational functions C, which is always possible by [128, Prop. 11.6.13].
The sheaf O(1) is defined abstractly as the coherent sheaf RTI) associated to the graded
module R(1) as in [128, Section II.5], but it is not hard to see that O(1) is isomorphic
to the subsheaf £ of K generated by the global sections 1, u, whose sections on the
two open sets of the cover are

L(Uy) = 1k[u] +uklu] = k[u] and L(Us) = 1k[u ]+ uklu™"] = uk[u""].

Then the space of global sections of £ is just the intersection of the sections on the two
open sets, namely HOPY, £) = k + ku.

The automorphism of P! induces an automorphism of the field k(u), defined on a
rational function f :P! --»k by f+ foo. We call this automorphism ¢ also, and
it is straightforward to calculate the formula o (v) = u + 1. Then given an invertible
subsheaf M C I, such that M is generated by its global sections V = H 0!, M),
the subsheaf of K generated by the global sections 0" (V) is isomorphic to the pullback
M In our example, letting V' =k + ku, then L£°" is the subsheaf of K generated by
ol (V) =V (that is, Lo = Lyand L, =LRL°® - ® E”n_l is the sheaf generated
by Vo =Vo(V)...o" Y(V)=V" =k +ku+---+ku". Also, H'(P', £,) = V,,, by
intersecting the sections on each of the two open sets, as for n = 1 above. (We caution
that in more general examples, £, is not isomorphic to £&".)

Finally, with all of our invertible sheaves M, N explicitly embedded in K as above,
and thus their global sections embedded in & (1), the pullback of global sections map o™ :
HOP', M) — HO(P!, M) is simply given by applying the automorphism o of k(u),
and the multiplication of sections map HOP', My@ HO(P!, N) - HOP!, M@N) is
simply multiplication in k(u). Thus B = B(P!, £, o) = D,,~0 Vi, with multiplication
on homogeneous elements f € V,,, g € V,, given by f g = fo™(g). It easily follows
that B is generated in degree 1, and putting v =1, w =u € V|, we immediately calculate
vrxw = (u+1), wxv=u, vxv =1, giving the relation v*w = wxv+v*v. It follows
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that there is a surjective graded homomorphism A = k(x, y)/(xy — yx —x%) — B. But
A is easily seen to be isomorphic to the Jordan plane from Examples 1.3.1 (apply the
change of variable x — —x, y — y). So A and B have the same Hilbert series, and we
conclude that A = B.

The quantum plane also arises as a twisted homogeneous coordinate ring of P!, by
a similar calculation as in the previous example. Of course, this is not the simplest
way to describe the Jordan and quantum planes. The point is that many less trivial
examples, such as the important case B(E, L, o) where E is an elliptic curve, do not
arise in a more naive way. The twisted homogeneous coordinate ring formalism is the
simplest way of defining these rings, and their properties are most easily analyzed using
geometric techniques. For more details about twisted homogeneous coordinate rings,
see the original paper of Artin and Van den Bergh [11] and the work of Keeler [150].

4.4. Further applications. Once one has a category qgr-A associated to a finitely
graded noetherian k-algebra A, one can try to formulate and study all sorts of geometric
concepts, such as points, lines, closed and open subsets, and so on, using this category.
As long as a geometric concept for a projective scheme can be phrased in terms of the
category of coherent sheaves, then one can attempt to transport it to noncommutative
projective schemes. For example, see [207], [208] for some explorations of the notions
of open and closed subsets and morphisms for noncommutative schemes.

If X is a commutative projective k-scheme, then for each point x € X there is a
corresponding skyscraper sheaf k(x) € coh X, with stalks O, = k and Oy, = 0 for all
closed points y # x. This is obviously a simple object in the abelian category coh X
(that is, it has no subobjects other than 0 and itself) and it is not hard to see that such
skyscraper sheaves are the only simple objects in this category. Since simple objects
of coh X correspond to points of X, one may think of the simple objects of qgr-A in
general as the “points” of a noncommutative projective scheme. This connects nicely
with Section 3, as follows.

EXAMPLE 4.4.1. Let M be a point module for a finitely graded noetherian k-algebra
A which is generated in degree 1. We claim that 7 (M) is a simple object in the category
qgr-A. First, the only graded submodules of M are 0 and the tails M>, for n > 0. Also,
all tails of M have 7w (M>,) = (M) in qgr-A (Exercise 4.5.2). Given a nonzero subob-
ject of w(M), it has the form 7 (N) for some graded A-module N, and the monomor-
phism 7 (N) — (M) corresponds to some nonzero element of Homge g (N>n, M),
whose image must therefore be a tail of M. But then the map 7(N) — 7w (M) is an
epimorphism and hence an isomorphism. Thus 7 (M) is simple, as claimed.

A similar proof shows that given an arbitrary finitely generated Z-graded module M
of A, m(M) is a simple object in qgr-A if and only if every graded submodule N of M
has dimy M /N < oo (or equivalently, M>, € N for some n). Such modules are called
1-critical (with respect to Krull dimension; see [117, Chapter 15]). It is possible for a
finitely graded algebra A to have such modules M which are bigger than point modules;
for example, some AS-regular algebras of dimension 3 have 1-critical modules M with
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dimy M,, = d for all n > 0, some d > 1 [10, Note 8.43]. The corresponding simple
object m (M) in qgr-A is sometimes called a fat point.

One of the most important tools in algebraic geometry is the cohomology of sheaves.
One possible approach is via Cech cohomology [128, Section III.4], which is defined
using an open affine cover of the scheme, and thus doesn’t generalize in an obvious
way to noncommutative projective schemes. However, the modern formulation of sheaf
cohomology due to Grothendieck, which uses injective resolutions, generalizes easily.
Recall that if X is a (commutative) projective scheme and JF is a quasi-coherent sheaf
on X, then one defines its cohomology groups by H! (X, F) = EXté}cth(OX’ F) [128,
Section II1.6]. Although the category of quasi-coherent sheaves does not have enough
projectives, it has enough injectives, so such Ext groups can be defined using an injective
resolution of F. It is not sufficient to work in the category of coherent sheaves here,
since injective sheaves are usually non-coherent.

Given a finitely graded noetherian k-algebra A, we defined the category qgr-A,
which is an analog of coherent sheaves. We did not define an analog of quasi-coherent
sheaves above, for reasons of simplicity only. In general, one may define a category
Qgr-A, by starting with the category Gr-A of all Z-graded A-modules and defining an
appropriate quotient category by the subcategory of torsion modules, which in this case
are the direct limits of finite-dimensional modules. The category Qgr-A is the required
noncommutative analog of the category of quasi-coherent sheaves. We omit the precise
definition of Qgr-A, which requires a slightly more complicated definition of the Hom
sets than (4.A); see [13, Section 2]. Injective objects and injective resolutions exist in
Qgr-A, so Ext is defined. Thus the natural generalization of Grothendieck’s definition
of cohomology is H' (Qgr-A, F) = Extngr_ 4 ((A), F), for any object F € Qgr-A. See
[13, Section 7] for more details.

Once the theory of cohomology is in place, many other concepts related to cohomol-
ogy can be studied for noncommutative projective schemes. To give just one example,
there is a good analog of Serre duality, which holds in a number of important cases
[246]. In another direction, one can study the bounded derived category Db (qgr-A),
and ask (for example) when two such derived categories are equivalent, as has been
studied for categories of commutative coherent sheaves.

We close this section by connecting it more explicitly with Section 2. Since AS-
regular algebras A are intuitively noncommutative analogs of (weighted) polynomial
rings, their noncommutative projective schemes qgr-A should be thought of as analogs
of (weighted) projective spaces. Thus these should be among the most fundamental
noncommutative projective schemes, and this gives another motivation for the importance
of regular algebras. One difficult aspect of the noncommutative theory, however, is
a lack of a general way to find projective embeddings. Many important examples of
finitely graded algebras A are isomorphic to factor algebras of AS-regular algebras
B, and thus qgr-A can be thought of as a closed subscheme of the noncommutative
projective space qgr-B. However, there is as yet no theory showing that some reasonably
general class of graded algebras must arise as factor algebras of AS-regular algebras.
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4.5. Exercise Set 4.
EXERCISE 4.5.1. Show that the graded prime ideals of the quantum plane

k{x,y)/(yx —qxy)

(for g not a root of 1) and the Jordan plane k(x, y)/(yx —xy — x2) are as claimed in
Example 4.0.5.

EXERCISE 4.5.2. Let A be a connected finitely graded noetherian k-algebra. Given
two finitely generated Z-graded A-modules M and N, prove that 7 (M) = 7 (N) in
qgr-A if and only if there is n > 0 such that M>, = N>, in gr-A. In other words,
show that two modules are isomorphic in the quotient category if and only if they have
isomorphic tails.

EXERCISE 4.5.3. Prove that the quantum polynomial ring of Example 4.1.4 is
isomorphic to a Zhang twist of R = k[x, y, z] if and only if pgr = 1. (Hint: what are
the degree 1 normal elements of R? for a given graded automorphism o ?)

EXERCISE 4.5.4. Complete the proof of Proposition 4.2.2, in the following steps.

(1) Let D=1im; _, o E_xtj (A/A>;, A)>¢. Show that if E_xtf4 (k, A) is finite dimensional,
then D is also finite-dimensional. Show moreover that if E_xtj (k, A) = 0, then
D = 0. (Hint: consider the long exact sequence in Ext associated to 0 — K —
A/Asit1 — A/A>; — 0, where K is isomorphic to a direct sum of copies of
ka(=i).) .

(2) If A is commutative, show that E_xti‘ (k, A) is finite-dimensional for all j > 0. (Hint:
calculate Ext in two ways: with a projective resolution of k4, and with an injective
resolution of A4.)

EXERCISE 4.5.5. Assume that chark = 0. Let B = k(x, y)/(yx — xy —x2) be the
Jordan plane. Let A =k 4 By, which is a graded subring of B. It is known that the
ring A is noetherian (see [213, Theorem 2.3] for a proof).

(1) Show that A is the idealizer of the left ideal By of B, thatis, A={z€ B | Byz C By}.

(2) Show that as a graded right A-module, (B/A) 4 is isomorphic to the infinite direct
sum @nzl ka(—n).

(3) Show for each n > 1 that the natural map Homu (A, A) — Homa(A>1, A)
is not surjective in degree n, by finding an element in the latter group corre-
sponding to x € B, \ A,. Conclude that the cokernel of the homomorphism
A — B(qgr-A, m(A), (1)) constructed in Proposition 4.2.2 has infinite dimension
over k. Similarly, conclude that dimy E_xtl‘ (k, A) = oc.

5. Classification of noncommutative curves and surfaces

Many of the classical results in algebraic geometry focus on the study of curves and
surfaces, for example as described in [128, Chapters IV, V]. Naturally, one would like to
develop a comparatively rich theory of noncommutative curves and surfaces, especially
their classification. The canonical reference on noncommutative curves and surfaces is
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the survey article by Stafford and Van den Bergh [214], which describes the state of
the subject as of 2001. While there are strong classification results for noncommutative
curves, the classification of noncommutative surfaces is very much a work in progress.
In this section we describe some of the theory of noncommutative curves and surfaces,
including some more recent work not described in [214], especially the special case of
birationally commutative surfaces. We then close with a brief overview of some other
recent themes in noncommutative projective geometry. By its nature this section is
more of a survey, so we will be able to give fewer details, and do not include exercises.

5.1. Classification of noncommutative projective curves. While there is no single
definition of what a noncommutative curve or surface should be, one obvious approach
to the projective case is to take finitely graded noetherian algebras A with GKdim(A) =
d + 1, and consider the corresponding noncommutative projective schemes qgr-A as
the d-dimensional noncommutative projective schemes. In this way curves correspond
to algebras of GK-dimension 2 and surfaces to algebras of GK-dimension 3. In much
of the preceding we have concentrated on domains A only, in which case one can think
of qgr-A as being an analog of an integral projective scheme, or a variety. We continue
to focus on domains here.

To study noncommutative projective (integral) curves, we consider finitely graded
domains A with GKdim(A) = 2. Artin and Stafford proved very strong results about
the structure of these, as we will see in the next theorem. First, we need to review a few
more definitions. Given a k-algebra R with automorphism ¢ : R — R, the skew-Laurent
ring R[t,t~!; o] is a k-algebra whose elements are Laurent polynomials Zﬁ’:a ritt
with a <b and r; € R, and with the unique associative multiplication rule determined by
ta=o(a)t for all a € R (see [117, Chapter 1]). Assume now that A is a finitely graded
domain with A % k and GKdim(A) < oo. In this case, one can localize A at the set of
nonzero homogeneous elements in A, obtaining its graded quotient ring Q = Qgr(A).
Since every homogeneous element of Q is a unit, Qg = D is a division ring. Moreover,
if d > 1 is minimal such that Q; # 0, then choosing any 0 # ¢t € Q the elements
in Q are Laurent polynomials of the form )/ ait' witha; e D. If 6 : D — D
is the automorphism given by conjugation by ¢, that is a — tat~!, then one easily
sees that Q = D[t t_l; o]. For example, if A is commutative and generated in degree
1, then Qgr(A) = k(X)|[z, t_l], where k(X) must be the field of rational functions of
X = Proj A, since it is the field of fractions of each A,y with x € Aj. Thus, for a
general finitely graded A the division ring D may be thought of as a noncommutative
analogue of a rational function field.

The following theorem of Artin and Stafford shows that noncommutative projective
integral curves are just commutative curves. Recall that our standing convention is that
k is algebraically closed.

THEOREM 5.1.1. [7, Theorems 0.1, 0.2] Let A be a finitely graded domain with
GKdim A =2.
(1) The graded quotient ring Qgr(A) of A is isomorphic to K[z, t~1: o] for some field
K with tr. deg(K/k) = 1 and some automorphism o : K — K.
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(2) If A is generated in degree 1, then there is an injective map ¢ : A — B(X, L, o)
for some integral projective curve X with function field k(X) = K, some ample
invertible sheaf £ on X, and the automorphism o : X — X corresponding to
o : K — K. Moreover, ¢ is an isomorphism in all large degrees; in particular,
qgr-A ~ coh X.

Artin and Stafford also gave a detailed description of those algebras A satisfying the
hypotheses of the theorem except generation in degree 1 [5, Theorem 0.4, 0.5]. A
typical example of this type with o of infinite order is the idealizer ring studied in
Exercise 4.5.5. In a follow-up paper [8], Artin and Stafford classified semiprime graded
algebras of GK-dimension 2; these rings are described in terms of a generalization
of a twisted homogeneous coordinate ring involving a sheaf of orders on a projective
curve.

Another approach to the theory of noncommutative curves is to classify categories
which have all of the properties a category of coherent sheaves on a nice curve has.
Reiten and Van den Bergh proved in [183] that any connected noetherian Ext-finite
hereditary abelian category satisfying Serre duality over k is either the category of
coherent sheaves on a sheaf of hereditary Ox-orders, where X is a smooth curve, or
else one of a short list of exceptional examples. We refer to [214, Section 7] for the
detailed statement, and the definitions of some of the properties involved. Intuitively,
the categories this theorem classifies are somewhat different than those arising from
graded rings, since the hypotheses demand properties which are analogs of properness
and smoothness of the noncommutative curve, rather than projectivity.

There are many other categories studied in the literature which should arguably be
thought of as examples of noncommutative quasi-projective curves. For example, the
category of Z-graded modules over the Weyl algebra A = k(x, y)/(yx —xy — 1), where
A is Z-graded with degx = 1, degy = —1, can also be described as the quasi-coherent
sheaves on a certain stack of dimension 1. See [209] for this geometric description,
and [202] for more details about the structure of this category. Some other important
examples are the weighted projective lines studied by Lenzing and others (see [162]
for a survey). As of yet, there is not an overarching theory of noncommutative curves
which encompasses all of the different kinds of examples mentioned above.

5.2. The minimal model program for surfaces and Artin’s conjecture. Before dis-
cussing noncommutative surfaces, we first recall the main idea of the classification
of commutative surfaces. Recall that two integral surfaces are birational if they have
isomorphic fields of rational functions, or equivalently, if they have isomorphic open
subsets [128, Section 1.4]. The coarse classification of projective surfaces divides them
into birational equivalence classes. There are various numerical invariants for projective
surfaces which are constant among all surfaces in a birational class. The most important
of these is the Kodaira dimension; some others include the arithmetic and geometric
genus [128, Section V.6]. There is a good understanding of the possible birational
equivalence classes in terms of such numerical invariants.
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For the finer classification of projective surfaces, one seeks to understand the smooth
projective surfaces within a particular birational class. A fundamental theorem states
that any surface in the class can be obtained from any other by a sequence of monoidal
transformations, that is, blowups at points or the reverse process, blowdowns of excep-
tional curves [128, Theorem V.5.5]. This gives a specific way to relate surfaces within a
class, and some important properties of a surface, such as the Picard group, change in a
simple way under a monoidal transformation [128, Proposition V.3.2]. Every birational
class has at least one minimal model, a smooth surface which has no exceptional curves,
and every surface in the class is obtained from some sequence of blowups starting
with some minimal model. In fact, most birational classes have a unique minimal
model, with the exception of the classes of rational and ruled surfaces [128, Remark
V.5.8.4]. For example, the birational class of rational surfaces—those with function
field k(x, y)—has as minimal models ]P’z, P! x P!, and the other Hirzebruch surfaces
[128, Example V.5.8.2].

An important goal in noncommutative projective geometry is to find a classification
of noncommutative surfaces, modeled after the classification of commutative surfaces
described above. It is easy to find an analog of birationality: as we have already
mentioned, for a finitely graded domain A its graded quotient ring has the form
Qg (A) = DI, t_l; o], where the division ring D plays the role of a field of rational
functions. Thus the birational classification of noncommutative surfaces requires the
analysis of which division rings D occur as Qgr(A)q for some finitely graded domain
A of GK-dimension 3. In [4], Artin gave a list of known families of such division rings
D and conjectured that these are all the possible ones, with a deformation-theoretic
heuristic argument as supporting evidence. Artin’s conjecture is still open and remains
one of the important but elusive goals of noncommutative projective geometry. See
[214, Section 10.1] for more details. In the remainder of this section, we focus on the
other part of the classification problem, namely, understanding how surfaces within a
birational class are related.

5.3. Birationally commutative surfaces. Let A be a finitely graded domain of finite
GK-dimension, with graded ring of fractions Qg (A) = D[t, t_l; o]. When D =K is
a field, we say that A is birationally commutative. By the Artin—Stafford theorem (The-
orem 5.1.1), this holds automatically when GKdim(A) = 2, that is, for noncommutative
projective curves. Of course, it is not automatic for surfaces. For example, the reader may
check that the quantum polynomial ring A =k(x, y, z)/(yx — pxy, 2y —ryz, Xz —qzx)
from Example 3.0.12 is birationally commutative if and only if pgr = 1. As we saw in
that example, this is the same condition that implies that the scheme parametrizing the
point modules is IP’Z, rather than three lines.

Let A be some finitely graded domain of GK-dimension 3 with Q¢ (A) = D[z, 1 ol
The problem of classification within this birational class is to understand and relate the
possible finitely graded algebras A which have a graded quotient ring Q with Qg = D,
and their associated noncommutative projective schemes qgr-A. For simplicity, one



66 CHAPTER I — ROGALSKI: NONCOMMUTATIVE PROJECTIVE GEOMETRY

may focus on one slice of this problem at a time and consider only those A with
Qg (A) = DI, t~1: o] for the fixed automorphism o.

We have now seen several examples where a finitely graded algebra A has a homo-
morphism to a twisted homogeneous coordinate ring B(X, £, 0): in the classification
of noncommutative projective curves (Theorem 5.1.1), and in the sketch of the proof of
the classification of AS-regular algebras of dimension 3 at the end of Section 3. In fact,
this is a quite general phenomenon.

THEOREM 5.3.1. [191, Theorem 1.1] Let A be a finitely graded algebra which is
strongly noetherian and generated in degree 1. By Theorem 3.1.2, the maps ¢,, from
Proposition 3.0.10 are isomorphisms for m > m(, so that the point modules of A are
parametrized by the projective scheme X = X,;,,. Then we can canonically associate to
A an invertible sheaf £ on X, an automorphism ¢ : X — X, and a ring homomorphism
¢ : A — B(X, L, o) which is surjective in all large degrees. The kernel of ¢ is the
ideal of elements that kill all R-point modules of A, for all commutative k-algebras R.

The o and £ in the theorem above arise naturally from the data of the point modules;
for example, o is induced by the truncation shift map on point modules which sends a
point module P to P(1)>¢. Theorem 5.3.1 can also be interpreted in the following way:
a strongly noetherian finitely graded algebra, generated in degree 1, has a unique largest
factor ring determined by the point modules, and this factor ring is essentially (up to
a finite dimensional vector space) a twisted homogeneous coordinate ring. Roughly,
one may also think of X as the largest commutative subscheme of the noncommutative
projective scheme qgr-A.

While the canonical map to a twisted homogeneous coordinate ring was the main
tool in the classification of AS-regular algebras of dimension 3, it is less powerful as
a technique for understanding AS-regular algebras of global dimension 4 and higher.
Such algebras can have small point schemes, in which case the kernel of the canonical
map is too large for the map to give much interesting information. For example, there
are many examples of regular algebras of global dimension 4 whose point scheme is
0-dimensional, and presumably the point scheme of an AS-regular algebra of dimension
5 or higher might be empty. There is a special class of algebras, however, which are
guaranteed to have a rich supply of point modules, and for which the canonical map
leads to a strong structure result.

COROLLARY 5.3.2. [191, Theorem 1.2] Let A satisfy the hypotheses of Theo-
rem 5.3.1, and assume in addition that A is a domain which is birationally commutative
with Qg (A) = K[t, t~1; o). Then the canonical map ¢ : A — B(X, L, o) described
by Theorem 5.3.1 is injective, and thus is an isomorphism in all large degrees.

The main idea behind this corollary is that the positive part of the quotient ring itself,
K[t; o], is a K-point module for A. It obviously has annihilator O in A, so no nonzero
elements annihilate all point modules (over all base rings).

Corollary 5.3.2 completely classifies birationally commutative algebras, generated in
degree 1, which happen to be known in advance to be strongly noetherian. However,
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there are birationally commutative algebras of GK-dimension 3 which are noetherian
but not strongly noetherian, and so a general theory of birationally commutative surfaces
needs to account for these.

EXAMPLE 5.3.3. Let X be a projective surface with automorphism o : X — X,
and let £ be an ample invertible sheaf on X. Choose an ideal sheaf Z defining a
0-dimensional subscheme Z of X. For each n > 0, set Z,, = 777 .. .I"n_l, and let
Lh=LRL° R - £°""" as in Definition 4.3.1. Now we define the naive blowup
algebra

R=R(X,L,0,7)= EB HYX,Z,®L,) CB=B(X,L,0)= @ H(X, L)),

n>0 n>0

so that R is a subring of B. The ring R is known to be noetherian but not strongly
noetherian when every point p in the support of Z lies on a critically dense orbit, that is,
when every infinite subset of {0/ (p) |i € Z} has closure in the Zariski topology equal
to all of X [190, Theorem 1.1].

A very explicit example of a naive blowup algebra is the following.

EXAMPLE 5.3.4. Let R = R(P2, O(1), 0, Z), where Z is the single reduced point
(1:1:1),ando(a:b:c)=(qa:rb:c) for some g, r € k, where chark = 0. As long
as g and r are algebraically independent over QQ, the o-orbit of (1:1: 1) is critically
dense and R is a noetherian ring [186, Theorem 12.3]. In this case one has

BB, O(1),0) Zk(x, y,2)/(yx —qr~'xy, 2y —ryz,xz—q " '2x),
and R is equal to the subalgebra of B generated by x —z and y — z.

Historically, Example 5.3.4 was first studied by D. Jordan as a ring generated by Eulerian
derivatives [145]. Later, these specific examples were shown to be noetherian in most
cases [186], and last the more general notion of naive blowup put such examples in a
more general geometric context [151]. The name naive blowup reflects the fact that
the definition of such rings is a kind of twisted version of the Rees ring construction
which is used to define a blowup in the commutative case [128, Section II.7]. The
relationship between the noncommutative projective schemes qgr-R(X, £, o, Z) and
qer-B(X, L, o) >~ X is more obscure, however, and does not have the usual geometric
properties one expects of a blowup [151, Section 5].

The examples we have already seen are typical of birationally commutative surfaces,
as the following result shows.

THEOREM 5.3.5. [189] Let A be a noetherian finitely graded k-algebra, generated
in degree 1, with Qg (A) = K[t, t_l; o], where K is a field of transcendence degree
2 over k. Assume in addition that there exists a projective surface ¥ with function
field K = k(Y), and an automorphism o : Y — Y which induces the automorphism
o : K — K. Then A is isomorphic to a naive blowup algebra A = R(X, L, 0, Z),
where X is a surface with k(X) = K, o0 : X — X is an automorphism corresponding



68 CHAPTER I — ROGALSKI: NONCOMMUTATIVE PROJECTIVE GEOMETRY

to o : K — K, the sheaf £ is o-ample, and every point of Z lies on a critically dense
o -orbit.

Sierra has extended this theorem to the case of algebras not necessarily generated in
degree 1 [203]. In this setting, one gets a more general class of possible examples,
which are a bit more technical to describe, but all of the examples are still defined in
terms of sheaves on a surface X with automorphism o. The condition in Theorem 5.3.5
that there exists an automorphism of a projective surface Y inducing o, which is also
a hypothesis in Sierra’s generalization, may seem a bit mysterious. It turns out that
there are automorphisms of fields of transcendence degree 2 which do not correspond
to an automorphism of any projective surface with that field as its fraction field [81].
A noetherian ring A with a graded quotient ring Qgr(A) = K[t, t~1; o], where o is a
field automorphism of this strange type, was constructed in [187].

The rings classified in Theorem 5.3.5 are either twisted homogeneous coordinate rings
B(X, L, o) (these are the cases where Z = & and are the only strongly noetherian ones),
or naive blowup algebras inside of these. The possible smooth surfaces X occurring are
all birational and so are related to each other via monoidal transformations, as described
above. Each B = B(X, L, o) has qgr-B >~ coh X, while for each R = R(X, L, 0, Z),
the category qgr-R can be thought of as a naive blowup of coh X. Thus within this
birational class, it is true that the possible examples are all related by some kind of
generalized blowup or blowdown procedures, in accordance with the intuition coming
from the classification of commutative projective surfaces.

5.4. A recent application of point modules to universal enveloping algebras. Since
these lectures were originally delivered, Sierra and Walton discovered a stunning new
application of point modules which settled a long standing open question in the theory
of enveloping algebras [204], and we wish to briefly discuss this here.

Let k have characteristic O and consider the infinite-dimensional Lie algebra L with
k-basis {x; | i > 1} and bracket [x;, xj] = (j —i)x;4 j, which is known as the positive
part of the Witt algebra. Since L is a graded Lie algebra, its universal enveloping
algebra A = U (L) is connected N-graded, and has the Hilbert series of a polynomial
ring in variables of weights 1,2,3,..., by the PBW theorem. Thus the function
f(n) =dimy A, is actually the partition function, and from this one may see that A
has infinite GK-dimension but subexponential growth. The question of whether A is
noetherian arose in the work of Dean and Small [79]. Stephenson and Zhang proved
that finitely graded algebras of exponential growth cannot be noetherian [218], so it
is an obvious question whether a finitely graded algebra of subexponential but greater
than polynomial growth could possibly be noetherian. The ring A was an obvious
test case for this question. Note that a canonical map as in Theorem 5.3.1 does not
necessarily exist, since one does not know if A is strongly noetherian. Nonetheless,
using point modules Sierra and Walton found a factor ring A/l which is birationally
commutative and can be described in terms of sheaves on a certain surface, though
it is slightly more complicated than a twisted homogeneous coordinate ring. Using
geometry, the authors proved that A/ is non-noetherian, so that A is non-noetherian
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also. The ideal I does not have obvious generators, and it is unlikely that / would have
been discovered without using point modules, or that the factor ring A/I could have
been successfully analyzed without using geometric techniques.

5.5. Brief overview of other topics. In this section we have described one particular
thread of recent research in noncommutative projective geometry, one with which we
are intimately familiar. To close, we give some very brief summaries of a few other
themes of current research. This list is not meant to be comprehensive.

5.5.1. Noncommutative projective surfaces. The reader can find a survey of some
important work on noncommutative projective surfaces in the second half of [214]. For
example, there is a rich theory of noncommutative quadric surfaces, that is, noncommu-
tative analogs of subschemes of P> defined by a degree 2 polynomial; see for example
[232] and [211]. We should also mention Van den Bergh’s theory of noncommutative
blowing up, which allows one to blow up a point lying on a commutative curve contained
in a noncommutative surface, under certain circumstances [229]. These blowups do
have properties analogous to commutative blowups. (Van den Bergh’s blowups and
naive blowups generally apply in completely different settings.) The author, Sierra, and
Stafford have studied the classification of surfaces within the birational class of the
generic Sklyanin algebra [188], and shown that some of these surfaces are related via
blowups of Van den Bergh’s kind.

In a different direction, there is a deep theory of maximal orders on commutative
surfaces, which are certain sheaves of algebras on the surface which are locally finite
over their centers. Chan and Ingalls [64] laid the foundations of a minimal model
program for the classification of such orders, which has been studied for many special
types of orders. The reader may find an introduction to the theory in [63].

5.5.2. Regular algebras of dimension 4. Since the classification of AS-regular alge-
bras of dimension 3 was acheived, much attention has been focused on regular algebras
of dimension 4. The Sklyanin algebra of dimension 4—which also has point modules
paramaterized by an elliptic curve, like its analog in dimension 3—was one of the
first regular algebras of dimension 4 to be intensively studied, see [210] for example.
There has been much interest in the problem of classification of AS-regular algebras
of dimension 4, which have three possible Hilbert series [167, Proposition 1.4]. Many
interesting examples of 4-dimensional regular algebras have been given with point
schemes of various kinds. In addition, a number of important new constructions which
produce regular algebras have been invented, for example the double Ore extensions
due to Zhang and Zhang [251], and the skew graded Clifford algebras due to Cassidy
and Vancliff [62]. Another interesting technique developed in [167] is the study of the
Axo-algebra structure on the Ext algebra of a AS-regular algebra. Some combination of
these techniques has been used to successfully classify AS-regular algebras of global
dimension 4, generated in degree 1, with a nontrivial grading by N x N [167], [252],
[192]. The general classification problem is an active topic of research.

5.5.3. Calabi-Yau algebras. The notion of Calabi—Yau algebra, which was originally
defined by Ginzburg [112], appeared in several of the lecture courses at the MSRI
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workshop. There is also a slightly more general notion called a twisted or skew Calabi—
Yau algebra. In the particular setting of finitely graded algebras, the definition of twisted
Calabi—Yau algebra is actually equivalent to the definition of AS-regular algebra [184,
Lemma 1.2]. There has been much interesting work on (twisted) Calabi—Yau algebras
which arise as factor algebras of path algebras of quivers, especially the study of when
the relations of such algebras come from superpotentials. One may think of this theory
as a generalization of the theory of AS-regular algebras to the non-connected graded
case. The literature in this subject has grown quickly in recent years. We mention
[39] as one paper close in spirit to these lectures, since it includes a study of the
4-dimensional Sklyanin algebras from the Calabi—Yau algebra point of view.

5.5.4. Noncommutative invariant theory. The study of the rings of invariants of
finite groups acting on commutative polynomial rings is now classical. It is natural
to generalize this to study the invariant rings of group actions on AS-regular algebras,
the noncommutative analogs of polynomial rings. A further generalization allows a
finite-dimensional Hopf algebra to act on the ring instead of a group. A number of
classical theorems concerning when the ring of invariants is Gorenstein, regular, and so
on, have been generalized to this context. Two recent papers from which the reader can
get an idea of the theory are [154] and [65].



CHAPTER 1I

Deformations of algebras in noncommutative geometry

Travis Schedler

These are significantly expanded lecture notes for the author’s minicourse at MSRI in
June 2012. In these notes, following, e.g., [98, 156, 101], we give an example-motivated
review of the deformation theory of associative algebras in terms of the Hochschild
cochain complex as well as quantization of Poisson structures, and Kontsevich’s for-
mality theorem in the smooth setting. We then discuss quantization and deformation
via Calabi—Yau algebras and potentials. Examples discussed include Weyl algebras,
enveloping algebras of Lie algebras, symplectic reflection algebras, quasihomogeneous
isolated hypersurface singularities (including du Val singularities), and Calabi—Yau
algebras.

The exercises are a great place to learn the material more detail. There are detailed
solutions provided, which the reader is encouraged to consult if stuck. There are some
starred (parts of) exercises which are quite difficult, so the reader can feel free to skip
these (or just glance at them).

There are a lot of remarks, not all of which are essential; so many of them can be
skipped on a first reading.

We will work throughout over a field k. A lot of the time we will need it to have
characteristic zero; feel free to assume this always.

Acknowledgments. These notes are based on my lectures for MSRI’s 2012 summer
graduate workshop on noncommutative algebraic geometry. I am grateful to MSRI
and the organizers of the Spring 2013 MSRI program on noncommutative algebraic
geometry and representation theory for the opportunity to give these lectures; to my
fellow instructors and scientific organizers Gwyn Bellamy, Dan Rogalski, and Michael
Wemyss for their help and support; to the excellent graduate students who attended the
workshop for their interest, excellent questions, and corrections; and to Chris Marshall
and the MSRI staff for organizing the workshop. I am grateful to Daniel Kaplan and
Michael Wong for carefully studying these notes and providing many corrections.

Introduction

Deformation theory is ubiquitous in mathematics: given any sort of structure it is
a natural (and often deep and interesting) question to determine its deformations. In
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geometry there are several types of deformations one can consider. The most obvious
is actual deformations, such as a family of varieties (or manifolds), X;, parametrized
by t € R or C. Many times this is either too difficult to study or there are not enough
actual deformations (which are not isomorphic to the original variety X), so it makes
sense to consider infinitesimal deformations: this is a family of structures X; where
t € C[e]/(¢?), i.e., the type of family which can be obtained from an actual family by
taking the tangent space to the deformation. Sometimes, but not always, infinitesimal
deformations can be extended to higher-order deformations, i.e., one can extend the
family to a family where ¢ € C[e]/(g¥) for some k > 2. Sometimes these extensions
exist to all orders. A formal deformation is the same thing as a compatible family of
such extensions for all k > 2, i.e., such that restriction from order k to order j < k
recovers the deformation at order j.

In commutative algebraic geometry, affine varieties correspond to commutative
algebras (which are finitely generated and have no nilpotent elements): they are of
the form Spec A for A commutative. In “noncommutative affine algebraic geometry,”
therefore, it makes sense to study deformations of associative algebras. This is the
main subject of these notes. As we will see, such deformations arise from and have
applications to a wide variety of subjects in representation theory (of algebras, Lie
algebras, and Lie groups), differential operators and D-modules, quantization, rational
homotopy theory, Calabi—Yau algebras (which are a noncommutative generalization
of affine Calabi—Yau varieties), and many other subjects. Moreover, many of the
important examples of noncommutative algebras studied in representation theory, such
as symplectic reflection algebras (the subject of Chapter III) and many noncommutative
projective spaces (the subject of Chapter I) arise in this way. The noncommutative
resolutions studied in Chapter IV can also be deformed, and the resulting deformation
theory should be closely related to that of commutative resolutions.

Of particular interest is the study of noncommutative deformations of commutative
algebras. These are called quantizations. Whenever one has such a deformation, the
first-order part of the deformation (i.e., the derivative of the deformation) recovers
a Lie bracket on the commutative algebra, which is a derivation in each component.
A commutative algebra together with such a bracket is called a Poisson algebra. Its
spectrum is called an (affine) Poisson variety. By convention, a quantization is an
associative deformation of a commutative algebra equipped with a fixed Poisson bracket,
i.e., a noncommutative deformation which, to first order, recovers the Poisson bracket.
Poisson brackets are very old and appeared already in classical physics (particularly
Hamiltonian mechanics) and this notion of quantization is already used in the original
formulation of quantum mechanics. In spite of the old history, quantization has attracted
a lot of recent attention in both mathematics and physics.

One of the most important questions about quantization, which is a central topic of
these notes, is of their existence: given a Poisson algebra, does there exist a quantization,
and can one construct it explicitly? In the most nondegenerate case, the Poisson variety
is a smooth symplectic variety; in this case, the analogous problem for C°° manifolds
was answered in the affirmative in [78], and an important explicit construction was
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given in [105]. In the general case of affine algebraic Poisson varieties, the answer
is negative; see Mathieu’s example in Remark 2.3.14 below. A major breakthrough
occurred in 1997 with Kontsevich’s proof that, for arbitrary smooth C* manifolds,
and for real algebraic affine space R”, all Poisson structures can be quantized. In fact,
Kontsevich constructed a natural (i.e., functorial) quantization, and indicated how to
extend it to general smooth affine (or suitable nonaffine) varieties; the details of this
extension and a study of the obstructions for nonaffine varieties were first completed
by Yekutieli [245], see also [233], but there have been a large body of refinements to
the result, e.g., in [86] for the affine setting, and in [59, 58] for a sheaf version of the
global setting.

More recently, the study of Calabi—Yau algebras, mathematically pioneered by
Ginzburg [112], has become extremely interesting. This is a subject of overlap of
all the chapters of this book, since many of the algebras studied in all chapters are
Calabi—Yau, including many of the regular algebras studied in Chapter I, all of the
symplectic reflection algebras studied in Chapter III, and all of the noncommutative
crepant resolutions of Gorenstein singularities studied in Chapter IV. In the commutative
case, Calabi—Yau algebras are merely rings of functions on affine Calabi—Yau varieties;
the noncommutative generalization is much more interesting, but shares some of
the same properties. Beginning with a Calabi—Yau variety, one can consider Calabi—
Yau deformations (see, e.g., [235] for a study of their moduli). In [101], this was
applied to the quantization of del Pezzo surfaces: Etingof and Ginzburg first reduced
the problem to the affine surface obtained by deleting an elliptic curve; this affine
surface embeds into C3. They then deformed the ambient smooth Calabi—Yau variety
C3, together with the hypersurface. One advantage of this is the fact that many
Calabi—Yau algebras can be defined only by a single noncommutative polynomial,
called the (super)potential, such that the relations for the algebra are obtained by
differentiating the potential (see, e.g., [112, 39]). (It was in fact conjectured that all
Calabi—Yau algebras are obtained in this way; this was proved for graded algebras [38]
and more generally for completed algebras [234], but is false in general [77].) Thus
the deformations of C3 studied in [101] are very explicit and given by deforming the
potential function. To quantize the original affine surface, one then takes a quotient of
such a deformed algebra by a central element. We end this chapter by explaining this
beautiful construction.

Deformations of algebras are closely related to a lot of other subjects we are not
able to discuss here. Notably, this includes the mathematical theory of quantum groups,
pioneered in the 1980s by Drinfeld, Jimbo, and others: this is the analogue for groups
of the latter, where one quantizes Poisson—Lie groups rather than Poisson varieties.
Mathematically, this means one deforms Hopf algebras rather than associative algebras,
and one begins with the commutative Hopf algebras of functions on a group. One
can moreover consider actions of such quantum groups on noncommutative spaces,
which has attracted recent attention in, e.g., [104, 66]. Quantum groups also have close
relationships to the formality theorem: Etingof and Kazhdan proved in [102] that all
Lie bialgebras can be quantized to a quantum group (a group analogue of Kontsevich’s
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existence theorem), and Tamarkin gave a new proof of Kontsevich’s formality theorem
for R which used this result; in fact, this result was stronger, as it takes into account
the cup product structure on polyvector fields /\'O(Rn) Vect(R"), i.e., its full differential
graded Gerstenhaber algebra structure, rather than merely considering its differential
graded Lie algebra structure. Moreover, using [223], Tamarkin’s proof works over
any field of characteristic zero, and requires only a rational Drinfeld associator rather
than the Etingof—Kazhdan theorem; in this form the latter theorem also follows as a
consequence [222].

A rough outline of these notes is as follows. In Section 1, we will survey some
of the most basic and interesting examples of deformations of associative algebras.
This serves not merely as a motivation, but also begins the study of the theory and
important concepts and constructions. The reader should have in mind these examples
while reading the remainder of the text. In particular, we will consider Weyl algebras
and algebras of differential operators, universal enveloping algebras of Lie algebras,
quantizations of the nilpotent cone, and we will conclude by explaining the Beilinson—
Bernstein localization theorem, which relates all of these examples and is one of the
cornerstones of geometric representation theory.

In Section 2, we will define the notions of formal deformations, Poisson structures,
and deformation quantization. We culminate with the statement of Kontsevich’s theorem
(and its refinements) on deformation quantization of smooth Poisson manifolds and
smooth affine Poisson varieties. We will come back to this in Section 4.

In Section 3, we begin a systematic study of deformation theory of algebras, focusing
on their Hochschild cohomology. This allows us to classify infinitesimal deformations
and the obstructions to second-order deformations, as well as some theory of deforming
their modules.

In Section 4 we pass from the Hochschild cohomology to the Hochschild cochain
complex, which is the structure of a differential graded Lie algebra. This allows us to
classify formal deformations. We then return to the subject of Kontsevich’s theorem, and
explain how it follows from his more refined statement on formality of the Hochschild
cochain complex as a differential graded Lie algebra.

Finally, in Section 5 we discuss Calabi—Yau algebras, which is a subject that connects
all of the chapters of the book. This came up already in previous sections because
our main examples up to this point are all (twisted) Calabi—Yau, including Weyl
algebras, universal enveloping algebras (as well as many of their central reductions),
and symplectic reflection algebras. In this section, we explain how to define and
deform Calabi—Yau algebras using potentials. We then apply this to quantization of
hypersurfaces in C3, following [101].

We stress that these notes only scratch the surface of the theory of deformations
of associative algebras. Many subjects are not discussed, such as Gerstenhaber and
Schack’s detailed study via Hochschild cohomology and their cocycles (via lifting
one by one from k-th to (k + 1)-st order deformations); other important subjects are
mentioned only in the exercises, such as the Koszul deformation principle (Theorem
2.8.9).
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1. Motivating examples

In this section, we begin with the definitions of graded associative algebras and
filtered deformations. We proceed with the fundamental examples of Weyl algebras and
universal enveloping algebras of Lie algebras, which we define and discuss, along with
the invariant subalgebras of Weyl algebras. We then introduce the concept of Poisson
algebras, which one obtains from a filtered deformation of a commutative algebra, such
as in the previous cases, and define a filtered quantization, which is a filtered deformation
whose associated Poisson algebra is a fixed one. We consider the algebra of functions on
the nilpotent cone of a semisimple Lie algebra, and explain how to construct its filtered
quantization by central reductions of the universal enveloping Lie algebra. We explain
how the geometry of the nilpotent cone encapsulates representations of Lie algebras,
via the Beilinson—Bernstein theorem. Finally, we conclude by discussing an important
example of deformations of a noncommutative algebra, namely the preprojective algebra
of a quiver; this also allows us to refer to quivers in later examples in the text.

1.1. Preliminaries. A central object of study for us is a graded associative algebra.
First we define a graded vector space:

DEFINITION 1.1.1. A Z-graded vector space is a vector space V =@P,,c7 V- A
homogeneous element is an element of V,, for some m € Z. For v € V,;, we write
|[v| = m.

REMARK 1.1.2. There are two conventions for indicating the grading: either using a
subscript, or a superscript. We will switch to the latter in later sections when dealing
with dg algebras. See also Remark 2.1.1.

DEFINITION 1.1.3. A Z-graded associative algebra is an algebra A =D, .7 Am
with A, Ay C Ay for all m, n € Z.

A graded associative algebra is in particular a graded vector space, so we still write
|a| =n when a € A,,.

The simplest (but very important) example of a graded associative algebra is a tensor
algebra TV for V a vector space:

DEFINITION 1.1.4. The tensor algebra T'V is defined as TV :=p,,-o TV, with
T™V := V@™  The multiplication is the tensor product, and the grading is tensor
degree: (TV)y, :=T™MV.

Note that (T'V)y = k.
The next example, which is commutative, is a symmetric algebra Sym V for V a
vector space:

DEFINITION 1.1.5. The symmetric algebra Sym V is defined by
SymV :=TV/(xy—yx|x,y€eV).

It is graded again by tensor degree: (Sym V),, is defined to be the image of (T'V),, =
T™V, also denoted Sym™ V. The exterior algebra AV :=TV/ ()c2 | x € V) is defined
similarly, with (AV),, = A" V.
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In other words, (Sym V), is spanned by monomials of length m: vy --- v, for
Vi,..., Uy € V. Note that (SymV),, = Sym™ V := T™V/S,,, the quotient of the
vector space TV by the action of the symmetric group S, which is called the m-th
symmetric power of V.

Given a commutative algebra B (which is finitely generated over k and has no
nilpotent elements), we can consider equivalently the affine variety Spec B. We use the
notation O(Spec B) := B for affine varieties.

There is a geometric interpretation of the above, which the reader unfamiliar with
algebraic groups can safely skip: a grading on a commutative algebra B is the same
as an action of the algebraic group G,, = k> (the group whose k-points are nonzero
elements of k under multiplication) on Spec B, with B, the weight space of the
character x (z) =z of Gy,.

REMARK 1.1.6. In this section we will deal with many such algebras satisfying
the commutativity constraint xy = yx. There is a very important alternative com-
mutativity constraint, called supercommutativity or graded commutativity, given by
xy = (=)l yx; this constraint will come up in later sections. The choice of commu-
tativity constraint is linked to how one views the grading: gradings where the former
(usual) constraint is applied are often “weight” gradings, coming from an action of
the multiplicative group Gy, (otherwise known as k*) as explained above, whereas
gradings where the latter type of constraint are applied are often “homological” or
“cohomological” gradings, coming up, e.g., in Hochschild cohomology of algebras.

1.2. Weyl algebras. Let k have characteristic zero. Letting k(xq, ..., x,) denote the
noncommutative polynomial algebra in variables xi, ..., x,, one can define the n-th
Weyl algebra as

Weyl, :=Kk(x1, ..., xn, Y1, - v /(i v =835, [xi x50, Lyis v D),
denoting here [a, b] := ab — ba.

EXERCISE 1.2.1. (a) Show that, setting y; := —0d;, one obtains a surjective homomor-
phism from Weyl,, to the algebra, D(A"), of differential operators on k[xy, ..., x,] =
O(A™) with polynomial coefficients (this works for any characteristic).

(b)(*) Show that, assuming k has characteristic zero, this homomorphism is an
isomorphism.

More invariantly, recall that a symplectic vector space is a vector space equipped
with a skew-symmetric, nondegenerate bilinear form (called the symplectic form).

DEFINITION 1.2.2. Let V be a symplectic vector space with symplectic form (—, —).
Then, the Weyl algebra Weyl(V) is defined by

Weyl(V) =TV/(xy — yx — (x, y)).

(This definition makes sense even if (—, —) is degenerate, but typically one imposes
nondegeneracy.)
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EXERCISE 1.2.3. For every n, we can consider the symplectic vector space V of
dimension 2n with basis (xy, ..., Xu, Y1, ..., Yn), and form

(xi, yj) =8ij = —(yj, xi), (xi, x;) = 0= (y;, y}),

for all 1 <i, j <n. Show that Weyl(V) = Weyl, (i.e., check that Weyl(V) is generated
by the x; and y;, with the same relations as Weyl,,.)

The Weyl algebra deforms the algebra Sym V in the following sense:

DEFINITION 1.2.4. An increasing filtration, or just filtration, on a vector space V
is a sequence of subspaces V<, € V such that V<, C V<, for all m <n. It is called
nonnegative if V<,, =0 whenever m < 0. It is called exhaustive if V =J,, V<. It is
called Hausdorff if (7),, V<, = 0. A vector space with a filtration is called a filtered
vector space.

We will only consider exhaustive, Hausdorff filtrations, so we omit those terms.
Most of the time, we will only consider nonnegative filtrations (which immediately
implies Hausdorff). We will also usually only use increasing filtrations, so we often
omit that term.

DEFINITION 1.2.5. An (increasing) filtration on an associative algebra A is an
increasing filtration A<, such that

ASm 'Afn gAS(m+n), Vm,n e 7.
An algebra equipped with such a filtration is called a filtered algebra.

DEFINITION 1.2.6. For a filtered algebra A = (J,,,~¢ A<m, the associated graded
algebrais gr A :=@P,, A<n/A<@m—1)- Let gr,, A= (gr A)m = A<in/A<(m—1)-

We now return to the Weyl algebra. It is equipped with two different nonnegative
filtrations, the additive or Bernstein filtration, and the geometric one. We first consider
the additive filtration. This is the filtration by degree of noncommutative monomials in
the x; and y;, i.e.,

Weyl(V) <, = Span{vy - - - vy | v; € V, m <n}.

The geometric filtration, on the other hand, assigns the x; degree 0 and only the y; degree
one. This filtration has the advantage that it generalizes from Weyl(V) to the setting of
differential operators on arbitrary varieties, since there one obtains the filtration by order
of differential operators, but has the disadvantage that the full symmetry group Sp(V)
does not preserve the filtration, but only the subgroup GL(U), where U = Span{x;}
(which acts on U’ = Span{y;} by the inverse transpose matrix of the one on U, in the
bases of the y; and x;, respectively).

EXERCISE 1.2.7. Still assuming k has characteristic zero, show that, with either
the additive or geometric filtration, gr Weyl(V) is isomorphic to the symmetric algebra
Sym V, but the induced gradings on Sym V are different! With the additive filtration,
Sym V = gr Weyl(V) with the grading placing V in degree one (i.e., the usual grading
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on the symmetric algebra placing Symk V in degree k). With the geometric filtration,
show that V = V; @ V|, where V| is spanned by the x; and V| is spanned by the y;.

The easiest way to do this is to use Exercise 1.2.1 and to show that a basis for D(A™)
is given by monomials of the form f(xi,...,x,)g(y1,..., yn), where f and g are
considered as commutative monomials in the commutative subalgebras k[xy, ..., x;]
and k[yq, ..., yul, respectively.

EXERCISE 1.2.8. More difficult: the algebra Weyl(V') can actually be defined over
an arbitrary field (or even commutative ring) k. In general, show that, for V the
vector space with basis the x; and y; as above (or the free k-module in the case k
is a commutative ring), a k-linear basis of Weyl(V) can be obtained via monomials
f(x1,...,x0)8(V1, ..., yn) as in the previous exercise, and conclude that the canonical
homomorphism Sym(V) — gr Weyl(V) is still an isomorphism.

To do this, first note that Sym(V) — gr Weyl (V) is obviously surjective; we just have
to show injectivity. Next note that, if R C § are commutative rings, and V an R-module
with a skew-symmetric pairing, then Weyl(V') can be defined, and that Weyl(V Qg S) =
Weyl(V) ®r S. So the desired statement reduces to the case k = Z, with V the free
module generated by the x; and y;. There one can see that the desired monomials are
linearly independent by using their action by differential operators on Z[x1, ..., x,], i.e.,
sending f(x1,...,x)81, .-, ¥n) to f(x1,...,x,)g(—031, ..., —03,). This implies
injectivity of Sym(V) — gr Weyl(V).

This motivates the following:

DEFINITION 1.2.9. A filtered deformation of a graded algebra B is a filtered algebra
A such that gr(A) = B (as graded algebras).

In the case that B is commutative and A is noncommutative, we will call such a
deformation a filtered quantization. We will give a formal definition in §1.4, once we
discuss Poisson algebras.

1.2.10. Invariant subalgebras of Weyl algebras. Recall that the symplectic group
Sp(V) is the group of linear transformations V — V preserving the symplectic form
(—,—),ie, Sp(V)={T:V >V | (T(v), T(w)) = (v, w), Yv,w e V}.

Observe that Sp(V) acts by algebra automorphisms of Weyl(V), and that it preserves
the additive (but not the geometric) filtration. Let I' < Sp(V) be a finite subgroup of
order relatively prime to the characteristic of k. Then, one can consider the invariant
subalgebras Weyl(V)!" and Sym(V)T'.

The latter can also be viewed as the algebra of polynomial functions on the singular
quotient V*/I". Recall that an affine variety X is defined as the spectrum Spec O(X) of
a commutative k-algebra O(X) (to be called a variety, O(X) should be finitely generated
over k and have no nilpotents). Then, for V a vector space, the spectrum Spec Sym V
is identified with the dual vector space V* via the correspondence between elements
¢ € V* and maximal ideals my € Sym V, of elements of Sym V' such that evaluating
everything in V against ¢ simultaneously yields zero, i.e., ) ; v; 1 ---v; j, € my if and
only if ) ;¢ (vi1)--- ¢ (v;,j;) =0, for v; x € V and some j; > 1.
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Next, recall that an action of a discrete group I" on an affine variety X =Spec O(X) is
the same as an action of I on the commutative algebra O(X). The following definition
is then standard:

DEFINITION 1.2.11. The quotient X/ T" of an affine variety X by a discrete group I'
is the spectrum, Spec O(X)F, of the algebra of invariants, ox)r.

Therefore, one identifies V*/T" with Spec(Sym V)I', i.e., (Sym V)I' = O(v*/T).
Later on we will also have use for the case where I' is replaced by a non-discrete
algebraic group, in which case the same definition is made with a different notation:

DEFINITION 1.2.12. The (categorical) quotient X //G is Spec O(X)%.

The reason for the (standard) double slash // and for “categorical” in parentheses is
to distinguish from other types of quotients of X by G, most notably the stack and GIT
(geometric invariant theory) quotients, which we will not need in these notes.

Let us return to the setting of I' < Sp(V) which is relatively prime to the characteristic
of k. One easily sees that Weyl(V) is filtered (using the additive ﬁltration)1 and that

gr(Weyl(V)D) = Sym(v)l' = O(v*/T).

In the exercises, we will see that the algebra WeyI(V)G can be further deformed; this
yields the so-called spherical symplectic reflection algebras, which are an important
subject of Chapter III.

EXAMPLE 1.2.13. The simplest case is already interesting: V = k? and
r={+Ild} =7%Z/2,
with k not having characteristic two. Then,
Sym(W)' = Kk[x2, xy, y21 = Ku, v, w]/v* — uw),

the algebra of functions on a singular quadric hypersurface in A3. The noncommutative
deformation, WeyI(V)r , on the other hand, is homologically smooth for all V and
' < Sp(V) finite, i.e., the algebra A := Weyl(V)! has a finitely-generated projective
A-bimodule resolution. In fact, it is a Calabi—Yau algebra of dimension dim 'V (see
Definition 3.7.9 below).

1.3. Universal enveloping algebras of Lie algebras. Next, we consider the enveloping
algebra Ug, which deforms the symmetric algebra Sym g. This is the algebra whose
representations are the same as representations of the Lie algebra g itself.

The enveloping algebra. Let g be a Lie algebra with Lie bracket [—, —]. Then the
representation theory of g can be restated in terms of the representation theory of its
enveloping algebra,

Ug:=Tg/(xy—yx—[x,yllx,y€9), (LA)

IWhen G preserves the span of the x;, then it also preserves the geometric filtration, and in this case
Weyl (V) is also filtered with the geometric filtration. More generally, if G acts on an affine variety X, one
can consider the G-invariant differential operators D (X )G.
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where Tg is the tensor algebra of g and (—) denotes the two-sided ideal generated by
this relation.

PROPOSITION 1.3.1. A representation V of g is the same as a representation of U g.
PROOF. If V is a representation of g, we define the action of Ug by

xp X (V) = x1(02( - (0 (V) -+ -)).

We only have to check the relation defining U g:

(xy —yx =[x, yD() = x(y(v)) = y(x(v)) — [x, y](v), (1.B)

which is zero since the action of g was a Lie action.

For the opposite direction, if V is a representation of Ug, we define the action of
g by restriction from Ug to g. This defines a Lie action since the LHS of (1.B) is
Zero. 0

REMARK 1.3.2. More conceptually, the assignment g — Ug defines a functor from
Lie algebras to associative algebras. Then the above statement says

Homy e (g, End(V)) = Homas(Ug, End(V)),

where Lie denotes Lie algebra homomorphisms, and Ass denotes associative algebra
homomorphisms. This statement is a consequence of the statement that g — Ug
is a functor from Lie algebras to associative algebras which is left adjoint to the
restriction functor A — A~ := (A, [a, b] := ab — ba). That is, we can write the above
equivalently as

Homy e (g, End(V)™) = Homas (U g, End(V)).

Ug as a filtered deformation of Sym g. There is a natural increasining filtration on
U g that assigns degree one to g: that is, we define

U@<m=(x1-xj[x1,...,x; €9, ] <m).
There is a surjection of algebras,
Symg —gr(Ug), (x1-xpm) > grixy -« xm), (1.0)

which is well-defined since, in gr(Ug), one has xy — yx = 0. The Poincaré-Birkhoff—
Witt theorem states that this is an isomorphism:

THEOREM 1.3.3 (PBW). The map (1.C) is an isomorphism.

The PBW is the key property that says that the deformations have been deformed in
a flat way, so that the algebra has not gotten any smaller (the algebra cannot get bigger
by a filtered deformation of the relations, only smaller). This is a very special property
of the deformed relations: see the following exercise.

EXERCISE 1.3.4. Suppose more generally that B = TV/(R) for R € TV a ho-
mogeneous subspace (i.e., R is spanned by homogeneous elements). Suppose also
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that E C TV is an arbitrary filtered deformation of the relations, i.e., gr E = R. Let
A :=TV/(E). Show that there is a canonical surjection

B —grA.

So by deforming relations, the algebra A can only get smaller than B (by which we
mean that the above surjection is not injective), and cannot get larger. In general, it
can get smaller: see Exercise 1.10.1 for an example where the above surjection is not
injective; in that example, B is infinite-dimensional and gr A is one-dimensional. In the
case when the above surjection is injective, we call the deformation A flat, which is
equivalent to saying that A is a filtered deformation in the sense of Definition 1.2.9.

1.4. Quantization of Poisson algebras. As we will explain, the isomorphism (1.C) is
compatible with the natural Poisson structure on Sym g.

Poisson algebras.

DEFINITION 1.4.1. A Poisson algebra is a commutative algebra B equipped with a
Lie bracket {—, —} satisfying the Leibniz identity:

{ab, ¢} = a{b, c} + b{a, c}.

Now, let B :=Sym g for g a Lie algebra with bracket [—, —]. Then, B has a canonical
Poisson bracket which extends the Lie bracket:

{ay---am, by "'bn}ZZ[ai»bj]al"'&i ...ambl...;;j...bn. (1.D)
L]
Here and in the sequel, the hat denotes that the corresponding term is omitted from the
list of terms: so a; and b; do not appear in the products, but all other a; and b, do (for
k #1i and € # j).

Poisson structures on associated graded algebras. Generally, let A be an increasingly
filtered algebra such that gr A is commutative. This implies that there exists d > 1 such
that that

[Afl’l’h Agn] gAg(m«knfd), VYm, n. (L.LE)

One can always take d = 1, but in general we want to take d maximal so that the above
property is satisfied; see Exercise 1.4.3 below. Fix a value of d > 1 satisfying (1.E).
We claim that gr A is canonically Poisson, with the bracket, for a € A<, and
be Ay,
{grm a, gry b} = 8Mm4n—d (Clb - ba)
EXERCISE 1.4.2. Verify that the above is indeed a Poisson bracket, i.e., it satisfies

the Lie and Leibniz identities.

EXERCISE 1.4.3. Suppose that d > 1 is not the maximum possible value such that
(1.E) is satisfied. Show that the Poisson bracket on gr A is zero. This explains why we
usually will take d to be the maximum possible.

We conclude that Sym g is equipped with a Poisson bracket by Theorem 1.3.3, i.e.,
by the isomorphism (1.C), taking d := 1.
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EXERCISE 1.4.4. Verify that the Poisson bracket on Sym g obtained from (1.C) is
the same as the one of (1.D), for d := 1.

EXERCISE 1.4.5. Equip Sym V with the unique Poisson bracket such that {v, w} =
(v, w) for v, w € V. This bracket has degree —2. Show that, with the additive filtration,
gr Weyl(V) = Sym V as Poisson algebras, where d =2 in (1.E).

On the other hand, show that, with the geometric filtration, one can take d = 1,
and then one obtains an isomorphism gr Weyl(V) = Sym V’ , where V' is the same
underlying vector space as V, but placing the x; in degree zero and the y; in degree one
(s0 V' = (Vo ® (V) with dim(V")p =dim(V'); = %dim V). The Poisson bracket
on Sym V'’ is given by the same formula as for Sym V.

Filtered quantizations. The preceding example motivates the definition of a filtered
quantization:

DEFINITION 1.4.6. Let B be a graded Poisson algebra, such that the Poisson bracket
has negative degree —d. Then a filtered quantization of B is a filtered associative
algebra A such that (1.E) is satisfied, and such that gr A = B as Poisson algebras.

Again, the key property here is that gr A = B. Since, in the case where A = U g, this
property is the PBW theorem, one often refers to this property in general as the “PBW
property.” In many examples of B and A of interest, proving that this property holds is
an important theorem, which is often called a “PBW theorem.”

1.5. Algebras of differential operators. As mentioned above, when k has charac-
teristic zero, the Weyl algebra Weyl, = Weyl(k>") is isomorphic to the algebra of
differential operators on k" with polynomial coefficients.

More generally:

DEFINITION 1.5.1 (Grothendieck). Let B be a commutative k-algebra. We define
the space Diff<,, (B) of differential operators of order < m inductively on m. For a € B
and ¢ € Endy (B), let [¢, a] € Endy (B) be the linear operator

[¢,ald) :=¢(ab) —ap(b), Vbe B.
Then we define
Diff<o(B) := {¢ € Endi(B) | [¢,a]l =0, Va € B} =Endp(B) = B; (1.F)
Diff<,,(B) := {¢ € Endy (B) | [¢, a] € Diff<(,,,_1)(B), Ya € B}. (1.G)
Let Diff(B) := (J,,>¢ Diff<u (B).

EXERCISE 1.5.2. Verify that Diff(B) is a nonnegatively filtered associative algebra
whose associated graded algebra is commutative.

Now, suppose that B is finitely generated commutative and X := Spec(B). Then the
global vector fields on X are the same as k-algebra derivations of the algebra B,

Vect(X) := Dery (O(X), O(X))
:={¢ € Homy (O(X), O(X)) | ¢(fg) =d(f)g+ fP(8), V[, g € OX)}.
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This is naturally a O(X)-module. Note that it can also be viewed as global sections of
the tangent sheaf, denoted by Tx (which is in general defined so as to have sections on
open affine subsets given by derivations as above).

Recall that the total space of the cotangent bundle can be defined by T*X :=
Spec Sympx) Vect(X). Points of 7*X are in bijection with pairs (x, p) where x € X
and p € Tx* X =m, /m)zc, where m, € O(X) is the maximal ideal of functions vanishing
at x. In the case where X is a smooth affine complex variety, this is the same as a pair
of a point of the complex manifold X and a cotangent vector at x.

Now we can state the result that, for smooth affine varieties in characteristic zero,
Diff(O(X)) quantizes the cotangent bundle:

PROPOSITION 1.5.3. If X is a smooth (affine) variety and k has characteristic zero,
then as Poisson algebras,

gr DIff(O(X)) = Sympx) Vect(X) = O(T*X).

REMARK 1.5.4. When X is not affine (but still smooth), the above generalizes if we
replace the algebras O(X) and O(T*X) by the sheaves Ox and O7+x on X, and the
global vector fields Vect(X) by the tangent sheaf Tx. The material in the remainder of
this section also generalizes similarly to the smooth nonaffine context.

The proposition requires some clarifications. First, since Vect(X) is actually a Lie
algebra, we obtain a Poisson structure on Symgxy Vect(X) by the formula

(€1t mah = (&) &b G
iJ
Proposition 1.5.3 says that, for smooth affine varieties, the algebra Diff(O(X))
quantizes O(T*X). To prove this result, we will want to have an alternative construction
of Diff(O(X)):

DEFINITION 1.5.5. The universal enveloping algebroid Up(x)(Vect(X)) is the quo-
tient of the usual enveloping algebra U (Vect(X)) = Uy (Vect(X)) by the relations

[-&=7r8 & f=8N+[E [feOX), §eVect(X). (1.H)

REMARK 1.5.6. More generally, the above definition extends to the setting when we
replace Vect(X) by (global sections of) an arbitrary Lie algebroid L over X. Namely,
such an L is a Lie algebra which is an O(X)-module together with a O(X)-linear map
a: L — Ty satisfying the Leibniz rule,

[§. fol=a@&(fHn+ fl&. ), V& nel,VfeOX).

This implies that the anchor map « is a homomorphism of Lie algebras. Note that
a simple example of such an L is Vect(X) itself, with @ = Id. One then defines the

universal enveloping algebroid of L as Uox)L:=UL/(f-§—f§,&- f—a(E)(f)—f§).

REMARK 1.5.7. The universal enveloping algebroid can also be defined in a way
which generalizes the definition of the usual enveloping algebra. Namely, if L is as in
the previous remark, define a new O(X)-bimodule structure on L by giving the usual left
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action, and defining the right multiplication by &- f =a(&)(f)+ f&. Given any bimodule
M over a (not-necessarily commutative) associative algebra A, we can define the tensor
algebra T)°M :=P,,~ M®mA_ Then, Uox)L = T(‘,’)C(X)L/(E -n—n-&—[&, n]). Then,
in the case that O(X) = k itself, this recovers the usual definition of the enveloping

algebra UL = Uy L.

SKETCH OF PROOF OF PROPOSITION 1.5.3. Filter Up(x) Vect(X) by saying that
the image of T="(Vect(X)) = DBo<i<m Vect(X)®' under the defining quotient is
(Uo(x) Vect(X))<m. We have a natur_al_map Symox) Vect(X) — gr Uo(x) Vect(X).

Next, if Vect(X) is free, or more generally projective (equivalently, Tx is a locally
free sheaf), as will be true when X is smooth, then the PBW theorem generalizes to
show that the natural map Syme ) Vect(X) — gr Uo(x) Vect(X) is an isomorphism.

So, the proposition reduces to showing that, in the case X is smooth, the canonical
map

Uo(x) Vect(X) — Diff(O(X)) (1.1
is an isomorphism.

To prove this, it suffices to show that the associated graded homomorphism,

Symox) Vect(X) — gr Diff(O(X)),

is an isomorphism. This statement can be checked locally, in the formal neighborhood
of each point x € X, which is isomorphic to a formal neighborhood of affine space
of the same dimension at the origin. More precisely, we can replace O(X) by a

formal power series ring k[[x1, ..., x, ]| and require that all derivations and differential
operators are continuous in the adic topology (i.e., if & is a derivation, we require
that every sum ary,...r& (xi' coexh) converges as a formal power series). But then
Diff(O(X)) becomes k[ x1, ..., x,[[01, ..., d,], a completion of the Weyl algebra, and

the statement follows as in Exercises 1.2.1 and 1.2.7. (Alternatively, instead of using
formal power series, one can use ordinary localization at x; since dim m, /m)% =dim X,
Nakayama’s lemma implies that a basis for this vector space lifts to a collection of
dim X algebra generators of the local ring Oy x, and then differential operators of
order <m are determined by their action on products of <m generators, and all possible
actions are given by Symg; . Tx x.) O

REMARK 1.5.8. Whenever L is (the global sections of) a Lie algebroid over O(X)
as in Remark 1.5.6, then it follows just as in the case L = Vect(X) that Sym@(x) L is
a Poisson algebra. Then as before we have a natural map Symepx) L — gr(Uo(x)L)
and in the case L is locally free, the PBW theorem generalizes to show that this is
an isomorphism. This applies even in the case X is not smooth (and hence Vect(X)
itself is not locally free), since often one can nonetheless define interesting locally
free Lie algebroids (and the same applies when X need not be affine, replacing O(X)
by Ox and Vect(X) by Tx). In fact, this is the setting of a large body of interesting
recent work, such as Calaque—Van den Bergh’s analogues of Kontsevich’s formality
theorem [59, 58] and their proof of Cilddraru’s conjecture [57] on the compatibility of
the former with cap products with Hochschild homology.



II.1. MOTIVATING EXAMPLES 85

Preview: D-modules. Since Proposition 1.5.3 does not apply to singular varieties,
it is less clear how to treat algebras of differential operators and their modules in the
singular case (again with k having characteristic zero).

One solution, discovered by Kashiwara, is to take a singular variety X and embeds
it into a smooth variety V, and define the category of right D-modules on X to be the
category of right D(V)-modules supported on X, i.e., right modules M over the ring
D(V) of differential operators on V, with the property that, for all m € M, there exists
N > 1 such that m - I )I(V =0, where Iy is the ideal corresponding to X.

This circumvents the problem that the ring D(X) of differential operators is not well-
behaved, and one obtains a very useful theory. An equivalent definition to Kashiwara’s
goes under the name of (right) crystals. Under some restrictions (when the D-modules
are holonomic with regular singularities), one can also replace D-modules by perverse
sheaves, which are, roughly speaking, gluings of local systems on subvarieties, or more
precisely, complexes of such gluings with certain properties.

1.6. Invariant differential operators. It is clear that the group of automorphisms
Aut(X) of the variety X acts by filtered automorphisms also on Diff(X) and also by
graded automorphisms of gr Diff(X) = Symex) Vect(X). Let us continue to assume
k has characteristic zero.

Now, suppose that G < Aut(X) is a finite subgroup of automorphisms of X. Then
one can form the algebras Diff(X)C and (Symo(x) Vect(X))¢. By Proposition 1.5.3,
we conclude that gr Diff(X)“ is a quantization of (Symo(x) Vect(X))©.

One example of this is when X = A" and G < GL(n) < Aut(A"). Then we obtain
that WeyI(AZ”) is a quantization of O(T*A") = O(A2"), which is the special case of
the example of §1.2.10 where G < GL(n) (note that GL(n) < Sp(2n), where explicitly,
a matrix A acts by the block matrix

A 0
0 Aan—1t)

with A’ denoting the transpose of A.)

REMARK 1.6.1. By deforming Diff(X)C, one obtains global analogues of the
spherical rational Cherednik algebras [97]; see Example 2.7.9 below.

EXAMPLE 1.6.2. Let X = Al \ {0} (note that this is affine) and let G = {1, g} where
g(x) =x~1. Then (T*X)//G is a “global” or “multiplicative” version of the variety
A2 /(Z/2) of Example 1.2.13. A quantization is D(X )G, and one has, by the above,

gr DA (ONZ2 = o(T* (Al {022,

Explicitly, the action on tangent vectors is g(dx) = —x2d,, i.e., so that, applying the
operator g(dy) to g(x), we get g(9y)(g(x))=1= —xzax (x_l). Thus, setting y := gr 0y,
we have g(y) = —x2y. So O(T*X//G) =Clx +x~!, y —x%y, x*y?] and

D(X)% =Clx +x~, 8y — x%9x, (x35)?] € D(X)C.



86  CHAPTER Il — SCHEDLER: DEFORMATIONS OF ALGEBRAS IN NONCOMMUTATIVE GEOMETRY

1.7. Quantization of the nilpotent cone.

Central reductions. Suppose, generally, that A is a filtered quantization of B = gr A.
Suppose in addition that there is a central filtered subalgebra Z € A. Then gr Z is
Poisson central in B:

DEFINITION 1.7.1. The center, Z(B), of a Poisson algebra, B, is the subalgebra of
elements z € B such that {z, b} =0 for all b € B. An element is called Poisson central
if it is in Z(B). A subalgebra C C B is called central if C € Z(B).

Next, for every character n : Z — k, we obtain central reductions
A":= A/ker(n)A, B":= B/gr(kern)B.

Note here that ker(n)A is actually a two-sided ideal since Z is central. In the case
that By = k (or more generally (gr Z)o = k), which will be the case for us, note that
B does not actually depend on 7, and we obtain B"7 = B/(gr Z)1 B for all n, where
(gr Z)4+ C gr Z is the augmentation ideal (the ideal of positively-graded elements).

Then, the category Rep(A”) can be identified with the category of representations
V of A such that Z(A) acts by the character 7, i.e., for all v € V and all z € Z(A), we
have z-v =n(z)v.

REMARK 1.7.2. The subcategories Rep(A™) C Rep(A) are all orthogonal for distinct
n, which means that there are no nontrivial homomorphisms or extensions between
representations V € Rep(A"), W € Rep(A%) with distinct central characters n # &. This
is because the ideal generated by (z — 7(z)) maps to the unit ideal in A% for & # 1, i.e.,
there is an element z € Z(A) which acts by one on all representations in Rep(AE) and
by zero on all representations in Rep(A"), and this allows one to canonically split any
extension of representations in the two categories Rep(As ) and Rep(A"): if V is such
an extension, then V =zV @& (1 —z)(V).

The nilpotent cone. Now let us restrict to our situation of A =Ug and B = Sym g
with k of characteristic zero. Let us suppose moreover that g is finite-dimensional
semisimple (see, for example, [135]; for the reader who is not familiar with this, one
can restrict to the most important examples, such as the Lie algebra sl, (k) of trace-zero
n X n matrices, or the Lie algebra so0, (k) of skew-symmetric n x n matrices). Then,
the structure of the center Z(A) is well-known.

EXAMPLE 1.7.3. Let g = sl with basis (e, f, h). Then Z(Ug) = k[C], where
the element C is the Casimir element, C = ef + fe + %hz. In this case, the central
reduction (U g)" describes those representations on which C acts by a fixed scalar (C).
For example, there exists a finite-dimensional representation of (Ug)" if and only if
n(C) e{m+ %mz | m > 0}, since n(C) acts on a highest-weight vector v of & of weight
A, i.e., a vector such that ev =0 and hv = Av, by C-v=(h + %hz)v =+ %Az)v.
In particular, there are only countably many such characters n that admit a finite-
dimensional representation.

Moreover, when 1n(C) € {m + %mz | m > 0}, there is exactly one finite-dimensional
representation of (Ug)": the one with highest weight m. So these quantizations (Ug)" of
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(Sym g)/(gr C) have at most one finite-dimensional representation, and only countably
many have this finite-dimensional representation.

More generally, if g is finite-dimensional semisimple (still with k of characteristic
zero), it turns out that Z(Ug) is a polynomial algebra, and gr Z(Ug) — Z(Sym g) is
an isomorphism of polynomial algebras.

DEFINITION 1.7.4. Given a Lie algebra g and a representation V, the invariants V9
are defined as V9 :={veV |x-v=0,Vx € g}.

Note that, if B is an algebra with a g-action, i.e., B is an g representation and an
algebra such that the multiplication map B ® B — B is a map of g-representations, then
B% C B is a subalgebra. In particular, one has (Sym g)? C Sym g which is an algebra.
In fact, this is the Poisson center of Sym g, since {z, f} =0 for all f € Sym g if and
only if {z, x} =0 for all x € g: i.e., Z(Sym g) = (Sym g)%.

We then have the following extremely important result, whose history is discussed
in more detail in Remark 1.7.13:

THEOREM 1.7.5 (H. Cartan, Chevalley [67, 68], Coxeter, Harish-Chandra [127],
Koszul, Shephard and Todd [201], Weil). Let g be finite-dimensional semisimple and
k of characteristic zero. Then Z(Ug) = k[xy, ..., x;] is a polynomial algebra, with r
equal to the semisimple rank of g. Moreover, the polynomial algebra gr Z(U g) equals
the Poisson center Z(Sym g) = (Sym g)? of gr Ug, and there is a canonical algebra
isomorphism (Sym g)% — Z(Ug).

The final isomorphism (Sym g)% — Z(Uyg) is called the Harish-Chandra isomor-
phism; it actually generalizes to an isomorphism which is defined for arbitrary finite-
dimensional g and is due to Kirillov and Duflo; we will explain how this latter isomor-
phism also follows from Kontsevich’s formality theorem in Corollary 4.11.7 (and in fact,
Kontsevich’s result implies that it holds even for finite-dimensional Lie superalgebras).

The degrees d; of the generators gr x; are known as the fundamental degrees. (In
fact, they satisfy d; = m; + 1 where m; are the Coxeter exponents of the associated root
system, cf. e.g., [136]; we will not need to know anything about Coxeter exponents or
precisely what the m; are below.)

By the theorem, for every character 1 : Z(Ug) — k, one obtains an algebra (Ug)"
which quantizes (Sym g)/((Sym g)ﬂ_). Here (Sym g)ﬁ_ is the augmentation ideal of
Sym g, which equals gr(kern) since (Sym g)g = k (cf. the comments above).

Recall that the dual vector space g* is canonically a representation of g, with action,
called the coadjoint action, given by (x - ¢)(y) := —¢([x, y]) for x, y € g and ¢ € g*.
We denote x - ¢ also by ad(x)(¢).

DEFINITION 1.7.6. The nilpotent cone Nil g C g* is the set of elements ¢ € g* such
that, for some x € g, we have ad(x)¢p = ¢.

REMARK 1.7.7. Note that, in the case where g = Lie G for G a connected Lie (or
algebraic) group, then Nil g is the set of elements ¢ such that the coadjoint orbit G - ¢
contains the line k* - ¢ (in the Lie group case, k should be R or C).
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REMARK 1.7.8. In the case when g is finite-dimensional and semisimple, it is well-
known that the Killing form isomorphism g* = g takes Nil(g) to the cone of elements
which are ad-nilpotent (i.e., (adx)N = 0 for some N > 1, where adx(y) := [x, y]),
which explains the terminology. It is perhaps more standard to define the nilpotent cone
as the latter cone inside g, but for us it is more natural to use the above definition.

PROPOSITION 1.7.9. Let g be finite-dimensional semisimple. Then, the algebra B is
the algebra of functions on the nilpotent cone Nil g C g*.

We give a proof modulo a number of facts about semisimple Lie algebras and groups
(and algebraic groups), so the reader not familiar with them may skip it.

PROOF. We may assume that k is algebraically closed (otherwise let k be an
algebraic closure and replace g by g ®y k).

Let h C g be a Cartan subalgebra and W be the Weyl group. The Chevalley iso-
morphism states that (Sym g)9 = O(h*/W). This isomorphism maps the augmentation
ideal (Sym g)i to the augmentation ideal of O(h*/ W), which is the ideal of the zero
element 0 € h*.

Now, let G be a connected algebraic group such that g = Lie G (this exists by
the well-known classification of semisimple Lie algebras, see, e.g., [135], and by the
existence theorem for reductive algebraic groups given root data, see, e.g., [212, 16.5]);
in the case k = C, one can let G be a complex Lie group such that Lie G = g. Then,
(Sym g)¢ = (Sym g)¢ = O(g*// G), and the ideal O(h*/ W) -Sym g thus defines those
elements ¢ € g* such that G - ¢ N b* = {0}. This set is stable under dilation, so that for
all such nonzero ¢, the coadjoint orbit G - ¢ intersects a neighborhood of ¢ in the line
k - ¢, and is hence in the nilpotent cone; conversely, if ¢ is in the nilpotent cone, the
ideal vanishes on ¢. O

COROLLARY 1.7.10. For g finite-dimensional semisimple, the central reductions
(Ug)" =Ug/(kern) - Ug quantize O(Nil g).

EXAMPLE 1.7.11. In the case g =sl,, the quantizations (Ug)", whose representations
are those sly-representations on which the Casimir C acts by a fixed scalar, all quantize
the cone of nilpotent 2 x 2 matrices,

Nil(sly) = {(Z _z)‘az—i—bc - 0},

which are identified with functions on matrices via the trace pairing: X (Y) :=tr(XY).

REMARK 1.7.12. The quadric of Example 1.7.11 is isomorphic to the one v = uw

of Example 1.2.13, i.e., A? /(Z/2) = Nil(sl). Thus we have given two quantizations of
the same variety: one by the invariant Weyl algebra, Weyl,”~, and the other a family of
quantizations given by the central reductions (Usl)" = Usly/(C — n(C)). In fact, the
latter family is a universal family of quantizations (i.e., all quantizations are isomorphic
to one of these via a filtered isomorphism whose associated graded homomorphism is
the identity), and one can see that WeyIIZ/ 2~
1.10.2).

(Uslr)" where n(C) = —% (see Exercise
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This coincidence is the first case of a part of the McKay correspondence [173, 46,
205, 206], which identifies, for every finite subgroup I' < SL,(C), the quotient C? /T
with a certain two-dimensional “Slodowy” slice of Nil(g), where g is the Lie algebra
whose Dynkin diagram has vertices labeled by the irreducible representations of I',
and a single edge from V to W if and only if V ® W contains a copy of the standard
representation C2. See Chapter IV, § 5. These varieties C2/I" are called du Val or
Kleinian.

REMARK 1.7.13. Theorem 1.7.5 is stated anachronistically and deserves some
explanation. Let us restrict for simplicity to the case k = C (although everything below
applies to the case k is algebraically closed of characteristic zero, and to deal with
the non-algebraically closed case, one can tensor by an algebraic closure). Coxeter
originally observed that (Sym h)"W is a polynomial algebra for W a Weyl (or Coxeter)
group. In the more general situation where W is a complex reflection group, the degrees
d; were computed by Shephard and Todd [201] in a case-by-case study, and shortly
after this Chevalley [68] gave a uniform proof that (Sym §)"W is a polynomial algebra
if and only if W is a complex reflection group.

Chevalley also observed that (Sym g)9 = (Sym h)W where h C g is a Cartan subal-
gebra and W is the Weyl group (the Chevalley restriction theorem) (this mostly follows
from the more general property of conjugacy of Cartan subgroups and its proof, in
[67]). Note here that (Sym g)? = O(g*//G), the functions on coadjoint orbits in g*.
The latter are identified with adjoint orbits of G in g by the Killing form g* = g. The
closed adjoint orbits all contain points of §, and their intersections with h are exactly
the W-orbits.

Harish-Chandra [127] constructed an explicit isomorphism HC : Z(U g) — Sym([))W
(such an isomorphism was, according to Godement’s review on Mathematical Reviews
(MR0044515) of this article, independently a consequence of results of H. Cartan,
Chevalley, Koszul, and Weil in algebraic topology). Harish-Chandra’s isomorphism
is defined by the property that, for every highest-weight representation V; of g with
highest weight A € h* and (nonzero) highest weight vector v € V,

z-v=HC@Z)) v,

viewing HC(z) as a polynomial function on h*. The Harish-Chandra isomorphism is
nontrivial: indeed, the target of HC equips h* not with the usual action of W, but the
affine action, defined by w - A := w(X + &) — §, where the RHS uses the usual action of
W on b, and § is the sum of the fundamental weights. This shifting phenomenon is
common for the center of a quantization. In this case one can explicitly see why the
shift occurs: the center must act by the same character on highest weight representations
V,. and V), and computing this character (done in the sl case in Exercise 1.7.3
below) yields the invariance under the affine action. To see why the center acts by the
same character on V, and V,,.;, in the case where A is dominant (i.e., A(ex) > O for
all positive roots «), and these are the Verma modules (i.e., V; = Indg X, Where yx, is
the corresponding character of a Borel subalgebra b containing b, and the same is true
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for Vy,.,), one can explicitly check that Vy,.; C V;. The general case follows from this
one. See [135, §23] for a detailed proof.

1.8. Beilinson—-Bernstein localization theorem and global quantization. The pur-
pose of this section is to explain a deep property of the quantization of the nilpotent
cone of a semisimple Lie algebra discussed above: this resolves to a global (nonaffine)
symplectic quantization of a cotangent bundle (namely, the cotangent bundle of the flag
variety). We still assume that k has characteristic zero.

Return to the example Nil(sl,) = A2 /{x£1d}. There is another way to view this
Poisson algebra, by the Springer resolution. Namely, let us view Nil(s[y) as the locus of
nilpotent elements in sly, i.e., the nilpotent two-by-two matrices (this is consistent with
Definition 1.7.6 if we identify sl; = 5[3 via the trace pairing (x, y) =tr(xy), cf. Remark
1.7.8). Then, a nonzero nilpotent element x € slp, up to scaling, is uniquely determined
by the line ker(x) = im(x) in k2. Similarly, a nonzero element ¢ € Nil(sl) C g* is
uniquely determined, up to scaling, by the line £ C k? such that ¢ (x) = 0 whenever
im(x) C ¢. With a slight abuse of notation we will also refer to this line as ker(¢).

Consider the locus of pairs

X:={l,x)e P! x Nil(slp) | ker(x) C £} C P! x Nil(slp).

This projects to Nil(sl). Moreover, the fiber over x # 0 is evidently a single point,
since ker(x) determines . Only over the singular point 0 € Nil(s(,) is there a larger
fiber, namely P! itself.

LEMMA 1.8.1. X = T*P!

PROOF. Fix £ € P!. Note that TyP' is naturally Hom(¢, k2/¢). On the other hand,
the locus of x such that ker(x) C ¢ naturally acts linearly on 7;P': given such an x and
given ¢ € Hom(¢, ]kz/ﬁ), we can take x o € Hom(¢, £) = k. Since this locus of x is a
one-dimensional vector space, we deduce that it is TZ*IP”, as desired. O

Thus, we obtain a resolution of singularities
p: T*P! — Nil(slh) = A?/{+1d}. (1)

Note that Nil(sl,) is affine, so that, since the map p is birational (as all resolutions
must be), O(Nil(sly)) is the algebra of global sections (T*P!, Oy «p1) of functions
on T*P!.

Moreover, equipping T*P! with its standard symplectic structure, p is a Poisson
map, i.e., p*nNil(srz) = T p«p1 fOr 7NiI(s1,) and 77p1 the Poisson bivectors on Nil(slp)
and T*P!, respectively. Indeed, the Poisson structure on Ojj(s,) is obtained from the
one on O .p1 by taking global sections.

In fact, the map p can be quantized: let Dp; be the sheaf of differential operators
with polynomial coefficients on P!, This quantizes (’)T*Pl, as we explained, since Plis
smooth (this fact works for nonaffine varieties as well, if one uses sheaves of algebras).
Then, there is the deep
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THEOREM 1.8.2 (Beilinson—Bernstein for sl5). (1) There is an isomorphism of
algebras (Usly)"0 > (P!, Dp1), where 19(C) = 0;
(1) Taking global sections yields an equivalence of abelian categories

Dp1-mod = (Uslp)"0-mod.
This quantizes the Springer resolution (1.J).

REMARK 1.8.3. This implies that the quantization D]P‘ of OT*IP" is, in a sense, affine,
since its category of representations is equivalent to the category of representations of
its global sections. The analogous property holds for the sheaf of algebras O(X) on an
arbitrary variety X if and only if X is affine. But, even though P! is projective (the
opposite of affine), the noncommutative algebra Dy is still affine, in this sense.

There is a longstanding conjecture that says that, if there is an isomorphism
Dx-mod = I'(X, Dx)-mod (i.e., X is “D-affine”), and X is smooth, projective, and
connected, then X is of the form X = G/P where P < G is a parabolic subgroup
of a connected semisimple algebraic group. (The converse is a theorem of Beilinson—
Bernstein, which generalizes Theorem 1.8.4 below to the parabolic case G/ P instead
of G/B.) Similarly, there is also an (even more famous) “associated graded” version of
the conjecture, which says that if X is a smooth projective variety and T*X — Y is a
symplectic resolution with Y affine (i.e., Y = Spec '(T*X, O(T*X))), then X = G/P
as before.

In fact, this whole story generalizes to arbitrary connected semisimple algebraic
groups G with g := Lie G the associated finite-dimensional semisimple Lie algebra.
Let B denote the flag variety of G, which can be defined as the symmetric space
G/B for B < G a Borel subgroup. Then, Nil(g) € g* consists of the union of
bl :={¢ | ¢p(x) =0, Vx € b} over all Borels.

THEOREM 1.8.4. (i) (Springer resolution) There is a symplectic resolution
T*B — Nil(g), which is the composition

T*B={(b,x)|x €b} < (Bxg*) — Nil(g),

where the last map is the second projection;

(ii) (Beilinson—Bernstein) There is an isomorphism (U g)"0 = T'(B, Dg), where ng
is the augmentation character, i.e., ker(ng) acts by zero on the trivial represen-
tation of g;

(iii) (Beilinson—Bernstein) Taking global sections yields an equivalence of abelian
categories, Dg-mod = (U g)"0-mod.

REMARK 1.8.5. The theorem generalizes in order to replace the augmentation
character 1y by arbitrary characters », at the price of replacing the category of D-
modules Dp-mod by the category of twisted D-modules, with twisting corresponding
to the character 7.
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1.9. Quivers and preprojective algebras. There is a very important generalization
of tensor algebras, and hence also of finitely presented algebras, that replaces a set
of variables x1, ..., x,; by a directed graph, which is typically called a quiver; the
variables x1, ..., x, then correspond to the directed edges, which are called arrows.
Note that it may seem odd to have a special name for a completely ordinary object, the
directed graph, but we have P. Gabriel to thank for this suggestive renaming: essentially,
whenever you see the word “quiver,” you should realize this is merely a directed graph,
except that one is probably interested in representations of the quiver, or equivalently
of its path algebra, as defined below.

DEFINITION 1.9.1. A quiver is a directed graph, whose directed edges are called
arrows. Loops (arrows from a vertex to itself) and multiple edges (multiple arrows with
the same endpoints) are allowed.

Typically, a quiver Q has its set of vertices denoted by Q( and its set of arrows
denoted by Q.

DEFINITION 1.9.2. A representation (p, (Vi)icg,) of a quiver Q is an assignment
to each vertex i € Qp a vector space V;, and to each arrow a : i — j a linear map
p(a): Vi — V;. The dimension vector of p is defined as d(p) := (dim V;);cp, € Zgg.

DEFINITION 1.9.3. For every dimension vector d € Zgg, let Rep,(Q) be the set of
representations of the form (p, (k%Y), i.e., with V; = k% for all i.

DEFINITION 1.9.4. The path algebra kQ of a quiver Q is defined as the vector
space with basis the set of paths in the quiver Q (allowing paths of length zero at each
vertex), with multiplication of paths given by reverse concatenation: if p:i — j is a
path from i to j and ¢ : j — £ is a path from j to ¢, then gp : i — £ is the concatenated
path from i to £. The product of two paths that cannot be concatenated (because their
endpoints don’t match up) is zero.

Given an arrow a € Q1, let a;, be its head (the incident vertex it points to) and
a; be its tail (the incident vertex the arrow points away from), so that a : a; — ay,.
Note that, viewing a; and aj, as zero-length paths, we have a = ajaa; (because we are
using reverse concatenation). We further observe that every zero-length path defines an
idempotent in the path algebra: in particular, a;, and a, are idempotents.

EXERCISE 1.9.5. (i) Show that a representation of Q is the same as a repre-
sentation of the algebra kQ.
(i1) Show that the set of representations Rep,(Q) is canonically isomorphic to the
vector space P ,cp, Hom (k4@ @)y,

EXERCISE 1.9.6. Suppose that Q has only one vertex, so that Q1 consists entirely
of loops from the vertex to itself. Then show that kQ is the tensor algebra over the
vector space with basis Q1.
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DEFINITION 1.9.7. Given a quiver Q, the double quiver Q is defined as the quiver
with the same vertex set, Q¢ := Qp, and with double the number of arrows, Q] :=
Q1 U QF, obtained by adding, for each arrow a € Q1, a reverse arrow, a* € Q1, such
that if a : i — j has endpoints i and j, then a* : j — i has the same endpoints but with
the opposite orientation; thus Q7 := {a* | a € Q1}.

EXERCISE 1.9.8. Show that there is a canonical isomorphism between Repd(Q)
and T*Rep,(Q).

DEFINITION 1.9.9. Let A € k20, Then the deformed preprojective algebra T1,(Q)
(defined in [75]) is defined as
M,(0) :=]1<Q/(@ Y aa* —a*a— Y )\,-). (1.K)
acQ i€Qg
The (undeformed) preprojective algebra is [1o(Q) (defined in [108]).

The algebra IT, (Q) is filtered by the length of paths: (ITy(Q))<s is the span of
paths of length <m.

EXERCISE 1.9.10. (i) Show that ITy(Q) is actually graded by path length.
(i) Show that there is a canonical surjection I1o(Q) — gr IT; (Q) (Hint: observe
that the relations are deformed, and refer to Exercise 1.3.4).
(iii) Give an example to show that this surjection need not be flat in general (i.e.,
IT, (Q) is not a (flat) filtered deformation in general). Hint: Try a quiver with
one arrow and two vertices.

REMARK 1.9.11. Itis a deep fact that, whenever Q is not Dynkin (i.e., the underlying
graph forgetting orientation is not Dynkin), then IT; (Q) is always a (flat) filtered
deformation of Ilp(Q), but we will not prove this here (it follows from the fact
that I[1p(Q) satisfies a quiver analogue of the Koszul property: it is Koszul over the
semisimple ring k Q).

DEFINITION 1.9.12. For d = (d;) € Z29, let

>0
o) = [] gltdn.
i€Qq
The moment map on Repd(Q) is the map u : Repd(Q) — g(d) defined by
wp)= ) pl@p@) —pa*)p@). (1.L)
acQq

Let Rep,(IT5(Q)) be the set of representations of IT; (Q) on (Ikdi), i.e., the set of
k Qg-algebra homomorphisms

M5.(Q) — End((P) k%),
i€Qq
equipping the RHS with the kQg-algebra structure where each vertex i € Qy is the
projection to k% . In other words, this is the set of representations on b, k¢ with each
arrow a € Q1 given by a map from the a,-factor k9% to the ay,-factor I%an ,
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EXERCISE 1.9.13. Show that there is a canonical identification Rep, (I3 (Q)) =
-1
w (- 1d).

Note that, since ITy(Q) is not commutative, the deformation I (Q) (in the case it
is flat) does not give I1(Q) a Poisson structure (this would not make sense, since for
us Poisson algebras are by definition commutative).

REMARK 1.9.14. The above is closely related to an important example of quanti-
zation, namely the quantized quiver varieties (this has been known since the origin of
preprojective algebras, but see, e.g., [36] for a recent paper on the subject, where the al-
gebra is denoted A (v), setting v =d and w = 0). These are defined as follows. Letting
Gd) = HieQO GL(d;), we can consider the variety Rep, (I (Q))// G (d) parameteriz-
ing representations of IT, (Q) of dimension vector d up to isomorphism. This turns out to
be Poisson, i.e., its algebra of functions, O(Rep, (I1 A(Q)))G(d), is Poisson. To quantize
it, one replaces T* Rep,(Q) by its quantization D(Rep,(Q)), and hence replaces the
Poisson algebra O(Repd(HO(Q)))G(d), which is a quotient of O(T* Rep,(Q))G(d).
by the corresponding quotient of D(Repd(Q))G(d): Let tr: g(d) — k be the sum of
the trace functions GL(V;) — k. Then we define

Au(d) i=DRepg () [ (wr(x (11d = L p@p@) = p@p@)) ),
acQ xeg(d)
where the ideal we quotient by is two-sided (although actually equals the same as the
one-sided ideal on either side with the same generators), and we consider the trace to be a
function of p for every x € g(d), and hence an element of O(Rep,(Q)) € D(Rep,(Q)).

which is evidently G (d)-invariant.

Dynkin and extended Dynkin quivers. Finally, as motivation for further study, we
briefly explain how the behavior of quivers and preprojective algebras falls into three
distinct classes, depending on whether the quiver is Dynkin, extended Dynkin, or
otherwise. Readers not familiar with Dynkin diagrams can safely skip this subsection.
We restrict to the case of a connected quiver, i.e., one whose underyling graph is
connected. A quiver is Dynkin if its underlying graph is a type ADE Dynkin diagram,
and it is extended Dynkin if its underlying graph is a simply-laced extended Dynkin
diagram, i.e., of types An, 5,,, or En for some n. Note that we already saw one way
in which the behavior changes between the Dynkin and non-Dynkin case, in Remark
1.9.11.

Let us assume k is algebraically closed of characteristic zero.

THEOREM 1.9.15. Let Q be a connected quiver. Let » € k20 be arbitrary.

(1) The following are equivalent: (a) Q is Dynkin; (b) The algebra I1,(Q) is
finite-dimensional; and (c) the quiver Q has finitely many indecomposable
representations up to isomorphism;

(2) The following are equivalent: (a) the quiver Q is extended Dynkin; (b) the
algebra Tlo(Q) has an infinite-dimensional center; (c) the center of T1y(Q) is
of the form O(A2)T = O(A2/T) for a finite subgroup T < SLy (k).
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Recall that the singularities A2/ I" for I" < SL, (k) finite are called du Val or Kleinian
singularities. The correspondence between extended Dynkin quivers Q and finite
subgroups I' < SL (k) is called the McKay correspondence: when Q is of type Ay,
then I' = Z/n is cyclic; when Q is of type Dy, then T is a double cover of a dihedral
group; and when Q is of type En, then it is a double cover of the tetrahedral, octahedral,
or icosahedral rotation group. See also Remark 1.7.12 and Chapter 1V, §5.

REMARK 1.9.16. The various parts of the theorem appeared as follows: Equivalence
(I)(a) < (1)(b) is due to Gelfand and Ponomarev [108] (at least for A = 0) and the
equivalence (1)(a) < (1)(c) is due to Peter Gabriel [107]. Equivalences (2)(a) < (2)(b)
and (2)(a) < (2)(c) follow from the stronger statements that, when Q is neither Dynkin
nor extended Dynkin, then the center of IT1y(Q) is just k ([74, Proposition 8.2.2]; see
also [100, Theorem 1.3.1]), whereas when Q is extended Dynkin, then the center is
O(AZ)F [75]. The theorem also extends to characteristic p without much modification
(only (2)(c) needs to be modified); see [197, Theorem 10.1.1].

In the next remark and later on, we will need to use skew product algebras:

DEFINITION 1.9.17. Let I be a finite (or discrete) group acting by automorphisms
on an algebra A. The skew (or smash) product A x I' is defined as the algebra which,
as a vector space, is the tensor product A ® k[I'], with the multiplication

(a1 ® g1)(ax ® g2) == a1g1(a2) ® g182.

REMARK 1.9.18. In the extended Dynkin case, when A lies in a particular hyperplane
in k90, then I1 5 also has an infinite center, and this center Z (I, ) gives a commutative
deformation of O(A?/T") which is the versal deformation. For general A, IT; is closely
related to a symplectic reflection algebra H; .(I') deforming O(Az) x I (see Chapter III
or Example 2.7.8 below for the definition of this algebra): there is an idempotent
f € C[I'] such that [Ty = fH; (') f for ¢, ¢ determined by A, and this makes IT;
Morita equivalent to the symplectic reflection algebra; this follows from [75]. Similarly,
O(A2/T) = ellge for e € kQ the idempotent corresponding to the extending vertex,
and elT, e yields the spherical symplectic reflection algebra, e H; (I")e.

REMARK 1.9.19. There is also an analogue of (1)(c) for part two (due to [177] and
[87], see also [84]): Continue to assume that k has characteristic zero (or, it suffices
for this statement for it to be infinite). Then, a quiver Q is extended Dynkin if and
only if, for each dimension vector, the isomorphism classes of representations can be
parametrized by finitely many curves and points, i.e., the variety of representations
modulo equivalence has dimension < 1, and there exists a dimension vector for which this
has dimension one (i.e., it does not have finitely many indecomposable representations
for every dimension vector, which would imply it is Dynkin by the theorem). In
fact, the only dimension vectors for which there are infinitely many indecomposable
representations are the imaginary roots (the dimension vectors that are in the kernel
of the Cartan matrix associated to the extended Dynkin diagram), and for these all
but finitely many indecomposable representations are parametrized by the projective
line P!



96  CHAPTER II — SCHEDLER: DEFORMATIONS OF ALGEBRAS IN NONCOMMUTATIVE GEOMETRY

1.10. Additional exercises. (See also 1.2.1,1.2.3,1.2.7,1.2.8,1.3.4,1.4.2,1.4.3,1.4.4,
1.4.5, and 1.5.2; and the exercises on quivers: 1.9.5, 1.9.6, 1.9.8, 1.9.10, and 1.9.13.)

EXERCISE 1.10.1. We elaborate on the final point of Exercise 1.3.4, giving an
example where a filtered deformation of homogeneous relations can yield an algebra of
smaller dimension. Consider the quadratic algebra B = k(x, y)/(xy, yx) (by quadratic,
we mean presented by quadratic relations, i.e., homogeneous relations of degree two).
First show that B has a basis consisting of monomials in either x or y but not both, and
hence it is infinite-dimensional. Now consider the family of deformations parametrized
by pairs (a, b) € k2, given by

Aap =kx,y)/(xy —a, yx —b),
i.e., this is a family of filtered algebras obtained by deforming the relations of B. Show
that, for a # b, we get A, = {0}, the zero ring. Hence A, j is not a (flat) filtered
deformation of A ¢ for a # b; equivalently, the surjection of Exercise 1.3.4 is not an

isomorphism for a # b.
On the other hand, show that, for a = b # 0, then

Aa,a = k[x, x_l],

and verify that the basis we obtained for B (monomials in x or y but not both) gives
also a basis for A, 4. So the family A, is flat along the diagonal {(a, a)} € k2.

EXERCISE 1.10.2. (a) Verify, using Singular, that

Z/2 A

Weyl; (Usi)",

where
n(C)=n(ef + fe+3h*) =—3.
How to do this: Type the commands

LIB "nctools.1lib";

def a = makeWeyl(1);

setring a;

aj

Now you can play with the Weyl algebra with variables D and x; D corresponds to dy.
Now you need to figure out some polynomials e(x, D), f(x, D), and h(x, D) so that

le, fl=h, [h,el=2e, [h, f]=-2f.
Then, once you have done this, compute the value of the Casimir,
C=ef+ fe+h?,
and verify it is —%.
Hint: the polynomials e(x, D), f(x, D), and h(x, D) should be homogeneous qua-
dratic polynomials (that way the bracket is linear).
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For example, try first
def e=D"2;
def f=x"2;
def h=exf-fxe;
hxe-exh;
2%e;
h*xf-f*h;
2%f;

and you see that, defining e and f as above and / to be ef — fe as needed, we don’t
quite get he —eh =2e or hf — fh =2 f. But you can correct this. ..

(b) Show that the highest weight of a highest weight representation of (Usly)", for
this n, is either —% or —5. Here, a highest weight representation is one generated by a
vector v such that e-v = 0 and & - v = po for some u € k. Then, p is called its highest
weight.

The value —% is halfway between the value O of the highest weight of the trivial
representation of sl, and the value —1 of the highest weight of the Verma module for
the unique x such that (Usly)X has infinite Hochschild dimension (see Remark 3.7.8

for the definition of Hochschild dimension).

REMARK 1.10.3. Here, a Verma module of s, is a module of the form Usl,/(e, h—pu)
for some p; this Verma module of highest weight —1 is also the unique one that has
different central character from all other Verma modules, since the action of the Casimir
on a Verma with highest weight u is by % w? + 1, so C acts by multiplication by —%
on this Verma and no others. Therefore, the Bernstein—Gelfand—Gelfand [25] category
O of modules for Usl (these are defined as modules which are finitely generated,
have semisimple action of the Cartan subalgebra, and are such that, for every vector v,
eNv =0 for some N > 0) which factor through the central quotient Usl,/(C + %) is
equivalent to the category of vector spaces, with this Verma as the unique simple object.
This is the only central quotient Usl,/(C — (% w? 4 w)), with 1 integral, having this
property. Also, the corresponding Cherednik algebra H; .(Z/2) considered in Chap-
ter III, of which Usly/(C + %) is the spherical subalgebra, has semisimple category O
as defined there (this algebra has two simple Verma modules: one of them is killed by
symmetrization V — eVe, so only one yields a module over the spherical subalgebra).

(c) Identify the representation k[x?] over Weyl; 212 ith a highest welght representa-
tion of (Usly)” (using an approprlate choice of e, h, and f in Weyl| z/ 2)

(d) Use the 1som0rphlsm Weyl, /2 ~ = (Uslp)" and representation theory of sl to
show that Weyl 12 dmits no finite-dimensional irreducible representations. Hence it
admits no finite- d1mens10nal representations at all. (Note: in Exercise 1.10.7 below, we
will see that Weyl| 12 i in fact simple, which strengthens this, and we will generalize it
to Weyl(V)%/2 for arbitrary V and Z/2 acting by =+ Id.)

We will often need the notion of Hilbert series:
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DEFINITION 1.10.4. Let B be a graded algebra, B = ,,.7 B, with all By,
finite-dimensional. Then the Hilbert series is defined as h(B; 1) =), .7 dim B, 1.

EXERCISE 1.10.5. In this exercise, we will learn another characterization of flatness
of deformations via Hilbert series. Let A and B be as in Exercise 1.3.4. Suppose first
that B is finite-dimensional. Show that A is a (flat) filtered deformation of B, i.e.,
the surjection B — gr(A) is an isomorphism, if and only if dim A = dim B. More
generally, suppose that B has finite-dimensional weight spaces. Show then that gr(A)
automatically also has finite-dimensional weight spaces, and that A is a (flat) filtered
deformation if and only if h(gr A; t) := h(B; t).

EXERCISE 1.10.6. Now we use GAP to try to play with flat deformations. In these
examples, you may take the definition of a flat filtered deformation of B to be an algebra
A given by a filtered deformation of the relations of B such that h(gr A; t) = h(B; t).

One main technique to use is that of Grobner bases. See Chapter I for the necessary
background on these.

Here is code to get you started for the universal enveloping algebra of sl,:

LoadPackage ("GBNP") ;
A:=FreeAssociativeAlgebraWithOne (Rationals, "e", "f", "h");
e:=A.e;; f:=A.f;; h:=A.h;; o0:=0ne(q);;
uerels:=[f*e-exf+h,h*e-e*h-2*e,hxf-f*h+2*f];
uerelsNP:=GP2NPList (uerels);;

PrintNPList (uerelsNP);

GBNP.ConfigPrint (A);

GB:=SGrobner (uerelsNP);;

PrintNPList (GB);

This computes the Grobner basis for the ideal generated by the relations. You can also
get explicit information about how each Grobner basis element is obtained from the
original relations:

GB:=SGrobnerTrace (uerelsNP);;
PrintNPListTrace(GB) ;
PrintTracePol (GB[1]);

Here the second line gives you the list of Grobner basis elements, and for each element
G BJi], the third line will tell you how it is expressed in terms of the original relations.

(a) Verity that, with the relations, [x, y] =z, [y, z] = x, [z, x] = y, one gets a flat
filtered deformation of k[x, y, z], by looking at the Grobner basis. Observe that this is
the enveloping algebra of a three-dimensional Lie algebra isomorphic to sl;.

(b) Now play with modifying those relations and see that, for most choices of filtered
deformations, one need not get a flat deformation.

(c) Now play with the simplest Cherednik algebra: the deformation of Weyl; x Z/2
(cf. Definition 1.9.17). The algebra Weyl; x Z/2 itself is defined by relations x %y —
ysx — 1 (the Weyl algebra relation), together with z2 — 1 (so z generates Z/2) and
X*zZ4+z%x,y*xz+ 2%y, so z anticommutes with x and y. Show that this is a flat
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deformation of Sym(]k2) X 7Z/2,i.e., klx, y] x Z/2. Equivalently, show that the latter
is the associated graded algebra of Weyl; x Z/2.

Then, the deformation of Weyl; x7Z/2 is given by replacing the relation x*y—ysx —1
with the relation x x y —yxx —1 — Xz, for A € k a parameter. Show that this is also a
flat deformation of k[x, y] x Z/2 for all A (again you can just compute the Grobner
basis).

(d) Now modify the action of Z/2 so as to not preserve the symplectic form: change
y*z+z*yinto y*z—z*y. What happens to the algebra defined by these relations
now?

EXERCISE 1.10.7. Prove that, over a field k of characteristic zero, V a symplectic
vector space, and Z/2 = {£1d} < Sp(V), the skew product Weyl(V) x Z/2 is a simple
algebra, and similarly show the same for (WeyI(V))Z/ 2. Hint: For the latter, you can
use the former, together with the symmetrizer element e = %(1 +o0), for Z/2 ={1, 0},
satisfying ¢ = e and e(Weyl(V) x Z/2)e = Weyl(V)Z/2.

(In fact, one can show that the same is true for Weyl(V) x I" for arbitrary finite
[’ < Sp(V): this is a much more difficult exercise you can try if you are ambitious.
From this one can deduce that (Weyl(V))! is also simple by the following Morita
equivalence: if e € k[I'] is the symmetrizer element, then Weyl(V)I' =e(Weyl(V)xT)e
and (Weyl(V) x IMe(Weyl(V) xT') = Weyl(V) x T.)

For the next exercises, we need to recall the notions of graded and filtered modules.

Recall that for a graded algebra B = D, By, a graded module is a module M =
D,, My such that B; - M; € M;; for all i, j € Z. As before, we will call these
gradings the weight gradings. We say that ¢ : M — N has weight k if ¢ (M) € Npyyx
for all m. If M is a graded right B-module and N is a graded left B-module, then
M ®p N is a graded vector space, placing M,, ® p N, in weight m + n.

This induces gradings also on the corresponding derived functors, i.e., M @ p N
becomes canonically graded and Ext’é(M , N) has a notion of weight k elements.
Explicitly, if M is a graded left B-module and P, — M is a graded projective resolution,
then weight k cocycles of the complex Homp(P,, N) induce weight k elements of
Ext% (M, N). Similarly if M is a graded right B-module and P, — M is a graded
projective resolution, then the complex P, ® p N computing Tor,(M, N) is a graded
complex.

Given a nonnegatively filtered algebra A, a (good) nonnegatively filtered module M is
one such that M<_1 =0S M<C---, with M =J,, M<pn, and A<y M<;; S M<(1yy41).
(Note that everything generalizes to the case where B is Z-graded and M is Z-filtered,
if we replace this condition by (1), M<, = {0}.)

EXERCISE 1.10.8. Given an algebra B, to understand its Hochschild cohomology
(which governs deformations of associative algebras!) as well as many things, we need
to construct resolutions. A main tool then is deformations of resolutions.

Suppose that B is nonnegatively graded, i.e., B = D,,~ Bm for By, the degree m
part of B. Let A be a filtered deformation (i.e., gr A = B) and M be a nonnegatively
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filtered A-module. (We could also work for this problem in the Z-graded and filtered
setting, but do not do so for simplicity.)

Suppose that O, — M is a nonnegatively filtered complex with Q; projective such
that gr O, — gr M is a projective resolution of gr M. Show that Q, — M is a projective
resolution of M.

Hint: Show that dim H;(gr C,) > dim H;(C,) for an arbitrary filtered complex
C,, because ker(grC; — grC;_1) 2 grker(C; — C;_1) and im(gr C;;1 — grC;) C
grim(C; 41 — C;). Conclude, for an arbitrary filtered complex, that exactness of gr(C,)
implies exactness of C, (the converse is not true).

PROPOSITION 1.10.9. Suppose that B = TV/(R) for some homogeneous relations
R C R, and that B has a nonnegatively graded free B-bimodule resolution, P, — B,
which is finite-dimensional in each weighted degree. If E C TV is a filtered deformation
of the homogeneous relations R, i.e., gr E = R, then the following are equivalent:
(i) A:=TV/(E) is a flat filtered deformation of B, i.e., the canonical surjection
B — gr A is an isomorphism;
(i1) The resolution P, — B deforms to a filtered free resolution Q, — A.
(ii") The resolution P, deforms to a filtered complex Q, — A.

In this case, the deformed complex in (ii) is a free resolution of A.

We remark that the existence of P, is actually automatic, since B always admits
a unique (up to isomorphism) minimal free resolution (where minimal means that,
for each i, P; = B; ® V; for V; a nonnegatively graded vector space with minimum
possible Hilbert series, i.e., for any other choice Vl.’, we have that h(Vl.’; ty—h(Vi;t)
has nonnegative coefficients). For the minimal resolution, each P; is in degrees > i
for all i, and is finite-dimensional in each degree, which implies that @, P; is also
finite-dimensional in each degree.

SKETCH OF PROOF. It is immediate that (ii) implies (ii’), and also that (ii’) implies
(i), since part of the statement is that gr(A) = B. Also, by the exercise, (ii’) implies (ii).

To show (i) implies (ii) — it does not really help to try to show only (ii’) — inductively
construct a deformation of P, to a filtered free resolution of A. It suffices to let P, be
the minimal resolution as above, since any other resolution is obtained from this one by
summing with a split exact complex of free graded modules. First of all, we know that
Py — B deforms to Q¢ — A, since we can arbitrarily lift the map Py = B0 — B to a
filtered map Qg := A’0 — A, and this must be surjective since B — gr A is surjective.
Since in fact it is an isomorphism, the Hilbert series (Definition 1.10.4) of the kernels
are the same, and so we can arbitrarily lift the surjection P; = B"l — ker(Py — B) to
a filtered map Q| := A"l — ker(Qo — A), etc. Fill in the details! 0

In the case B is Koszul, we can do better using the form of the Koszul complex.
This is divided over the next three exercises. In the first exercise we explain augmented
algebras. In the next exercise, we explain quadratic and Koszul algebras. In the third
exercise, we improve the above result in the case B is Koszul.

We begin with the definition and an exercise on augmented algebras:
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DEFINITION 1.10.10. An augmented algebra is an associative k-algebra B together
with an algebra homomorphism B — k. The augmentation ideal is the kernel, By € B.

EXERCISE 1.10.11. (a) Show that an augmented algebra is equivalent to the data of
an algebra B and a codimension-one ideal B4+ C B.

(b) Show that T'V is augmented with augmentation ideal (TV)y :=@,,~ yemn,

(c) Show that an augmented algebra B is always of the form 7'V/(R) for V a vector
space and R C (T'V)4.

(d) Suppose now that R C ((T V)+)2.2 Then we have an isomorphism V = Tor (k, k)
(for B=TV/(R)). Hint: one has a projective B-module resolution of k of the form

-++-—>B®R—-> BV — B -k (1.M)

Here the maps are given by

b®Y (Wi vig) > Y bWt V-1 ®Vik. b®vi> bu.
i i

In other words, the first map is obtained by restricting to B ® R the splitting map
B®(TV);: — B®YV, given by linearly extending to all of B® (7T V) the assignment

bQui- - v bvy---vp_1 Q.

Then show that, when R € ((T'V)4)?, then after applying the functor M — M ®p k
to the sequence, the last two differentials (before the map B — k) become zero.

(e) Continue to assume R C ((TV)+)2. Assume that RN (RV 4+ V R) = {0}, where
(RV 4V R) denotes the ideal, i.e., (TV)+R(TV)+(TV)R(T V)4; this is a minimality
condition. Show in this case that Torp(k, k) = R. In particular, if R is spanned by
homogeneous elements, show that, replacing R with a suitable subspace, it satisfies this
condition, and then Tor, (k, k) = R. Hint: Show that the projective resolution (1.M)
can be extended to

...>B®S—>B®R—>B®V — B>k, (1.N)

where S:=(TV-R)N(TV -R-TV,) (or any subspace which generates this as a left
T V-module). Show that the multiplication map map TV ® R — TV - R is injective.
Then, the map B® S — B ® R is given by the restriction of

BR(TV®R)— BQR, bQ(f®r)—bfr.
Check that this gives the exact sequence (1.N) (beginning with B ® S).

We proceed to the definition and an exercise on quadratic algebras.

DEFINITION 1.10.12. A quadratic algebra is an algebra of the form B = TV/(R)
where RCT?V =V Q@V.

20ne can show that, if we complete B and 7'V with respect to the augmentation ideals, we can always
assume this; for simplicity here we will not take the completion.



102 CHAPTER I — SCHEDLER: DEFORMATIONS OF ALGEBRAS IN NONCOMMUTATIVE GEOMETRY

In particular, such an algebra is nonnegatively graded, B = &D,,~.( B, with By = k.
For the rest of the problem, whenever B is graded, we will call the grading on B the
weight grading, to avoid confusion with the homological grading on complexes of
(graded) B-modules.

EXERCISE 1.10.13. Let B = @mzo B,, be a nonnegatively graded algebra with
Bo =k. Show that B is quadratic if and only if Tor, (k, k) is concentrated in weight two.
In this case, conclude that B = TV/(R) where V = Tor (k, k) and R = Torp (k, k).

Now we define and study Koszul algebras:

DEFINITION 1.10.14. A Koszul algebra is a nonnegatively graded algebra B with
Bo = k such that TorlB (k, k) is concentrated in weight i for all i > 1.

We remark that the above is often stated dually as: Ext’é (k, k) is concentrated in
weight —i.

EXERCISE 1.10.15. Show that the following are equivalent:

(1) B is Koszul.
(2) k has a projective resolution of the form

where V; are graded vector spaces placed in degree i for all i, and the differen-
tials preserve the weight grading (or alternatively, you can view V; as vector
spaces in degree zero, and then the differentials all increase weights by 1).

We now proceed to discuss a deep property of Koszul algebras which makes them
very useful in deformation theory, the Koszul deformation principle, due to Drinfeld.

EXERCISE 1.10.16. (a) For a quadratic algebra B=TV/(R),let S:=RQVNV R,
taking the intersection in the tensor algebra. Let E C T=2 be a deformation of R, in
the sense that the composite map E — T=2V — V®2 js an isomorphism onto R. Let
A :=TV/(E). Then we can consider T := E® V N (V + k) ® E, again taking the
intersection in the tensor algebra (where (V + k) does not denote an ideal).

Show first that the composition T — T3V - v®3 isan injection to S.

(b) Verify that the following are complexes:

BR®S— B®R—>B®V — B>k,

and
AQRT - AQE - AQV — A — k.

The maps in the above are all obtained by restriction from splitting maps, x ® (Zl Vi ®
y;i) = xv; ® y; for x in either A or B, v; € V, and y; in one of the spaces T, E, S, or
R; the map A ® V — A is the multiplication map.

Show also that: they are exact at BQ V and B, and at A ® V and A, respectively,
and that the first complex is exact in degrees < 3.

(c) Prove that, if A is a flat deformation, then the map in (a) must be an isomorphism,
and hence the second sequence in (b) deforms the first (in the sense that the first
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is obtained from the second by taking the associated graded sequence, gr(T) = S,
gr(E) = R). Note the similarity to Proposition 1.10.9.

(d)(*, but with the solution outlined) Finally, we state the Koszul deformation
principle, which is a converse of (c) in the Koszul setting (see Theorem 2.8.5 below for
the usual version). In this case, by hypothesis, the first sequence in (b) is exact (in all
degrees).

THEOREM 1.10.17 (Koszul deformation principle: filtered version [89, 40, 26, 181]).
Suppose B = TV/(R) is a Koszul algebra and E C T=%V is a deformation of R, i.e.,
gr(E) =R. Then A =TV/(E) is a flat deformation of B if and only if dim T = dim S,
i.e., the injection gr(T) — S is an isomorphism.

That is, in the Koszul case, A is a flat deformation if and only if 7 is a flat deformation
of S. In this case, the second sequence in (b) deforms the first one, and hence is also
exact.

We will give the more standard version of this using formal deformations in Exer-
cise 2.8.4.

Prove that, in the situation of the theorem, the whole resolution (1.0) deforms to a
resolution of A.

We outline how to do this: First, you can form a minimal resolution of A analogously
to (1.0), of the form

S AW > > AQ W) — A, (LP)

where W; are now filtered vector spaces with W<;_1) = 0. Note that Wy =V, W, = E,
and W3 = T, and the assumption of the theorem already gives that gr(W;) = V; for
i <3.

If we take the associated graded of (1.P), since gr(A) = B, we obtain a complex
which is exact beginning with B® S = B ® V3. We want to show it is exact. Suppose it
is not, and that the first nonzero homology is in degree m > 3, i.e., ker(B ® gr(W,,) —
B®gr(Wy—1)) #im(B@gr(Wy+1) = B®gr(Wpn)).

First verify that, in this case, gr(W;) = V; for all i <m, but gr,,, . | (W;,,1.1) C Vipy1.

Next, taking the Hilbert series

higr As )+ Y (=1 h(gr(Wi): Dh(gr As 1),
i>1

we must get zero, since the sequence is exact. The same fact says that h(B; 1) +
Zizl(_l)lh(vi; t)h(B;t) = 0. On the other hand, flatness is saying that gr A = B.
Conclude that

DDAV =) (=D h(gr(Wp): ).

i>1 i>1
Finally, by construction, (W;)<(;—1) =0 for all 7, so that 2 (gr(W;); t) is zero in degrees
< (i — 1). Moreover, gr(W;) = V; for i <m. Taking the degree m + 1 part of the above
equation, we then get h(Vy;,11: 1) = h(gr,,+1(Wyu1); t). This contradicts the fact that
grm+1Wint1) € Vipg (as noted above by our assumption).
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2. Formal deformation theory and Kontsevich’s theorem

In this section, we state and study the question of deformation quantization of Poisson
structures on the polynomial algebra k[xy, ..., x,] = O(A"), or more generally on
O(X) for X a smooth affine variety, with k of characteristic zero. We defined the notion
of Poisson structure in the previous section: such a structure on B := O(X) means
a Poisson bracket {—, —} on B. In this section we define the notion of deformation
quantization, which essentially means an associative product » on B[[#]] which, modulo
71, reduces to the usual multiplication, and modulo A2, satisfies [a, b] = i{a, b}, for
a,b € O(X). As proved by Kontsevich for k = R, all Poisson structures on X = A"
admit a quantization, and his proof extends to the case of smooth affine (and some
nonaffine) varieties, as fleshed out by Yekutieli and others (and his proof can even be
extended to the case of general characteristic zero fields, as shown recently in [85]).
Moreover, Kontsevich gives an explicit formula for the quantization in terms of operators
associated to graphs. The coefficients of these operators are given by certain, very
interesting, explicit integrals over configuration spaces of points in the upper-half plane,
which unfortunately cannot be explicitly evaluated in general.

Our goal is to develop enough of the definitions and background in order to explain
Kontsevich’s answer, omitting the integral formulas for the coefficients. To our knowl-
edge, this result itself is not proved on its own in the literature: Kontsevich proves it as
a corollary of a more general result, his formality theorem, which led to an explosion
of literature on refinements, analogues, and related results.

2.1. Differential graded algebras. In this section, we will often work with dg (differ-
ential graded) algebras. These algebras have homological grading, which means that
one should always think of the permutation of tensors v ® w +— w ® v as carrying the
additional sign (—1)Il, Precisely, this means the following:

REMARK 2.1.1. We will use superscripts for the grading on dg algebras since the
differential increases degree by one (i.e., this is cohomological grading). If one uses
subscripts to indicate the grading (homological grading) then the differential should
rather decrease degree by one. We will typically refer to this grading as “homological”
even when it is really cohomological.

DEFINITION 2.1.2. A dg vector space, or complex of vector spaces, is a graded vector
space V = D,z V™ equipped with a linear differential d : V* — vet+l satisfying
d(d(b)) =0 for all b € V. A morphism of dg vector spaces is a linearmap ¢ : V — W
such that (V™) C W™ for allm € Z and pod =d o ¢p.

DEFINITION 2.1.3. A dg associative algebra (or dg algebra) is a dg vector space
A = @P,,cz A™ which is also a graded associative algebra, i.e., equipped with an
associative multiplication satisfying A” A" € A% such that the differential is a
graded derivation:
d(ab) =d(a)-b+ (—Da - db).
A dg algebra morphism A — B is a homomorphism of associative algebras which is
also a morphism of dg vector spaces.
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DEFINITION 2.1.4. A dg commutative algebra B is a dg associative algebra satisfying
the graded commutativity rule, for homogeneous a, b € B,

ab = (—1)lllPlpg. (2.A)

A dg commutative algebra morphism is the same thing as a dg (associative) algebra
morphism (that is, commutativity adds no constraint on the homomorphism).

DEFINITION 2.1.5. A dg Lie algebra (dgla) L is a dg vector space equipped with a
bracket [—, —]: L ® L — L which is a morphism of complexes (i.e., [L", L""] C pmtn
and d[a, b] = [da, b] + (—1)|“|[a, db]) and satisfies the graded skew-symmetry and
Jacobi identities:

v, w] = — (=Dl o], (2.B)
[, [v, w]] + (_1)\M|(|U|+\w\)[v’ [w, u]] + (_1)(|M|+\v\)\w|[w’ [u, v]] = 0. (2.C)

A dg Lie algebra morphism is a homomorphism of Lie algebras which is also a morphism
of dg vector spaces.

REMARK 2.1.6. If you are comfortable with the idea of the category of dg vector
spaces (i.e., complexes) as equipped with a tensor product (precisely, a symmetric
monoidal category where the permutation is, as indicated above, the signed one v® w —
(=Dl @ v), then a dg (associative, commutative, Lie) algebra is exactly an
(associative, commutative, Lie) algebra in the category of dg vector spaces.

2.2. Definition of Hochschild (co)homology. Let A be an associative algebra. The
Hochschild (co)homology is the natural (co)homology theory attached to associative
algebras. We give a convenient definition in terms of Ext and Tor. Let A€ := A ®;; AP,
where AP is the opposite algebra, defined to be the same underlying vector space as A,
but with the opposite multiplication, a - b := ba. Note that A°-modules are the same as
A-bimodules (where, by definition, k acts the same on the right and the left, i.e., by
the fixed k-vector space structure on the bimodule).

DEFINITION 2.2.1. Define the Hochschild homology and cohomology, respectively,
of A, with coefficients in an A-bimodule M, by

HH; (A, M) :=Tor/ (A, M), HH'(A, M) :=Ext';c (A, M).

Without specifying the bimodule M, we are referring to M = A, i.e., HH; (A) :=
HH; (A, A) and HH' (A) := HH' (A, A).

In fact, HH®(A) is a ring under the Yoneda product of extensions: see §3.9 below for
more details (we will not use this until then). It moreover has a Gerstenhaber bracket
(which is a shifted version of a Poisson bracket), which we will introduce and use
beginning in §4.1 below.

The most important object above for us will be HH?(A), in accordance with the
(imprecise) principle:

The space HH2(A) parametrizes all (infinitesimal, filtered, or formal) deformations
of A, up to obstructions (in HH3(A)) and equivalences (in HH!(A)). (2.D)
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We will give a first definition of infinitesimal and formal deformations in the next
subsection, leaving the general notion to §2.5 below.

More generally, given any type of algebra structure, P, on an ordinary (not dg)
vector space B:

The space H%(B, B) parametrizes (infinitesimal, filtered, or formal) deformations
of the P-algebra structure on B,
up to obstructions (in H%(B, B)) and equivalences (in H713(B, B)).

When P indicates associative algebras, Hp (B, B) = HH®(B, B), and for Lie, com-
mutative, and Poisson algebras, one gets Chevalley—Eilenberg, Harrison, and Poisson
cohomology, respectively. For example, as we will use later, when P indicates Pois-
son algebras, we denote the Poisson cohomology by HP®(B, B), so that HP2(B, B)
parametrizes Poisson deformations of a Poisson algebra B, up to the aforementioned
caveats.

REMARK 2.2.2. One way of making the above assertion precise is to make P an
operad and B an algebra over this operad (see, e.g., [169, 166]): for example, there are
commutative, Lie, Poisson, and associative operads, and algebras over each of these
are commutative, Lie, Poisson, and associative algebras, respectively. In some more
detail, a k-linear operad P is an algebraic structure which consists of, for every m > 0,
a vector space P(m) equipped with an action of the symmetric group S, together with
composition operations P (m) x (P(nl) XPny)x---x P(nm)) —Pni+ny+---+ny),
forall m > 1 and ny, ny, ..., ny, > 0, together with a unit 1 € P(1), satisfying certain
associativity and unitality conditions. Then, a P-algebra is a vector space V together
with, for all m > 0 and & € P(m), an m-ary operation /¢ : yem vy, satisfying
certain associativity and unitality conditions. Then, for any operad P and any P-
algebra A, there is a natural notion of the P-(co)homology of A, which recovers (in
degrees at least two) in the associative case the Hochschild (co)homology; in the
Lie case over characteristic zero, the Chevalley—Eilenberg (co)homology; and in the
commutative case over characteristic zero, the Harrison or André—Quillen (co)homology.
Moreover, one has the notion of an A-module M, which in the aforementioned cases
recover bimodules, Lie modules, and modules, respectively, and one has the notion
of P-(co)homology of A valued in M, which recovers (in degrees at least two) the
Hochschild, Chevalley—Eilenberg, and Harrison (co)homology valued in M.

In the case of Lie algebras g, one can explicitly describe the Chevalley—Eilenberg
cohomology of g, owing to the fact that the category of g-modules is equivalent
to the category of modules over the associative algebra Ug. Let H; (g, —) denote
the Lie (or Chevalley—Eilenberg) cohomology of g with coefficients in Lie modules.
One then has (cf. [239, Exercise 7.3.5]) Extz/g (M, N) = H{; (g, Homy (M, N)). So
He..(g, N) = Exty, g(]k, N), the extensions of k by N as g-modules; this differs from
the associative case where one considers the bimodule extensions of A, rather than the
Lie module extensions of k. (Note that, since A need not be augmented, one does not
necessarily have a module k; indeed one need not have a one-dimensional module at
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all, such as in the case where A is the algebra of n by n matrices for n > 2, or when A
is the Weyl algebra in characteristic zero, which has no finite-dimensional modules).

2.3. Formality theorems. We will also state results for C°° manifolds, both for added
generality, and also to help build intuition. In the C*° case we will take k = C and let
O(X) be the algebra of smooth complex-valued functions on X; there is, however, one
technicality: we restrict in this case to the “local” part of Hochschild cohomology as
defined in Remark 3.2.1 (this difference can be glossed over in a first reading). In the
affine case, in this section, we will assume that k is a field of characteristic zero.

THEOREM 2.3.1 (Hochschild—Kostant—Rosenberg). Let X be a either smooth affine
variety over a field k of characteristic zero or a C° manifold. Then, the Hochschild
cohomology ring HH®*(O(X), O(X)) = .(Q(X) Vect(X) is the ring of polyvector fields
on X.

Explicitly, a polyvector field of degree d is a sum of elements of the form

LN NEa,

where each & € Vect(X) is a vector field on X, i.e., when X is an affine algebraic
variety, Vect(X) = Der(O(X), O(X)).

Thus, the deformations are classified by certain bivector fields (those whose ob-
structions vanish). As we will explain, the first obstruction is that the bivector field
be Poisson. Moreover, deforming along this direction is the same as quantizing the
Poisson structure. So the question reduces to: which Poisson structures on O(X) can
be quantized? It turns out, by a very deep result of Kontsevich, that they all can.

To make this precise, we need to generalize the notion of quantization: we spoke
about quantizing graded O(X), but usually this is not graded when X is smooth. (Indeed,
a grading would mean that X has a G,,-action, and in general the fixed point(s) will
be singular. For example, if O(X) is nonnegatively graded with (O(X))o =k, i.e., the
action is contracting with a single fixed point, then X is singular unless X = A" is an
affine space.)

Instead, we introduce a formal parameter 7.3 Given a vector space V, let V[A] :=
{Zm>0 vhm} be the vector space of formal power series with coefficients in V. If
V = B is an algebra, we obtain an algebra B[[1]]. We will be interested in assigning this
a deformed associative multiplication , i.e., a k[[#]-bilinear associative multiplication
*: B[h]|® B[[ill — B[[#4]. Moreover, we will require that x be continuous in the /i-adic
topology, i.e., that, for all b,,, ¢, € B,

(Z bmh’")*(z enh") = Z (b * ey (2.E)
m=>0 n>0 m,n>0

The following exercise explains why, in general, the continuity assumption (while in
some sense a technicality) is necessary when B is infinite-dimensional:

3The use of / to denote the formal parameter originates from quantum physics, where it is actually a
constant, given by Planck’s constant divided by 27.
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EXERCISE 2.3.2. Show that, if B is finite-dimensional, then (2.E) is automatic, given
that x is k[[/]-bilinear. Explain why this need not hold if B is infinite-dimensional
(where one can multiply two series of the form ), o b A™ for {bg, by, by, ...} linearly
independent). -

DEFINITION 2.3.3. A (one-parameter) formal deformation of an associative algebra
B is an associative algebra Ay = (B[[/i]], ) such that

axb=ab (mod k), Va,be B. 2.F)
We require that = be associative, k[[/]]-bilinear, and continuous (2.E).

The general definition of formal deformation will be given in §2.5 below; in contexts
where it is clear we are speaking about one-parameter formal deformations, we may
omit “one-parameter.”’

REMARK 2.3.4. Equivalent to the above, and often found in the literature, is the
following alternative formulation: A one-parameter formal deformation is a k[[/4]-
algebra A, whose multiplication is continuous in the fi-adic topology4 together with an
algebra isomorphism A /hAp — B, such that A is topologically free (i.e., isomorphic
to V[[i] for some V, which in this case we can take to be any section of the map
Ap — B). The equivalence is given by taking any vector space section B C Ay of
Ap — B, and writing Ay = (B[[A]], ») for a unique binary operation =, which one can
check must be continuous, bilinear, and satisfy (2.F). Conversely, given Ay = (BIA], %),
one has a canonical isomorphism Ay /fiA; = B.

Modulo hz, we get the notion of infinitesimal deformation:

DEFINITION 2.3.5. An infinitesimal deformation of an associative algebra is an
algebra (B[a]/(ez), %) such that a xb =ab (mod &).

Now we let B be a Poisson algebra (which is automatically commutative).

DEFINITION 2.3.6. A deformation quantizationis a one-parameter formal deforma-
tion of a Poisson algebra B which satisfies the identity

axb—bxa=Hh{a,b} (mod#h?), Va,beB. 2.G)

We will often use the fact that, for X a smooth affine variety in odd characteristic
or a smooth manifold, a Poisson structure on O(X) is the same as a bivector field
e /\2@(;() Vect(X), via

{fs gt =izx(dfrndg) :=n(f®g),
satisfying the Jacobi identity (note here and in the sequel that i;(a) denotes the
contraction of a polyvector field n with a differential form «). When X is affine
space A" or a smooth manifold, this is clear. For the general case of a smooth affine
variety, this can be shown as follows (the reader uncomfortable with the necessary

4This means explicitly that (2.E) holds allowing b; and ¢; to be arbitrary elements of Ay such that the

sums on the LHS converge; by topological freeness they actually converge for all b; and c;.
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algebraic geometry can skip it and take X = A"*): One needs to show, more generally, that
/\2@( X) Vect(X) is canonically isomorphic to the vector space, SkewBiDer(O(X)), of
skew-symmetric biderivations O(X) @ O(X) — O(X), i.e., skew-symmetric brackets
satisfying the Leibniz identity (but not necessarily the Jacobi identity). Then, one has a
canonical map /\2 Vect(X) — SkewBiDer(O(X)), and this is a map of O(X)-modules.
Then, the fact that it is an isomorphism is a local statement. However, if X is smooth,
then Vect(X) is a projective O(X)-module, i.e., the tangent sheaf T is locally free. On
an open affine subset U C X such that Vect(U) is free as a O(U)-module, it is clear
that the canonical map is an isomorphism. This implies the statement.

In terms of 7, the Jacobi identity says [, 7] = 0, using the Schouten—Nijenhuis
bracket (see Proposition 4.5.4), defined as follows:

DEFINITION 2.3.7. The Schouten-Nijenhuis Lie bracket on /\ln(x) Vect(X) is given
by the formula

i A A&, m A Ayl
=Y D o AG A AE AU AR AN (2H)
iJ
As before, the hat indicates that the given terms are omitted from the product.

REMARK 2.3.8. Alternatively, the Schouten—Nijenhuis bracket is the Lie bracket
uniquely determined by the conditions that [£, 1] is the ordinary Lie bracket for &, n €
Vect(X), that [&, f]1=&(f) for & € Vect(X) and f € O(X), and such that the graded
Leibniz identity is satisfied, for all homogeneous 61, 65, 683 € /\'@( x) Vect(X) (see also
Definition 4.1.2 below):

(01,62 A 631 = [61, 2] A O3 + (—1)!211%1 (6, 651 7 6. Q2.0

EXAMPLE 2.3.9. The simplest example is the case X = A" with a constant Poisson
bivector field, which can always be written up to choice of coordinates — which we
denote by (X1, ..., X Y1 «ver Yms 21y« ++» Zn—2m) —as

m

m
. af dg  of og
n:ZaxiAayi, 1e., {f’g}zzﬁa_y-_a_y-ﬁ’
i=1 i=1 l 1 1 l

for a unique m < n/2. Then, for k of characteristic zero, there is a well-known
deformation quantization, called the Moyal-Weyl star product:

Lhn 5
frg=poe2 (f®g), wn@®b):=ab.
When 2m = n, so that the Poisson structure is symplectic, this is actually isomorphic to

the usual Weyl quantization: see the next exercise.

5In physics, over k = C, often one sees an i = +/—1 also in the exponent, so that a xb — b xa = ih{a, b}
(mod hz), but according to our definition, which works over arbitrary k, we don’t have it.
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EXERCISE 2.3.10. We consider the Moyal-Weyl star product for X = A" with
coordinates (X1, ..., Xm, Y1, -+ Ym>Z1,---»Zn—2m) as above, for k of characteristic
Zero.

(a) Show that, for the Moyal-Weyl star product on O(X)[[#] with X = A" as above,
in the above basis,

Xixyj—yj*xxip =N8ij, XikXj=XjRXj, YikYj=Yj*Yi.

whereas z1,...,2,—2n are central: z; x f = fxz; forall 1 <i <n —2m and all
feOX).

(b) Show that this star product is actually defined over polynomials in 7, i.e., on
O(X)[h]. That is, if f, g € O(X)[A], so is f * g, and hence we get an associative
algebra (O(X)[#], ). Note that this is homogeneous with respect to the grading where
|xil =lyil =1 and || =2.

(c) Note that (& — 1) is an ideal in k[/] and hence in (O(X)[A], ). Taking the
quotient, get a filtered quantization (O(X)[A], x)/(A — 1), which is in other words
obtained by setting 7 = 1 above.

(d) Now we get to the goal of the exercise: to relate the quantization

O@X)[al, *)/(h—1)
to the Weyl algebra Weyl,,,. Show first that there is a unique isomorphism of algebras,
Weyl, ® klz1, ..., zn—2m] = (O(X)[A], %)/ (7 — 1),

satisfying x; — xj, y; — yi, and z; — z;.

(e)(*) The main point of the exercise is to give the explicit inverse of (d). To begin, for
any vector space V, with k of characteristic zero, we can consider the symmetrization
map, SymV — TV, given by

1
Ul...kaE Z UJ(1)®®UU(k)
oESy

where v; € V for all i. (Caution: this is not an algebra homomorphism.)

Now let V = Span{xq, ..., Xm, Y1, ---s Ym» 215 - - -+ Zn—2m}, and consider the com-
position of the above linear map SymV = O(X) — TV with the obvious quotient
TV — Weyl,, ® k[z1, ..., Zn—2m]. Show that the result yields an algebra homomor-
phism

(OX)[al, *)/(h —1) = Weyl,, ® klz1, ..., Zp—2m],

which inverts the homomorphism of (d).

EXERCISE 2.3.11. In this exercise, we explain a uniqueness statement for the
Moyal-Weyl quantization. Suppose that " is any other star product formula of the form

frg=noF(m)(f®g), 2.9)

for F = 1+ %hn + Zizz i F; (), with each F; a polynomial in 7. Then, if
(O(A™[A], ¥ ) quantizes the Poisson bracket {—, —} given by 7, show that we still
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have the relations of part (a) of the previous exercise, for ' instead of . Similarly to
part (d) above, conclude that we have an isomorphism

(OAMIAT, *) — (OA"[A], ),

given uniquely by
V% kU > U & - & Uy,

for all linear functions vy, ..., vy in Span{xy, ..., X, Y1s -y Yms 21y -« - » Zn—2m}-
Moreover, show that this isomorphism is the identity modulo 7.

(It is a much deeper fact that, when n = 2m, we can drop the assumption on the
formula (2.J).)

We will also need the notion of a formal Poisson deformation of a Poisson algebra
O(X):

DEFINITION 2.3.12. A formal Poisson deformation of a Poisson algebra O(X) is a
continuous k[[7]-linear Poisson bracket on O(X)[[%]] which reduces modulo 7 to the
original Poisson bracket on O(X).

Here, continuous as before means continuous in the /i-adic topology, which means
that the identity obtained from (2.E) by replacing the star product by the deformed
Poisson bracket holds.

THEOREM 2.3.13 ([156, 155, 245, 86], among others). Every Poisson structure on a
smooth affine variety over a field of characteristic zero, or on a C®° manifold, admits a
canonical deformation quantization. In particular, every graded Poisson algebra with
Poisson bracket of degree —d < 0 admits a filtered quantization.

Moreover, there is a canonical bijection, up to isomorphisms equal to the identity
modulo h, between deformation quantizations and formal Poisson deformations.

REMARK 2.3.14. As shown by O. Mathieu [171], in general there are obstructions to
the existence of a quantization. We explain this following §1.4 of www.math. jussieu.
fr/~keller/emalca.pdf, which more generally forms a really nice reference for much
of the material discussed in these notes!

Let g be a Lie algebra over a field k of characteristic zero such that g ®y, k is simple
and not isomorphic to sl, (k) for any n, where k is the algebraic closure of k. (In the
cited references, one takes k = R and thus k = C, but this assumption is not needed.)
For instance, one could take g = so(n) forn =5orn >17.

One then considers the Poisson algebra B := Sym g/(g?), equipped with the Lie
bracket on g. In other words, this is the quotient of O(g*) by the square of the
augmentation ideal, i.e., the maximal ideal of the origin. Then, Spec B, which is
known as the first infinitesimal neighborhood of the origin in g*, is nonreduced and
set-theoretically a point, albeit with a nontrivial Poisson structure.

We claim that B does not admit a deformation quantization. For a contradiction,
suppose it did admit one, By := (B[], x). Since B = k @ g has the property that
B ®1 k = (Il_«: @ (g Qx ]T{)) with g ® k a semisimple Lie algebra, it follows from
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basic Lie cohomology (e.g., [239, §7]) that Hine(B Qi k, B ®; k) =0 and hence also
Hﬁie(B, B) =0, i.e., B has no deformations as a Lie algebra. Hence, B; = B[] as
a Lie algebra; in fact there is a continuous k([[/]-linear isomorphism of Lie algebras
which is the identity modulo 4. Now let K := k((4)), an algebraically closed field, and
set B := By, ®1qap K. Since this is finite-dimensional over the algebraically closed
field K, Wedderburn theory implies that, if J C B is the nilradical, then M = B /J is
a product of matrix algebras over K of various sizes. Then J is also a Lie ideal in B
which is, as a Lie algebra, a sum K & (g ® K) (using that g is finite-dimensional).
As J cannot be the unit ideal and J is nilpotent, it must be zero, so B itself is a
direct sum of matrix algebras. But this would imply that g ®y K = sl,,(K), and hence
g ®1 k = sl,(k), contradicting our assumptions.

EXAMPLE 2.3.15. In the case X = A" with a constant Poisson bivector field,
Kontsevich’s star product coincides with the Moyal-Weyl one.

EXAMPLE 2.3.16. Next, let {—, —} be a linear Poisson bracket on g* = A", i.e., a Lie
bracket on the vector space g = k" of linear functions. As explained in Exercise 4.14.1
below (following [156]), if (O(A™)[A]], =) is Kontsevich’s canonical quantization, then

X*xy—yxx=h[x,y],

so that, as in Exercise 2.3.10, the map which is the identity on linear functions yields
an isomorphism
Un(g) — (O(g)IAT, *).

Modulo 7, the inverse to this is the symmetrization map of Exercise 2.3.10. Thus, if we
apply a gauge equivalence to Kontsevich’s star-product, then the inverse really is the
symmetrization map. This is explained in detail in [82], where the gauge equivalence is
also explicitly computed. The resulting star product on O(g*) is called the Gutt product
and dates to [126]; for a description of this product, see, e.g., [82, (13)]. Moreover, as
first noticed in [3] (see also [82]), there is no gauge equivalence required when g is
nilpotent, i.e., in this case the Kontsevich star-product equals the Gutt product (this is
essentially because nothing else can happen in this case).

These theorems all rest on the basic statement that the Hochschild cohomology
of a smooth affine variety in characteristic zero or C* manifold is formal, i.e., the
Hochschild cochain complex (which computes its cohomology), is equivalent to its
cohomology not merely as a vector space, but as dg Lie algebras, up to homotopy. (In
fact, this statement can be made to be equivalent to the bijection of Theorem 2.3.13
if one extends to deformations over dg commutative rings rather than merely formal
power series.)

We will explain what formality of dg Lie algebras means precisely later: we note
only that it is a completely different use of the term “formal” than we have used it before
for formal deformations. For now, we only give some motivation via the analogous
concept of formality for vector spaces, modules, etc. First of all, note that all complexes
of vector spaces are always equivalent to their cohomology, i.e., they are all formal.
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This follows because, given a complex C*, one can always find an isomorphism of
complexes
C*> H'(C)®S*,

where H* is the homology of C*, and S*° is a contractible complex. Here, contractible
means that there exists a linear map h : C* — C*~!, decreasing degree by one, so that
dh 4 hd =1d; such an & is called a contracting homotopy. In particular, a contractible
complex is acyclic (and for complexes of vector spaces, the converse is also true).

But if we consider modules over a more general ring that is not a field, it is no
longer true that all complexes are isomorphic to a direct sum of their homology and a
contractible complex. Consider, for example, the complex

0—>Z;2>Z—>0.

The homology is Z/2, but it is impossible to write the complex as a direct sum of Z/2
with a contractible complex, since Z has no torsion. That is, the above complex is not
formal.

Now, the subtlety with the formality of Hochschild cohomology is that, even though
the underlying Hochschild cochain complex is automatically formal as a complex of
vector spaces, it is not automatically formal as a dg Lie algebra. For example, it may
not necessarily be isomorphic to a direct sum of its cohomology and another dg Lie
algebra (although being formal does not require this, but only that the dg Lie algebra
be “homotopy equivalent” to its cohomology).

The statement that the Hochschild cochain complex is formal is stronger than merely
the existence of deformation quantizations. It implies, for example:

THEOREM 2.3.17. If (X, w) is either an affine symplectic variety over a field of char-
acteristic zero or a symplectic C® manifold, and A = (O(X)[[A]l, ) is a deformation
quantization of X, then HH'(A[h_l]) = Hpp(X, k((h))), and there is a versal formal
deformation ofA[h_l] over the base (’A)(H%R (X)) (the completion ofSym(H%R(X))*).

Here Hj, denotes the algebraic de Rham cohomology, which in the case k = C
coincides with the ordinary topological de Rham cohomology.

We will define the notion of versal formal deformation more precisely later; roughly
speaking, such a deformation U over a base k[[t1, ..., ;] is one so that every for-
mal deformation (A[hfl]llt]], *) of A[A~ 1] with deformation parameter ¢ is iSOmor-
phic, as a k[[7]l-algebra, to U ®kfy,.....r,,1 kllz] for some continuous homomorphism
k[zq, ..., t, 1 — k[[] (i.e., some assignment of each f; to a power series in ¢ without
constant term) and that this isomorphism is the identity modulo ¢. In the situation of
the theorem, ?1, ..., t, should be a basis of (Hg R)*. We will sketch how the theorem
follows from Kontsevich’s theorem in §4.11 below.

2.4. Description of Kontsevich’s deformation quantization for R?. Tt is worth ex-
plaining the general form of the star-products given by Kontsevich’s theorem for X =R¢,
considered either as a smooth manifold or an affine algebraic variety over k = R. This
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is taken from [156, §2]; the interested reader is recommended to look there for more
details.

Suppose we are given a Poisson bivector 7 € /\20( x) Vect(X). Then Kontsevich’s
star product f x g is a linear combination of all possible ways of applying w multiple
times to f and g, but with very sophisticated weights.

The possible ways of applying 7 are easy to describe using directed graphs. Namely,
the graphs we need to consider are placed in the closed upper-half plane {(x, y) | y >
0} € R?, satisfying the following properties:

(1) There are exactly two vertices along the x-axis, labeled by L and R. The other
vertices are labeled 1,2, ..., m.

(2) L and R are sinks, and all other vertices have exactly two outgoing edges.

(3) Atevery vertex j € {1, 2,...,m}, the two outgoing edges should be labeled by
the symbols e{ and eé. That is, we fix an ordering of the two edges and denote
them by e{ and eé.

Examples of such graphs are given in Figures 1 and 2.
Write our Poisson bivector 7 in coordinates as

ﬂ:Zﬂi’jai/\aj.

i<j

1
/ k
L R

Figure 1. The graph corresponding to f ® g — {f, g}

l L[]
€ 2

L R

Figure 2. The graph corresponding to f® g+ Y 7/9;(X4)3;8,(f)d,(g)
i,j.k,t
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Let 7/ ;== —z%J. We attach to the graph I" a bilinear differential operator Brx:
O(X)®%2 = O(X), as follows. Let Ep = {ei, e%, e, e,ln, ei} be the set of edges. Given

an edge e € ET, let (e) denote the target vertex of .5 Then

Bra(f®g):= Y [H( I1 81@))71’(61‘1)”(@1‘2)}
i=1

ecEr|t(e)=i

( I 81(e))(f)~< I1 81<e>)(g).

ecEr|t(e)=L ecEr|t(e)=R

Now, let V1 denote the set of vertices of I' other than L and R, so that in the above
formula, m = |Vr|. Then the star product is given by

frg=Y h'TurBr (f®e),
r

where we sum over isomorphism classes of graphs satisfying conditions (1)—(3) above
(we only need to include one for each isomorphism class forgetting the labeling, since
the operator is the same up to a sign). The wr € R are weights given by very explicit
integrals (which in general are impossible to evaluate). Note that, in order to have
f*xg = fg (mod h) (i.e., (2.F)), then if 'y is the graph with no edges (and thus
only vertices L and R), wr, = 1. Similarly, if we let I'; be the graph in Figure 1
with only three vertices L, R, and 1 and we include this graph in the sum but not
the isomorphic graph obtained by swapping the labels of the edges, then the relation
fxg—gx*f=h{f g} (mod h?) (ie., (2.G)) forces wr, = 1/2 as well.

The main observation which motivates the operators Br, 5 is the following: linear
combinations of operators Br ; as above are exactly all of bilinear operators obtainable
by contracting tensor powers of 7 with f and g.

2.5. Formal deformations of algebras. Now we define more precisely formal defor-
mations. These generalize star products to deformations of arbitary associative algebras,
and also to the setting where more than one deformation parameter is allowed. Still
more generally, we are interested in deformations over a base commutative augmented
k-algebra R © R such that R is complete with respect to the R -adic topology, i.e.,
such that R = lim,,_, o, R/R"}, taking the inverse limit under the system of surjections
~-— R/R"Y — R/RT_1 — -+-— R/Ry =k. We call such rings complete augmented
commutative k-algebras. We will need the completed tensor product,

A®R:= lim A®R/R". (2.K)
m—00
EXAMPLE 2.5.1. When R is a formal power series ring R = k[[#{, ..., t,],

A®R:Amh“qmﬂ:{ S° ity el

ll,...,i1120

OThis corresponds to what we called the head, ej, in the quiver context: we caution that there ¢; was the
tail, which is not the same as the target vertex 7 (e) here!
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DEFINITION 2.5.2. A formal deformation of A over a commutative complete
augmented k-algebra R is an R-algebra A’ isomorphic to A®y R as an R-module
such that A’ ®g (R/R4+) = A as a k-algebra. Moreover, we require that A’ =
lim;, 00 A’ @K R/ Rﬁ (i.e., the product on A’ is continuous).

Equivalently, a formal deformation is an algebra (AQ R, ) such that a + b = ab
(mod R4) and the product = is continuous in the (R4 )-adic topology.

EXAMPLE 2.5.3. If R =K1y, ..., t,], then a formal deformation of A over R is
the same as an algebra (A[[t, ..., #;], *) such thataxb=ab (mod t,...,1t,). In the
case n = 1, we often denote the parameter by /i, and then we recover the notion of
one-parameter formal deformations (Definition 2.3.3).

As a special case of formal deformations, we also have deformations over augmented
k-algebras where the augmentation ideal is nilpotent: R’} =0 for some n > 1. Such
deformations are often simply called deformations, since one can also think of R as an
ordinary (abstract) k-algebra without a topology, and then R is already complete: R =
limy; 00 R/R'}'. (Actually, it is enough to study only these, and this is frequently done
in some literature, since formal deformations are always limits of such deformations;
we are nonetheless interested in formal deformations in these notes and Kontsevich’s
theorem as well as many nice examples are tailored to them.)

In particular, such deformations include infinitesimal deformations (Definition 2.3.5)
as well as n-th order deformations:

DEFINITION 2.5.4. An n-th order deformation is a deformation over R =k[e]/ (e"th),
with Ry :=¢R.

Note that a first-order deformation is the same thing as an infinitesimal deformation.

2.6. Formal vs. filtered deformations. Main idea: if A is a graded algebra, we can

consider filtered deformations on the same underlying filtered vector space A. These

are equivalent to homogeneous formal deformations of A (over k[[#]]), by replacing

relations of degree <m, Y /', p; =0 with |p;| =i, by >_; "~ p; =0, which are now

homogeneous with the sum of the grading on A and || = 1. We can also do the same

thing with || =d > 1 and d | m, replacing Z:n:/g pai for |pgil =di by >, am=di p ..
We begin with two motivating examples:

EXAMPLE 2.6.1. We can form a homogenized version of the Weyl algebra with
|| = 2:
Weyly (V) =T VIa]l/(vw —wv —A(v, w)).

EXAMPLE 2.6.2. The homogenized universal enveloping algebra Uy g is given by
Ung = Tgllnll/(xy — yx —hlx, y]),
with || = 1.

We now proceed to precise definitions and statements, for the case |i| = 1:
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DEFINITION 2.6.3. Let A be an increasingly filtered associative algebra. The Rees
algebra of A is the graded algebra

RA = @Asi K,
i€Z
with || =1 and |A| = 1, equipped with the multiplication
(@-h'y-(b-h/)y=ab-h'ti,

Similarly, let the completed Rees algebra be
oo

AA = { Z a; - f’ii
i=m

In other words, A is graded by powers of the ideal (%) and A is the A-adic completion.
The Rees algebra construction defines an equivalence between filtered deformations
and homogeneous formal deformations:

a; EAS,',m EZ}.

LEMMA 2.6.4. The functor A +— RA defines an equivalence of categories from
increasingly filtered k-algebras to nonnegatively graded k[h]-algebras (with || = 1)
which are free as k[h]-modules. A quasi-inverse is given by C +— C/(h — 1), assigning
the filtration which lets (C /(h—1)) < be the image of those elements of degree <m in C.

The proof is left as an exercise. In other words, the equivalence replaces A<, with
the homogeneous part (RA),,.

REMARK 2.6.5. The Rees algebra can be viewed as interpolating between A and
grA, in that RA/(hi— 1) = A and RA/(h) = gr A; actually for any c € k\ {0} we
have a canonical isomorphism RA/(fi —c) = A (sending [a<; - '], in the image of
A< il C RA, to cla<; € A). Similarly, A[x~'] = A(h) and A/(h) = grA. So
over 1 € Speck[/i] (or any point other than the origin), or over the generic point of
Speck[#]], we recover A or A((h)), respectively, and at the origin, or the special point
of Speck[[#], we obtain gr A.

Given a graded algebra A, we canonically obtain a filtered algebra by A<, =
@<y Am- In this case, we can consider filtered deformations of A of the form
(A, *r), where x ¢ reduces to the usual product on gr A = A, i.e., gr(A, x5) = A.

COROLLARY 2.6.6. Let A be a graded algebra. Then there is an equivalence between
filtered deformations (A, % ¢) and formal deformations (A[[A]l, x ) which are graded with
respect to the sum of the grading on A and |h| =1, given by (A, %) (A/,*\f). For the
opposite direction, because of the grading, (A[h]l, x) = (A[A], *)®]k[h]]k[[h]], S0 one
can take (A[h], *)/(h —1).

REMARK 2.6.7. One can similarly give an analogue in the case || = d: if one
begins with a graded Poisson algebra B with Poisson bracket of degree —d, then filtered
quantizations (B, ) of the form ax pb=ab+} ;- fi(a, b) with | f;(a, b)| =|ab|—di
are equivalent to formal deformations (B[[A]], x) ‘which are homogeneous for || =d.
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In the case d = 2, this includes the important Example 2.6.1, which we have also
discussed earlier.

2.7. Universal deformations and gauge equivalence. We begin with the proper notion
of equivalence of two deformation quantizations:

DEFINITION 2.7.1. Given two formal deformations (A[[#4]], ) and (A[A], '), a
gauge equivalence * ~ +' means a continuous k[[#[]-linear automorphism ® of A[[#4]]
which is the identity modulo 7, such that

d(axb) = D(a)+ D(b). @2.L)

Similarly, given two formal deformations (A®R, %) and (A®R, *") over R, a gauge
equivalence is a continuous R-linear automorphism of A®R which is the identity
modulo R4, such that (2.L) holds.

EXERCISE 2.7.2. Similarly to Exercise 2.3.2, show that the assumption that ® be
continuous is automatic in the case that A is finite-dimensional.

We are interested in finding a family which parametrizes all formal deformations up
to gauge equivalence. To do so, we define two notions: a versal deformation exhausts
all formal deformations, and a universal deformation exhausts the formal deformations
uniquely. In general, one cannot expect to obtain a (nice) explicit (uni)versal deformation,
but there are cases where one can, as we explain in Theorem 2.7.7 below.

DEFINITION 2.7.3. Given a continuous homomorphism p : R — R’ and a formal
deformation (A®R, x), the formal deformation defined by base-change from p is
(A®R’, p(»)), with

apx)b:=(dQ®p)(axb).

DEFINITION 2.7.4. A versal formal deformation (A®R, %), is one such that, for
every other formal deformation (AQR’, +"), there exists a continuous homomorphism
p: R — R’ such that (AQR’, ') is gauge-equivalent to the base-change deformation
(AR, p(x)).

The deformation is universal if the homomorphism p is always unique.

In particular, if R’ = k[/]], we see that, given a versal deformation (AQR, *),
all formal deformations (A[#]], x) are obtained from continuous homomorphisms
R — K[A].

REMARK 2.7.5. The relationship between (A[[#]], ) and the (uni)versal (AR, x,)
can be stated geometrically as follows: p is a formal Spf k[[/]-point p of Spf R, and
(A[[A], ») is gauge-equivalent to the pullback of (AQR, *,), namely, (A[A], *) =
(A®R, *,) @R P.

REMARK 2.7.6. One can also define similarly the notion of versal and universal
filtered deformations. These are not actually filtered deformations of A, but rather
filtered deformations of A ® R for some graded k-algebra R, such that all filtered
deformations are obtained by base-change by a character R — k, up to k-linear filtered
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automorphisms of A whose associated graded automorphism is the identity. We will
not need this notion, although we will give some examples (see Examples 2.7.8 and
2.7.9 below).

The principle that HH3(A) classifies obstructions (which will be made precise in
§3.8 below) leads to the following important result, which is provable using the Maurer—
Cartan formalism discussed in §4. Given a finite-dimensional vector space V, let
O(V) be the completion of the algebra O(V) at the augmentation ideal. Explicitly,
if vi,..., v, is a basis of V and ¢y, ..., ¢, the dual basis of V*, so that O(V) =
k[ f1, ..., ful, then we set @(V) :=k[cy, ..., cyll, the formal power series algebra.

THEOREM 2.7.7. IfHH3(A) =0, then there exists a versal formal deformation of A
over O(HH?(A)). If; furthermore, HHL(A) = 0, then this is a universal deformation.

At the end of the exercises from Section 4, we will include an outline of a proof of
a slightly weaker version of the first statement of the theorem.

In the case that HH?(A) # 0, then in general there may not exist a versal formal
deformation over @(H HZ(A)); see, however, Theorem 2.3.17 for another situation
where this exists.

EXAMPLE 2.7.8. If A=Weyl(V)x G for G <Sp(V) a finite subgroup (see Definition
1.9.17), then, by [1], HH(A) is the space of conjugation-invariant functions on the set
of group elements g € G such that rk(g — Id) = i. In particular, HH'(A) = 0 when
i is odd, and HH?(A) is the space of conjugation-invariant functions on the set of
symplectic reflections: those elements fixing a codimension-two symplectic hyperplane.
Thus, there is a universal formal deformation over @(H H2(V)).

Moreover, HHZ(A) = HHZ(A)S_Z is all in degree —2 (the degree also of the Poisson
bracket on O(V)). This actually implies that there is a universal filtered deformation
of A parametrized by elements ¢ € HHZ(A) as above, in the sense that every filtered
deformation is isomorphic to one of these via a filtered isomorphism whose associated
graded isomorphism is the identity. (In fact, the universal formal deformation is obtained
from this one by completing at the augmentation ideal of O(H H2(V)).)

This universal filtered deformation admits an explicit description, known as the
symplectic reflection algebra [99], first constructed by Drinfeld, which is defined as
follows. Let S be the set of symplectic reflections, i.e., elements such that rk(g —Id) =2.
Then HH? (A)=K[S]C. Let c e Fung (S, k) bea conjugation-invariant k-valued function
on S. Then the corresponding symplectic reflection algebra H; .(G) is presented as

Hi (G) := TV/(xy —yx—wx,y)+2 Zc(s)a)s(x, y) .s),
ses
where wy is the composition of @ with the projection to the sum of the nontrivial
eigenspaces of s (which is a two-dimensional symplectic vector space). In other
words, wy is the restriction of the symplectic form w to the two-dimensional subspace
orthogonal to the symplectic reflecting hyperplane of s. The algebra H; .(G) above
is the case = 1 of the more general symplectic reflection algebra H; .(G) studied in
Chapter III, which is obtained by replacing the w(x, y) by ¢ - w(x, y) in the relation.
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EXAMPLE 2.7.9. If X is a smooth affine variety or smooth C°° manifold, and G is
a group acting by automorphisms on X, then by [97], HH2(D(X) x G) = HI%R(X)G @
Ik[S]G, where S is the set of pairs (g, Y) where g € G and Y € X¢ is a connected
(hence irreducible) subvariety of codimension one. Then k[S ]G is the space of k-valued
functions on S which are invariant under the action of G, h-(g,Y) = (hgh_l, h(Y)).
Furthermore, by [97], all deformations of D(X) x G are unobstructed and there exists a
universal filtered deformation Hj . ,(X) parametrized by ¢ € k[S 1 and we le) rX )G.
More precisely, to each such parameters we have a filtered deformation of D(X) x G,
and these exhaust all filtered deformations up to filtered isomorphism.

2.8. Additional exercises. (See also 2.3.2, 2.3.10, 2.3.11, and 2.7.2.)

EXERCISE 2.8.1. We introduce Koszul complexes, which are one of the main tools
for computing Hochschild cohomology.

First consider, for the algebra Sym V, the Koszul resolution of the augmentation
module k:

0= SymVoAN™y S symva AV ly 5 ... S SymV®V —SymV -k,
2.M)

l
fOWIA- A=Y (DTN (fop@@in--d--Av), 2N
j=1

where 0; means that v; was omitted from the wedge product. We remark that this
complex itself cannot deform to a complex of Weyl(V)-modules, since the k itself does
not deform (since Weyl(V) is simple, it has no finite-dimensional modules). Nonetheless,

we will be able to deform a bimodule analogue of the above.
(a) Construct analogously to the Koszul resolution a bimodule resolution of Sym V,

of the form
SymV@ AV ®SymV —Sym V.

Using this complex, show that
HH! (Sym V, Sym V @ Sym V) := Extésym V)e (SymV,SymV ® Sym V)

=Sym V[—dim V].
(As we will see in Exercise 3.7.11, this implies that Sym V is a Calabi—Yau algebra of
dimension dim V)

(b) Now replace Sym V by the Weyl algebra, Weyl(V). Show that the Koszul
complex above deforms to give a complex whose zeroth homology is Weyl(V):

0— Weyl(V) @ AT V'V @ Weyl(V) — Weyl(V) @ AY™ V=1V @ Weyl(V)
— > Weyl(V) @ V @ Weyl(V) = Weyl(V) @ Weyl(V) — Weyl(V), (2.0)
using the same formula. Hint: You only need to show it is a complex, by Exercise 1.10.8.

Note also the fact that such a deformation exists is a consequence of the corollaries of
Exercise 1.10.8.
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Deduce that HH®* (Weyl(V), Weyl(V) ® Weyl(V)) = WeylV[—d] (so, as we will see
in Exercise 3.7.11, it is also Calabi—Yau of dimension dim V).

(c) Suppose that V =g is a (finite-dimensional) Lie algebra. Deform the complex to
a resolution of the universal enveloping algebra using the Chevalley—Eilenberg complex:

UgdNMIg@Ug— Ug@ AN lgoUg— - — UgRg@Ug— Ug®Ug — Ug,

where the differential is the sum of the preceding differential for Sym V = Sym g and
the additional term,

X1I A ANXf > Z[xi,x]']/\xl A ')21' )?J s AN X 2.P)
i<j
That is, verify this is a complex, and conclude from (a) and Exercise 1.10.8 that it must
be a resolution. Conclude as before that HH*(Ug, Ug ® Ug) = Ug[—d]. (As we will
see in Exercise 3.10.1, Ug is twisted Calabi—Yau, but not Calabi—Yau in general.)
(d) Recall the usual Chevalley—Eilenberg complexes computing Lie algebra (co)homol-
ogy with coefficients in a g-module M: if C .CE (g) =/\"g is the complex inside of the
two copies of Ug above (with the differential as in (2.P)), these are

cFg My:=cF@aM, Ciplg, M):=Homi(CTF (a), M),
Conclude that (cf. [165, Theorem 3.3.2]), if M is a U g-bimodule,
HH*(Ug, M) = Hep (g, M*),  HH.(Ug, M)= HCE (g, M™9),
where M4 is the g-module obtained from M by the adjoint action,
ad(x)(m) :=xm —mx,

where the LHS gives the Lie action of x on m, and the RHS uses the U g-bimodule
action. Conclude that HH*(Ug) = H¢ . (g, Ugidy.

Next, recall (or accept as a black box) that, when g is finite-dimensional semisimple
(or more generally reductive) and k has characteristic zero, then Ug®! decomposes
into a direct sum of finite-dimensional irreducible representations, and H&E (g, V)=
Exty, g(Ik, V)=0if V is finite-dimensional irreducible and not the trivial representation.

Conclude that, in this case, HH*(Ug) = Extz,g (k, Ugad) =ZUg ® Extz]g(lk, k).

Bonus: Compute that, still assuming that g is finite-dimensional semisimple (or
reductive) and k has characteristic zero, Extyq(k, k) = HE (g, k) is isomorphic to
(/\'g*)g. To do so, show that the inclusion C¢ (g, k)% < C¢.(g, k) is a quasi-
isomorphism. This follows by defining an operator d* with opposite degree of d, so
that the Laplacian dd* 4 d*d is the quadratic Casimir element C. Thus this Laplacian
operator defines a contracting homotopy onto the part of the complex on which the
quadratic Casimir acts by zero. Since C acts by a positive scalar on all nontrivial
finite-dimensional irreducible representations, this subcomplex is Ctr (g, k)9. But the
latter is just (Ag*)9 with zero differential.

Conclude that HH*(Ug) = Z(Ug) ® (/\'g*)g. In particular, if g is semisimple, we
have HH2(U 9= HHY (U g) =0. As we will see, this implies that U g has no nontrivial
formal deformations.
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REMARK 2.8.2. For g = slp, Usly is a Calabi—Yau algebra of dimension three,
since it is a Calabi—Yau deformation of the Calabi—Yau algebra (9(5[3) >~ A3, which
is Calabi—Yau with the usual volume form. So HH3(U5[2) = HHy(Uslp) by Van
den Bergh duality, and the latter is Usly/[Usl,, Usly], which you should be able to
prove is isomorphic to (Uslp)g(, = (Usly)%2, i.e., this is a rank-one free module over
HHO(Usly).

In other words, Hg £ (9, k) = k, which is also true for a general simple Lie algebra.
Since this group controls the tensor category deformations of g-mod, or the Hopf algebra
deformations of U g, this is saying that there is a one-parameter deformation of Ug as
a Hopf algebra which gives the quantum group U,g. But since HH?(Ug) =0, as an
associative algebra, this deformation is trivial, i.e., equivalent to the original algebra;
this is not true as a Hopf algebra!

EXERCISE 2.8.3. Using the Koszul deformation principle (Theorem 1.10.17), show
that the symplectic reflection algebra (Example 2.7.8) is a flat filtered deformation of
Sym(V) x G. Hint: This amounts to the “Jacobi” identity

[(uS(xﬂ y)a Z] + [wS(y’ Z)’-x] + [a)S(Zax)a y] - 0’

for all symplectic reflections s € S, and all x, y,z € V, as well as the fact that the
relations are G-invariant. Compare with [98, §2.3], where it is also shown that (the
Rees algebras of these) yield all formal deformations of Weyl(V) x G.

EXERCISE 2.8.4. In this exercise, we deduce the filtered version of the Koszul
deformation principle, Theorem 1.10.17, from the more standard deformation ver-
sion (Theorem 2.8.5), using the correspondence between filtered deformations and
homogeneous formal deformations.

Let RS TV and B:=TV/(R). Let E C TV [[A] be a subspace which lifts R modulo
h, i.e., such that the composition E — T V[A] — TV is an isomorphism onto R. Let
A:=TV][h]/(E). Then we have a canonical surjection B — A/hA. We call A a (flat)
formal deformation of B if this surjection is an isomorphism.

(a) A priori, the above is a slightly stronger version of formal deformation than the
usual one, because it requires a deformation E of the relations. Show, however, that
such an E always exists given a (one-parameter) formal deformation A of B :=TV/(R),
so the notion is equivalent to the usual one. Hint: Recall that, by Remark 2.3.4, a
one-parameter formal deformation A can be alternatively viewed as a topologically
free k[[/1]-algebra A together with an isomorphism ¢ : A/hA — B. Show that there
exists E C V®2[[h]] deforming R such that A=TV/[#A]/(E) and ¢ : A/hA — B is the
identity on V.

(b)(*, but with the solution outlined) We are interested below in the case that
R C V®2, i.e., B is a quadratic algebra, and that £ C V®2[[h]], i.e., B is also quadratic
(as a k[[]]-algebra). (The proof of (a) then adapts to show that such an E exists for
every graded formal deformation A of B; moreover, the span k[[#] - E = R[] is in
fact canonical, and independent of the choice of E above, since it is the degree-two
part of the kernel of TV[[A] — A.)
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The usual version of the Koszul deformation principle is as follows:

THEOREM 2.8.5 (Koszul deformation principle [89, 40, 26, 181]). Assume that B is
Koszul. If E € V2] is a formal deformation, then A := T V[[h]/(E) is a (flat) formal
deformation of B if and only if it is flat in weight three, i.e., the surjection By — A3/hA3
is an isomorphism.

Use this to prove Theorem 1.10.17, as follows. Given a Koszul algebra B =TV/(R)
and a filtered deformation £ C T=2y of R, i.e., such that the composition £ — T=2 .,
V ® V is an isomorphism onto R, we can form a corresponding formal deformation as
follows. Let A :=TV/(E). First we homogenize A by forming the Rees algebra over

the parameter ¢:
R A:= @ At
i>0

This algebra is graded by degree in 7, and deforms B in the sense that R;A/tR;A = B.
Thus R; A is a quadratic algebra. Set V :=V@k-t. Then we in fact have R; A = TV/E,
where E is the span of rv — vz for v € V together with the homogenized versions of the
elements of E: given a relation r =ry+r;+rg € E forr; € V® we have an associated
element 7 € E given by 7 = rp +rt +rot>. This E is spanned by the 7 and the tv — vt.

Moreover, R; A can also be viewed as a filtered deformation of B[¢]: put the filtration
on R;A by the filtration in A (ignoring the 7), i.e., (R;A)<m = A<mt™ & k[¢] (thus,
this is not the filtration given by the grading on R;A). Then gr(R;A) = B|[¢].

Using the preceding filtration, form the completed Rees algebra in 7,

A= RyR;A = [[R A< -1
i>0

The result is an algebra A such that A /hA = B|t] (rather than R;A), since we used the
filtration on R;A coming from A only. Moreover, Aisa quadratic formal deformation
of R;A, using the grading on R;A, placing /i in degree zero.

Finally, A satisfies the assumption of Theorem 1.10.17, i.e., that gr3(E® VN (V +
K ®E)=(R®V NV ®R) (where gry : T3V — V®3 is the projection modulo
V®=2)_if and only if A satisfies the condition that the natural map

(RIVNVRR) > (EQVNVRE)/RHE®VNVQE)

is an isomorphism.

Check that the latter condition is equivalent to the condition that, in degree three,
A is a flat deformation of B[r], i.e., that (B[f])3 = (A)3/h(A)3. (Note that (B[])3 =
B3 @ Byt & By12 @ ke3, and the difficulty is in dealing with the B part).

Thus, Theorem 2.8.5 applies and yields that, if B is Koszul, then for every filtered
deformation E of the relations R of B, the algebra A = T'V/(E) is a (flat) filtered
deformation of B if and only if Aisa (flat) formal graded deformation, which is true if
and only if the assumption of Theorem 1.10.17 is satisfied, which proves that theorem.

EXERCISE 2.8.6. Parallel to Exercise 1.10.15, show that, if A is a (flat) graded
formal deformation of a Koszul algebra B as in Theorem 2.8.5, then A is also Koszul
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over k[[A] (meaning, Torl‘.“(]k[[h]], k[[A]) is concentrated in degree i, or alternatively A
admits a free graded A ®1nA°P-module resolution Pf’ — A with Piﬁ generated in
degree i).

3. Hochschild cohomology and infinitesimal deformations

In this section, we return to a more basic topic, that of Hochschild (co)homology
of algebras. We first describe the explicit complexes used to compute these, and how
they arise from the bar resolution of an algebra as a bimodule over itself. Using this
description, we give the standard interpretation of the zeroth, first, second, and third
Hochschild cohomology groups as the center, the vector space of outer derivations,
the vector space of infinitesimal deformations up to equivalence, and the vector space
of obstructions to lifting an infinitesimal deformation to a second-order deformation.
We also explain the definition of Calabi—Yau algebras, both to illustrate an application
of Hochschild cohomology, and to further understand our running examples of Weyl
algebras and universal enveloping algebras.

3.1. The bar resolution. To compute Hochschild (co)homology using Definition 2.2.1,
one can resolve A as an A°-module, i.e., A-bimodule. The standard way to do this is
via the bar resolution:

DEFINITION 3.1.1. The bar resolution, CbaI(A), of an associative algebra A over k
is the complex

o — AQARA AQA A,

@®bR®c)——ab@c—aRbc, (3.A)
a®@br———ab.
More conceptually, we can define the complex as
Ta(A-€-4A), d=0,

viewing A - € - A as an A-bimodule, assigning degrees by |e| = 1, |A| = 0, and viewing
the differential d = 0, is a graded derivation of degree —1, i.e.,

Je(x-¥) = 8e(x) -y + (=D -9 ().
Finally, dc(¢) = 1 and 9 (A) = 0.

3.2. The Hochschild (co)homology complexes. Using the bar resolution, we conclude
that

HH, (A, M) = Tor (A, M) = H; (C?™(A) @ ge M) = H;(Cs(A, M), (3.B)

where
Cu(A, M) = (M®4CP¥(A)/[A, M @4 CI¥(A)] (3.0

=  — MIAQRA ——— MQA M,

MRbRc) ——— mbR®c—mbc+cmQb,

ma ———————  ma —am.
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Similarly,

HH (A, M) = Ext'ye (A, M) = H' (C*(A, M)), (3.D)
where
C*(A, M) = Homye (CP¥(A), M) (3.E)

= ... ¢— Homi(A®A, M) +— Homy (A, M) +—— M
(dp)(a®b) = ap(b)—¢p(ab)+P(a)b ¢
(dx)(a) =ax—xa +— x.
As for cohomology, we will use the notation C*(A) := C*(A, A).

REMARK 3.2.1. To extend Hochschild cohomology HH®(A) to the C*° context,
ie., where A = O(X) := C*°(X) for X a C* manifold, we do not make the same
definition as above (i.e., we do not treat A as an ordinary associative algebra). Instead,
we define the Hochschild cochain complex so as to place in degree m the subspace
of Homy (A®™, A) of smooth polydifferential operators, i.e., linear maps spanned by
tensor products of smooth (rather than algebraic) differential operators A — A, or
equivalently, operators which are spanned by polynomials in smooth vector fields
(which are not the same as algebraic derivations in the smooth setting: a smooth vector
field is always a derivation of A as an abstract algebra, but not conversely). This
can be viewed as restricting to the “local” part of Hochschild cohomology (because
polydifferential operators are local in the sense that the result at a point x only depends
on the values in a neighborhood of x).

3.3. Zeroth Hochschild homology. We see from the above that HHy(A) = A/[A, A],
where the quotient is taken as a vector space.

EXAMPLE 3.3.1. Suppose that A =TV is a free algebra on a vector space V. Then
HHo(A) =TV/[TV, TV] is the vector space of cyclic words in V.

Similarly, if A =LkQ is the path algebra of a quiver Q (see §1.9), then HHp(A) =
kQ/[kQ, kQ] is the vector space of cyclic paths in the quiver Q (which by definition
do not have an initial or terminal vertex).

EXAMPLE 3.3.2. If A is commutative, then HHy(A) = A, since [A, A] =0.

3.4. Zeroth Hochschild cohomology. Note that HH(A) ={a € A |ab—ba =0, Vb e
A} = Z(A), the center of the algebra A.

EXAMPLE 3.4.1. If A=TYV is a tensor algebra and dim V > 2, then HHO(A) =k
only scalars are central. The same is true if A =kQ for Q a connected quiver which
has more than one edge or more than one vertex (see §1.9).

EXAMPLE 3.4.2. If A is commutative, then HHO(A) = A, since every element is
central.



126 CHAPTER I — SCHEDLER: DEFORMATIONS OF ALGEBRAS IN NONCOMMUTATIVE GEOMETRY

3.5. First Hochschild cohomology. A Hochschild one-cocycle is an element ¢ €
Endy (A) such that ag (b) + ¢ (a)b = ¢ (ab) for all a, b € A. These are the derivations
of A. A Hochschild one-coboundary is an element ¢ = d(x), x € A, and this has the
form ¢ (a) = ax — xa for all a € A. Therefore, these are the inner derivations. We
conclude that
HHI(A) = Out(A) :=Der(A)/Inn(A),

the vector space of outer derivations of A, which is by definition the quotient of all
derivations Der(A) by the inner derivations Inn(A). We remark that Inn(A) = A/Z(A)=
A/ HHO(A), since an inner derivation a — ax — xa is zero if and only if x is central.

EXAMPLE 3.5.1. If A=TV for dimV > 2, then
HH!(A) = Out(T V) = Der(TV)/ Inn(T V) = Der(T V)/TV,

where TV = TV/k, since Z(T V) = k. Explicitly, derivations of TV are uniquely deter-
mined by their restrictions to linear maps V — TV, i.e., Der(T V) =Homy (V, TV). So
we get HH'(A) = Homy (V, TV)/TV. (Note that the inclusion TV — Homy (V, TV)
is explicitly given by f + ad(f), where ad(f)(v) = fv—uvf.)

EXAMPLE 3.5.2. If A is commutative, then Inn(A) = 0, so HH!(A) = Der(A). If,
moreover, A = O(X) is the commutative algebra of functions on an affine variety, then
this is also known as the global vector fields Vect(X), as we discussed.

EXAMPLE 3.5.3. In the case A = C°°(X), restricting our Hochschild cochain
complex to differential operators in accordance with Remark 3.2.1, then HH!(A) is the
space of smooth vector fields on X.

EXAMPLE 3.5.4. In the case that V is smooth affine (or more generally normal), k
has characteristic zero, and I is a finite group of automorphisms of V' which acts freely
outside of a codimension-two subset of V, then all vector fields on the smooth locus
of V /T extend to derivations of O(V/T") = O(V)F, since V/T" is normal. Moreover,
vector fields on the smooth locus of V/ T are the same as I'-invariant vector fields on
the locus, call it U € V, where I' acts freely. These all extend to all of V since V\ U has
codimension two. Thus we conclude that HH! (O(V)T) = Der(O(V)T) = Vect(V)T is
the space of I'-invariant vector fields on V (the first equality here is because O(V)F
is commutative). In particular this includes the case where V is a symplectic vector
space and I' < Sp(V), since the hyperplanes with nontrivial stabilizer group must be
symplectic and hence of codimension at least two.

3.6. Infinitesimal deformations and second Hochschild cohomology. We now come
to a key point. A Hochschild two-cocycle is an element y € Homy (A® A, A) satisfying

ay(b®c)—y@b®c)+ya@a®bc)—ya@a®b)c=0. (3.F)

This has a nice interpretation in terms of infinitesimal deformations (Definition 2.3.5).
Explicitly, an infinitesimal deformation is given by a linear map y : AQ A — A, by the
formula

axyb=ab+c¢ey(a®D).
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Then, the associativity condition is exactly (3.F).

Moreover, we can interpret two-coboundaries as trivial infinitesimal deformations.
More generally, we say that two infinitesimal deformations y1, y» are equivalent if there
is a k[e]/ (¢2)-module automorphism of A, which is the identity modulo ¢ which takes
y1 to y2. Such a map has the form ¢ :=Id +¢ - ¢; for some linear map ¢ : A — A,
ie., ¢1 € C1(A). We then compute that

¢~ (®(@) %y (b)) = axyyap, b.

We conclude:

PROPOSITION 3.6.1. HH2(A) is the vector space of equivalence classes of infinitesi-
mal deformations of A.

EXAMPLE 3.6.2. For A= TV, a tensor algebra, we claim that HHZ(A) =0, so there
are no nontrivial infinitesimal deformations. Indeed, one can construct a short bimodule
resolution of A,

00— AQVRA— ARQA — A,
aRVRbr>av@®b—a@@vb, aQbr— ab.

Since this is a projective resolution of length one, we conclude that Extie (A, M)=0
for all bimodules M, i.e., HH2(A, M) = 0 for all bimodules M.

EXAMPLE 3.6.3. If A =Weyl(V) for a symplectic vector space V, then HH®*(A) =k
(in degree zero), and hence HHz(WeyI(V)) and HHl(WeyI(V)) are zero, so that there
are no nontrivial infinitesimal deformations nor outer derivations. Moreover, HH,(A) =
k[—dim V] (i.e., k in degree dim V and zero elsewhere). To see this, we can use the
resolution of Exercise 2.8.1 (see also the solution).

3.7. Remarks on Calabi-Yau algebras. The Koszul resolutions above imply that
Weyl(V) and Sym V are Calabi—Yau algebras of dimension dimV, which we will
define as follows (and which was also mentioned in Chapter I). One can also conclude
from this that Weyl(V) x T" and Sym V x I" are Calabi—Yau of dimension dim V for
I' < Sp(V) finite, as we will do in the exercises.

DEFINITION 3.7.1. An A-bimodule U is right invertible if there exists an A-bimodule
R such that U ® 4 R = A as A-bimodules. It is left invertible if there exists an A-
bimodule L such that L ® 4 U = A as A-bimodules. It is invertible if it is both left and
right invertible.

Note that, if U is invertible, then any left inverse is a right inverse (just as in the case
of monoids), so this is also the unique (two-sided) inverse of U up to isomorphism.

QUESTION 3.7.2. Can you find an example of a left but not right invertible bimodule?

The following basic example will be our typical invertible bimodule:
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EXAMPLE 3.7.3. Given an algebra automorphism o : A — A, we can define the
A-bimodule A%, which as a vector space is merely A itself, but with the bimodule
action given by the formula, for a,b € A and m € A?,

a-m-b= (amo (b)).

EXERCISE 3.7.4. (a) Prove that, if M is an A-bimodule which is free of rank
one as a left and as a right module (i.e., isomorphic to A as a left and as a
right module) using the same generator m € M, then M = A? for some algebra
automorphism o : A — A. Hint: Let 1 € M be a left module generator, realizing
A=A-1=M. Consider the mapo : A — A givenby 1-h=0(h)-1. Show that
o is a k-algebra homomorphism, with inverse o ~! given by -1 =1-0"1(h).

(b) Now assume A is graded and M is a graded bimodule obeying the assumptions
of (a), with common generator m is in degree zero. Conclude that M = A? as
a graded bimodule, where o is a graded automorphism.

In order to define the notion of Calabi—Yau and twisted Calabi—Yau algebras, we
will need the following exercise:

EXERCISE 3.7.5. Verify that HH®*(A, A ® A) is a canonically an A-bimodule using
the inner action, i.e., the action obtained from the A-bimodule structureon M = A® A
given, for x ® y € M and a, b € A, by the formula a(x ® y)b = xb ® ay. The most
explicit way to do this is to use (3.E), where the action is inner multiplication on the
output, i.e,, (@ ¢ -D)(x1 @ - Qxp) i=a-d(x1 Q- ®xp) - b.

DEFINITION 3.7.6. An algebra A is homologically smooth if A has a finitely-
generated projective A-bimodule resolution.

Note that finitely-generated projective, for a complex of (bi)modules, means that the
complex is of finite length and consists of finitely-generated projective (bi)modules.

REMARK 3.7.7. More generally, a complex of modules M over an algebra B is called
perfect if it is a finite complex of finitely-generated projective modules. If one works in
the derived category D?(B) of B-modules, then a complex P, is quasi-isomorphic to a
perfect complex if and only if it is compact, i.e., Hom(P,, —) commutes with arbitrary
direct sums (it is automatic that Hom(M, —) commutes with finite direct sums for
any M, but the condition to commute with arbitrary direct sums is much more subtle).
Compact objects of derived categories are extremely important.

REMARK 3.7.8. In particular, homological smoothness implies that A has finite Hoch-
schild dimension: recall that this means that, for some N > 0, we have HHi (A,M)=0
for all i > N and all bimodules M (the minimal such N is then called the Hochschild
dimension of A). This is equivalent to the condition that A have a bounded projective
resolution, i.e., a resolution by a complex with finitely many nonzero terms, each of
which are projective. To be homologically smooth requires that these terms be finitely-
generated as well (this is a subtle strengthening of the condition in general). When A is
homologically smooth, one can show that it has a finitely-generated projective bimodule
resolution whose length (i.e., number of terms) is the Hochschild dimension of A.
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DEFINITION 3.7.9. A is a Calabi—Yau algebra of dimension d if A is homologically
smooth and HH®* (A, A® A) = A[—d] as a graded A-bimodule (i.e., HH! (A, A® A)=0
fori #d, and HH4 (A, A® A) = A as a graded A-bimodule).

More generally, A is twisted Calabi—Yau of dimension d if A is homologically
smooth and HH®*(A, A® A) = U[—d] as a graded A-bimodule, where U is an invertible
A-bimodule.

Here, in HH? (A,A® A), A® A is considered as a bimodule with the outer bimodule
structure, and the remaining inner structure induces a bimodule structure on A, as
shown in Exercise 3.7.5 above. Typically, in the twisted Calabi—Yau case, U = A?
as in Example 3.7.3, which as we know from Exercise 3.7.4, is equivalent to saying
that HHd(A, A® A) = A as both left and right modules individually, with a common
generator (for example, A could be graded, and the common generator of HHY(A, AQA)
could be the unique nonzero element up to scaling in degree zero).

REMARK 3.7.10. By the Van den Bergh duality theorem (Theorem 5.3.1), if A is
Calabi—Yau of dimension d, then A has Hochschild dimension d (since HH’ (A, M)=0
for all i > d and all bimodules M, and HHd(A, A® A) #0). It follows (as pointed
out in Remark 3.7.8) that A has a finitely-generated projective bimodule resolution of
length d. Thus, we could have equivalently assumed the latter condition in Definition
3.7.9 rather than homological smoothness.

EXERCISE 3.7.11. (a) Prove from the Koszul resolutions from Exercise 1.10.15
that Sym V and Weyl(V) are Calabi—Yau of dimension dim V.

(b) Let ' < Sp(V) be finite and k have characteristic zero. Take the Koszul
resolutions and apply M +— M ® k[I'] to all terms, considered as bimodules
over A x I" where A is either Sym V or Weyl(V). This bimodule structure is
given by

@®g)(m@h)(d ®g)=(a-g(m)-gh(@)) ® (ghg).
Prove that the result are resolutions of A xI" as a bimodule over itself. Conclude
that A x I' is also Calabi—Yau of dimension dim V. In the case A = SymV,

show that A x T is actually Calabi—Yau given only that I' < SL(V) (not Sp(V)),
still assuming I is finite.

REMARK 3.7.12. Similarly, one can show that, if A is twisted Calabi—Yau, k has
characteristic zero, and I" is a finite group acting by automorphisms on A, then A x I" is
also twisted Calabi—Yau. In the case that A is Calabi—Yau, I' must obey a unimodularity
condition for A x I" to also be Calabi—Yau.

3.8. Obstructions to second-order deformations and third Hochschild cohomology.
Suppose now that we have an infinitesimal deformation given by ;1 : A®Q A — A. To
extend this to a second-order deformation, we require y» : A ® A — A, such that

axb ::ab+8y1(a®b)+£2y2(a®b)

defines an associative product on A ® k[e]/ e.
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Looking at the new equation in second degree, this can be written as
ayr(b®c)—y2(ab®c)+y2(a®bc) —y2(a®@b)c=y1(y1(a®b)®c) —y1(a®y1(b®c)).

The LHS is dy»(a ® b ® ¢), so the condition for y, to exist is exactly that the RHS
is a Hochschild coboundary. Moreover, one can check that the RHS is always a
Hochschild three-cocycle (we will give a more conceptual explanation when we discuss
the Gerstenhaber bracket). So the element on the RHS defines a class of HH3(A) which
is the obstruction to extending the above infinitesimal deformation to a second-order
deformation:

COROLLARY 3.8.1. HH3(A) is the space of obstructions o extending first-order
deformations to second-order deformations. If H H3(A) =0, then all first-order deforma-
tions extend to second-order deformations.

We next consider general n-th order deformations. By definition, such a deformation
is a deformation over k[e]/ (e"th.

EXERCISE 3.8.2. (*) Show that the obstruction to extending an n-th order deformation
>y e'y; (where here "1 =0) to an (n + 1)-st order deformation Z::ll ely; (now
setting e"t2 = 0), i.e., the existence of a Yn+1 so that this defines an associative
multiplication on A ® k[g]/(¢"1?), is also a class in HH3(A).

Moreover, if this class vanishes, show that two different choices of y, differ
by Hochschild two-cocycles, and that two are equivalent (by applying a k[g]/(e"12)-
module automorphism of A ® k[e]/ (e"*2) of the form Id +&"+1 . f) if and only if
the two choices of y, differ by a Hochschild two-coboundary. Hence, when the
obstruction in HH3(A) vanishes, the set of possible extensions to a (n + 1)-st order
deformation (modulo gauge transformations which are the identity modulo ") form
a set isomorphic to HHZ(A) (more precisely, it forms a torsor over the vector space
HH2(A), i.e., an affine space modeled on HH2(A) without a chosen zero element). We
will give a more conceptual explanation when we discuss formal deformations.

Note that, when HHS(A) # 0, it can still happen that infinitesimal deformations
extend to all orders. For example, by Theorem 2.3.13, this happens for Poisson structures
on smooth manifolds (a Poisson structure yields an infinitesimal deformation by, e.g.,
axb=ab+ %{a, b} - ¢; this works for arbitrary skew-symmetric biderivations {—, —},
but only the Poisson ones, i.e., those satisfying the Jacobi identity, extend to all orders).

However, finding this quantization is nontrivial: even though Poisson bivector fields
are those classes of HHZ(A) whose obstruction in HH3(A) to extending to second order
vanishes, if one does not pick the extension correctly, one can obtain an obstruction to
continuing to extend to third order, etc. In fact, the proof of Theorem 2.3.13 describes
the space of all quantizations: as we will see, deformation quantizations are equivalent
to formal deformations of the Poisson structure.

3.9. Deformations of modules and Hochschild cohomology. Let A be an associative
algebra and M a module over A. Recall that Hochschild (co)homology must take
coefficients in an A-bimodule, not an A-module. Given M, there is a canonical
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associated bimodule, namely Endy (M) (this is an A-bimodule whether M is a left or
right module; the same is true for Homy (M, N) where M and N are both left modules,
or alternatively both right modules).

LEMMA 3.9.1. HHi(A, Endy (M)) = Ext’A(M, M) for all i > 0. More generally,
HHi(A, Homy (M, N)) = Ext’IILx (M, N) for all A-modules M and N.

PROOF. We prove the second statement. First of all, for i =0,
HHO(A, Homy (M, N)) ={¢p e Homi (M, N) |a-¢ =¢-a, Ya e A} =Homu (M, N).

Then the statement for higher i follows because they are the derived functors of the
same bifunctors ((A-mod)°P x A-mod) — k-mod.

Explicitly, if P, — A is a projective A-bimodule resolution of A, then P,@4 M — M
is a projective A-module resolution of M, and

RHom% (M, N) = Homy (P, ®4 M, N) = Hom e (P,, Homy (M, N))
= RHom’. (A, Homy (M, N)),
where for the middle equality, we used the adjunction
Homp(X ®4 Y, Z) =Hompgg g0r (X, Homy (Y, Z)),
with X a (B, A)-bimodule, Y a left A-module, and Z a left B-module. [l

In particular, this gives the most natural interpretation of HHO(A, Endy (M)): this is
just End4 (M). For the higher groups we recall the following standard descriptions of
Extl‘ (M, M) and Exti (M, M), which are convenient to see using Hochschild cochains
valued in M.

DEFINITION 3.9.2. A deformation of an A-module M over an augmented commuta-
tive k algebra R =k @ R4 is an A-module structure on M ®j R, commuting with the
R action, such that (M ®y R) ®g (R/R4+) = M as an A-module.

Let M be an A-module and let p : A — Endy (M) be the original (undeformed)
module structure.

PROPOSITION 3.9.3. (i) The space of Hochschild one-cocycles valued in Endy. (M)
is the space of infinitesimal deformations of the module M over R = k[e]/(e?);
(ii) Two such deformations are equivalent up to an R-module automorphism of M ®1. R
which is the identity modulo ¢ if and only if they differ by a Hochschild one-
coboundary.
Thus HH! (A, Endy(M)) = Ext}4 (M, M) classifies infinitesimal deformations
of M.
(iii) The obstruction to extending an infinitesimal deformation with class yeExt}L‘ (M, M)
to a second-order deformation, i.e., over kle]/ (83 ), is the element

y Uy € Ext3 (M, M) = HH?(A, Endy (M)),

where U is the Yoneda cup product of extensions.
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Here and below we make use of the cup product on HH®(A, Endy (M)) =Ext$, (M, M)
and on HH®(A, A). We give an explicit description using the standard cochain complexes
(3.E). More generally, let N be an A-algebra, i.e., an algebra equipped with an algebra
homomorphism A — N; this makes N also an A-bimodule. Then, if y; € C i (A, N)
and y» € C/ (A, N), set y; Uy, € C'T/ (A, N) by the formula

MU, X)) =1 - XDV (X1 - Xig ),

and similarly define y, Uy;. Hence also HH®*(A, N) is an associative algebra. (Note that,
while HH®(A, A) is graded commutative as explained in Exercise 4.1.6 below, this is not
true for C*(A, N) in general, and in particular for Ext®(M, M), where N = Endy (M).)

PROOF OF PROPOSITION 3.9.3. (i) Hochschild one-cocycles are precisely y €
Homy (A, Endy, (M)) such that y (ab) = ay (b) + y (a)b, which are also known as A-
bimodule derivations valued in Endy, (M). Infinitesimal deformations of the A-bimodule
M are given by algebra homomorphisms A — Endy(M)[¢e]/ (¢2) which reduce to the
usual action p : A — Endy (M) modulo ¢. Given a homomorphism p + e¢ of the latter
type, we see that ¢ is an A-bimodule derivation valued in M, and conversely.

(ii) If we apply an automorphism ¢ = Id+¢ - ¢; of M ®y; R, for ¢ € Endy (M),
then the infinitesimal deformation y is taken to y’, where

(0+ey)@) =¢o(p+ey)(@og™
=(p+ey)a)+e(@ropla)—pla)od) =(p+e(y +dé1)(a).
This proves that y’ — y = d¢y, as desired. The converse is similar and is left to the
reader.

(iii)) Working over R := kle]/ (53), given a Hochschild one-cocycle y, and an
arbitrary element y» € C 1(A, Endi (M),

(p+ey1+e2y)(ab) — (p+ey1 +e2y2) @) (p +ey1 +e2y2) (b)
= &2(ya(ab) — y1(@y1(b) — y2(@)p(b) — p(@)y2 (b)),

and the last expression equals —g2. (y1 U y1 +dyr)(ab). Thus the obstruction to
extending the module structure is the class [y; Uyq] € HHZ(A, Endy (M)). O

Finally, we can study general formal deformations:

DEFINITION 3.9.4. Given an A-module M and a formal deformation Ag of A over
R =k @ R4, a formal deformation of M to an Agr-module is an A g-module structure
on M®y R whose tensor product over R with R/R, =k recovers M.

In the case that Ag is the trivial deformation over R, we also call this a formal
deformation of the A-module M over R.

Recall in the above definition the notation & from (2.K).
Analogously to the above, one can study (uni)versal formal deformations of M;
when the space of obstructions, Exti (M, M), is zero, parallel to Theorem 2.7.7,

there exists a versal formal deformation over the base @(Exti‘ (M, M)), and in the
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case that Ends (M, M) = k (or more generally, the map Z(A) = HHO(A, A) —
HHO(A, End (M)) =End4 (M, M) is surjective), then this is universal.

More generally, consider a formal deformation A; of A and ask not for a formal
deformation My of M as an A-module, but rather for an Aj-module My deforming
M, i.e., satisfying My /hMp = M as A-modules, and such that My = M[A] as k[[A]-
modules. This recovers formal deformations of A-modules in the case Ay = A[[#] is
the trivial deformation. For general Ay, however, My need not exist (as one no longer
has the trivial deformation M[[#]]), so one can also ask when it does. In this generality,
the calculations of Proposition 3.9.3 generalize to show that, if 6 € & - C2(A)[A] gives
a formal deformation Aj of A, then the condition for y € - C 1 (A, Endy M)[[R] to
give a formal deformation My of M to a module over Ay is

(p+y)ob+dy+yUy =0, 3.G6)
where here (y Uy)(a@ ®b) :=y(a)y(b).
EXAMPLE 3.9.5. In the presence of a multiparameter formal deformation

(All#1, - -5 tedl, %)

of A, this can be used to show the existence of a deformation My over some restriction
of the parameter space. Let U = Span{t{, ..., #,} and let n : U — HH2(A) be the map
which gives the class of infinitesimal deformation of A. We will need the composition
pon:U— HH2(A, End; M) = Exti (M, M). Then one can deduce from the above

PROPOSITION 3.9.6. (see, e.g., [103, Proposition 4.1]) Suppose that the map p o7 is
surjective with kernel K. Then there exists a formal deformation Mg := (M ®O(S ), PS)
of M over a formal subscheme § of the formal neighborhood of the origin of U, with
tangent space K at the origin, which is a module over (A®O(S), |s). Moreover, if
Extk (M, M) =0, then S is unique and My is unique up to continuous O(S)-linear
isomorphisms which are the identity modulo O(S)+.

Note that the condition Extlx (M, M) = 0 for uniqueness of the formal definition is
consistent with the case where Ay = A[[/i] is the trivial deformation, since then, as
above, Extk(M , M) classifies infinitesimal (and ultimately formal) deformations of M.

In [103], this was used to show the existence of a unique family of irreducible
representations of wreath product Cherednik algebras Hj (¢ ) (I'" % S,,) for I' < SL,(C)
finite deforming a module of the form Y®" ® V for Y an irreducible finite-dimensional
representation of Hj ., (I') and V' a particular irreducible representation of S, (whose
Young diagram is a rectangle). Here co € Funr (R, C) a conjugation-invariant function
on the set R € I' of symplectic reflections (here R =1I"\ {Id}), and k € C, and there is
a unique formal subscheme S € C x Funr (R, C) containing (0, ¢g) such that (k, ¢) is
restricted to lie in S. Note here that C x Funr (R, C) is viewed as Funpn g (R, C)
where R’ € (I'" x S,,) is the set of symplectic reflections (they are all conjugate to
reflections in I' = (I x {1}"~1) x {1} except for the conjugacy class of the transposition
in S,).
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3.10. Additional exercises. (See also 3.7.4, 3.7.5, 3.7.11, and 3.8.2.)

EXERCISE 3.10.1. Prove that Ug is twisted Calabi—Yau, with HHd(Ug, UgQUg) =
Ug®, where o(x) = x — tr(ad(x)). Therefore, it is Calabi—Yau if (and only if) g
is unimodular, i.e., tr(ad(x)) = 0 for all x. This will follow also from the Koszul
resolutions from Exercise 2.8.1. Observe that every semisimple Lie algebra, i.e., one
satisfying g = [g, gl, is unimodular (and hence the same is true for a reductive Lie
algebra, i.e., one which is the direct sum of a semisimple and an abelian Lie algebra).
The same is true for every nilpotent Lie algebra.

REMARK 3.10.2. More generally, one can consider, for any finite group I' acting
on the Lie algebra g by automorphisms, the skew product algebra Ug x I'. For k
of characteristic zero, generalizing the above (by tensoring the complexes with k[I']
and suitably modifying the differentials) one can show that Ug x I' is also twisted
Calabi—Yau (cf. Remark 3.7.12). Then, [130] computes that this is Calabi—Yau if and
only if I' < SL(V) and g is unimodular. (This extension should not be too surprising,
since the skew-product algebra O(V) x I itself is Calabi—Yau if and only if I' < SL(V),
which is the condition for I to preserve the volume form giving the Calabi—Yau structure
onV.))

EXERCISE 3.10.3. (*, but with many hints) In this exercise we compute the Hoch-
schild (co)homology of a skew group ring.

Let A be an associative algebra over a field k of characteristic zero, and I a finite
group acting on A by automorphisms. Form the algebra A X I", which as a vector space
is A ® k[T"], with the multiplication

(a1 ® g1)(ax ® g2) = (a1g1(a2) ® g182)-

Next, given any ['-module N, let NT = (neN|g-n=nforall g eI} and Nr :=
N/{n—g-n|ne€ N, g e} be the invariants and coinvariants, respectively.

(a) Let M be an A x I"'-bimodule. Prove that
HH®* (A x T, M) ZHH*(A, M)",  HH,(A x T, M) = HH,(A, M)r,

where in the RHS, T acts on A and M via the adjoint action, g -pqm = (gmg™").
Hint: Write the first one as Ext5, )(A x ', M), using that k[["] = k[T"°P]

via the map g — g~ !. Notice that A x " = Indﬁj:g;r) A, where TA :={(g, g) |

g €'} CT xT is the diagonal subgroup. Then, there is a general fact called
Shapiro’s lemma, for H < K a subgroup,

x(I'xT’

Ext}y g, (Indfy M, N) = Ext} (M, N).

Similarly, we have Ext/‘wK(lndf] M,N) = ExtS (M, N). Using the latter
isomorphism, show that

EXUye () (A % T M) Z Exthe o1 (A, M) =Extye (A, MAY), (3.H)

><]FA
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where MA9 means that " acts by the adjoint action from the A x I'-bimodule
structure. Since taking ['-invariants is an exact functor (as k has characteristic
zero and I' is finite), this says that the RHS above is isomorphic to

Ext’ye (A, MAHT = HH* (A, M)"".

The proof for Hochschild homology is essentially the same, using Tor.
Now we apply the formula in part (a) to the special case M = A x I itself.

Let C be a set of representatives of the conjugacy classes of I': thatis, C C I
and for every element g € I, there exists a unique /4 € C such that g is conjugate to
h. For g €I, let Z¢(I') < T" be the centralizer of g, i.e., the collection of elements
that commute with g. Prove that

HH*(A x T) = @D HH*(4, A - i)#n D),
heC
Here, the bimodule action of A on A - & is by

a(b-h)y=ab-h, (b-h)a= (bh(a))-h,

and Zj;, (") acts by the adjoint action.
Now specialize to the case that A =Sym V and I' < GL(V). We will prove here
that

HH (40 G) = ) (A gym v Veet (V) & (AT 351y )) .
heC
The perpendicular space (V)1 here is the subspace of V* annihilating V”. The
degree » on the LHS is the total degree of polyvector field on the RHS, i.e., the
sum of the degree in the first exterior algebra with dim(V")+ = dim V — dim V".
The same argument shows that (for 2°(X) denoting the algebraic differential
forms on X),

ey L
HH. (4 % 6) = (2 (MM @ (N awvHhh)),
heC h

Hints: first, up to conjugation, we can always assume 4 is diagonal (since I is
finite). Suppose that A1, ..., A, are the eigenvalues of & on the diagonal. Then let

hi, ..., h, € GL; be the one-by-one matrices #; = (1;). Show that
A=klx]® - Qklx,], A-h=&lxi]-h) Q- Q (klxy]-hy).

Conclude using the Kiinneth formula, HH*(A ® B,M @ N) = HH*(A, M) ®
HH*(B, N) (for M an A-bimodule and N a B-bimodule, under suitable hypotheses
on A, B, M, and N which hold here), that

n
HH* (A, A - h)Zn® = Q) HH® (k1 klx]-h) 2 @, 3.0
i=1
Since k[x] has Hochschild dimension one (as it has a projective bimodule resolution
of length one: see Remark 3.7.8), conclude that HH’ (k[x], k[x] - #) = O unless
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j < 1. Using the explicit description as center and outer derivations of the module,
show that, if & € GL; is not the identity,

HHO(k[x], k[x]-h) =0, HH"(k[x], k[x]-&) = k.

Note for the second equality that you must remember to mod by inner derivations.
On the other hand, recall that

HHO (k[x], k[x]) = k[x], HH! (k[x], k[x]) = k[x],

since HH® (k[x]) = A%, Der(k[x]).

Now suppose in (3.I) that #; # Id for 1 <i < j, and that h; =1d for i > j
(otherwise we can conjugate everything by a permutation matrix). Conclude that
(3.) implies

HH® (A, A- )T = (3, A=A B3 ) ® Agymyy Der(Sym (V)T 3y

Note that, without having to reorder the x;, we could write

H hyL
Doy Ao Ay = N By

Put together, we get the statement. A similar argument works for Hochschild
homology.

(d) Use the same method to prove the main result of [1] for V symplectic and
' < Sp(V) finite:

HH (Weyl(V) x T) Z Kk[S;1",  HH; (Weyl(V) x T') = K[Sdimv—i]"

where
S;={g el |rk(g—1Id) =i}

Observe also that S; = @ if i is odd, and Sy = the set of symplectic reflections (as
defined in Example 2.7.8).

Hint: Apply the result of part (b) and the method of part (c). This reduces
the result to the case dimV = 2, and to computing HH®(Weyl;, Weyl;) and
HH®(Weyl,, Weyl; - g) for nontrivial g € SL>(k). Then you can see from the
Koszul complexes that the first is k (or, this can be deduced from Theorem
2.3.17 in the special case X = A2, or you can explicitly compute it using the
Van den Bergh duality HHZ(Weyll, Weyl) = HHo(Weyl, Weyl;) since Weyl, is
Calabi—Yau). The second you can see must be k[—2] since this is already true for
HH®(k[x, y], k[x, y]- g), and this surjects to gr HH*(Weyl;, Weyl, - g).

4. Dglas, the Maurer—Cartan formalism, and proof of formality theorems

Now the distinction between dg objects and ungraded objects becomes important
(especially for the purpose of signs): we will recall in particular the notion of dg
Lie algebras (dglas), which have homological grading, and hence parity (even or odd
degree).
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4.1. The Gerstenhaber bracket on Hochschild cochains. We turn first to a promised
fundamental structure of Hochschild cochains: the Lie bracket, which is called its
Gerstenhaber bracket:

DEFINITION 4.1.1. The circle product of Hochschild cochains y € C™(A), n€ C"(A)
is the element y o € C" 1"~ 1(A) given by

yon(a®: - ®amin—1) 4.A)

m
=3 DIy (4 ®- - ® a1 @06 ®- - in—1) B ® - Bllmsn—1).
i=1
DEFINITION 4.1.2. The Gerstenhaber bracket [y, n] of y € C"™(A),n € C"(A) is

[y, nl:=yon— (=1)mDe+hy o,

DEFINITION 4.1.3. Given a cochain complex C, let C[m] denote the shifted complex,
so (C[m])! =i,

In other words, letting C™ denote the ordinary vector space obtained as the degree
m part of C®, so C" by definition is a graded vector space in degree zero, we have

C= @ C"[—m].

mez
REMARK 4.1.4. The circle product also defines a natural structure on g:= C*(A)[1]
viewed as a graded vector space with zero differential: that of a graded right pre-Lie
algebra. This means that it satisfies the graded pre-Lie identity

yomod)—(yomod==D"W(yo@on—(yob)on).
Given any graded (right) pre-Lie algebra, the obtained bracket
[x.yl=x0y—(=DMPyox
defines a graded Lie algebra structure.

EXERCISE 4.1.5. (*) Verify the assertions of the remark! (The second assertion is
easy, but the first is a long computation.)

EXERCISE 4.1.6. In fact, the circle product was originally defined by Gerstenhaber
in order to prove that the cup product is graded commutative on cohomology. Prove
the following identity of Gerstenhaber, for y1, y» € C*(A):

y1Uys = (=)MI2ly) Uy =d(y10v2) = (dy1) o v2) — (=DM (v 0 (d12)).
Conclude from this identity that (a) the cup product is graded commutative, and (b)
the Gerstenhaber bracket is compatible with the differential, i.e., it is a morphism of
complexes C*(A)[1]® C*(A)[1] — C*(A)[1].

The remark and exercises immediately imply

PROPOSITION 4.1.7. The Gerstenhaber bracket defines a dg Lie algebra structure on
the shifted complex g := C*(A)[1].
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4.2. The Maurer-Cartan equation. We now come to the key description of formal
deformations:

DEFINITION 4.2.1. Let g be a dgla over a field of characteristic not equal to two.
The Maurer—Cartan equation is

dé + 3[£,61=0, &eg. (4.B)

A solution of this equation is called a Maurer—Cartan element. Denote the space of
solutions by MCE(g).

The equation can be written suggestively as [d + &,d + &] = 0O, if one defines
ld,d]= d*=0and [d, £]:=d&. In this form the equation is saying that the “connection”
d+ & is flat:

EXAMPLE 4.2.2. Here is one of the original instances and motivation of the Maurer—
Cartan equation. Let g be a Lie algebra and X a manifold or affine algebraic variety
X. Then we can consider the dg Lie algebra (2°(X, g), d) := (Q*(X) ® g, d), which is
the de Rham complex of X tensored with the Lie algebra g. The grading is given by
the de Rham grading, with |g| = 0. Then, associated to this is a notion of connection,
defined as a formal expression V¥ := d + «, where o € QI(X , §); thus connections
are in bijection with g-valued one forms. (We will explain below for the relationship
with the standard notion of connections on principal bundles.) Associated to V? is the
endomorphism of Q°(X, g), given by B+ dp + [«, B].

The curvature of V¥, denoted (V¥)?2 or %[V“, V4], is formally defined as

(V*)? = (d +a)* =da + $[a, a]. (4.0)

Then the Maurer—Cartan equation for « says that this is zero. This is clearly equivalent
to the assertion that the corresponding endomorphism to V¥ has square zero, i.e., it is a
differential on 2°(X, g). In other words, Maurer—Cartan elements give deformations of
the differential on the de Rham complex valued in g (where o acts via the Lie bracket).
In general, this is a good way to think about the Maurer—Cartan equation, as we will
formalize following this example.

We explain the relationship with the standard terminology: If G is an algebraic or
Lie group such that g = Lie G, then V¥ as above is equivalent to a connection on the
trivial principal G-bundle on X. Precisely, the connection on 7 : G x X — X associated
to V¥ is the one-form w + 7*a € Q! (G x X, g), with w the canonical connection on
the trivial bundle, and the curvature of @ + 7*« is the pullback 7*(da + %[a, o)) of
the curvature as defined above.

Closely related to Example 4.2.2 is the following very important observation.

PROPOSITION 4.2.3. Suppose & € MCE(g).

(i) The map d5 : y — dy + [, y] defines a new differential on g. Moreover,
(g,d%, [—, —)) is also a dgla.
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(i1) Maurer—Cartan elements of g are in bijection with those of the twist of a Maurer—
Cartan element g by the correspondence

E+negoneg.

DEFINITION 4.2.4. We call the dg Lie algebra (g, d, [—, —]) given by the above
proposition the rwist by £, and denote it by gé.

PROOF OF PROPOSITION 4.2.3. (i) This is an explicit verification: (d¥)%(y) =
(€, dyl+[£. (£, Y]] +dIE, y] = [dE + 5[, ], y], and
d[x, y1=1d*x, y1= (=DM [x, d® Y1 =[&, [x, Y1 - (1, x1, y1 - (=DP[x, [5, y11 =0,
where the first equality uses that d is a (graded) derivation for [—, —], and the second
equality uses the (graded) Jacobi identity for [—, —].

(ii) One immediately sees that d (1) + %[n, nl=dE+n)+ %[5 +n,& +nl, using
that d& + }[£, ] =0. 0

4.3. General deformations of algebras.

PROPOSITION 4.3.1. One-parameter formal deformations (A[[A]l, x) of an asso-
ciative algebra A are in bijection with Maurer—Cartan elements of the dgla g =

h-(C*(A[DIA]

PROOF. Lety :=3, - h"ym € gl. Here y,, € C2(A) for all m, since g is shifted.
To y € g! we associate the star product fxg= fg+> ,,~1 " vm(f ®g). We need
to show that * is associative if and only if y satisfies the Maurer—Cartan equation. This
follows from a direct computation (see Remark 4.3.2 for a more conceptual explanation):

fr(gxh)—(fxg)xh
= B (fYm(@®h) = v (FE M) + v (f ® gh) = Y (f @ g)h)

m>1
+ Y T (v (f @Y (@ @) — Ym (v (f ® 8) @ h))
m,n>1
=dy +yoy=dy+ily. vl O (4.D)

REMARK 4.3.2. For a more conceptual explanation of the proof, note that, if we let Ag
be an algebra with the zero multiplication, so that C*(Ag) is a dgla with zero differential,
then associative multiplications are the same as elements ;1 € C(Ag) = g' satisfying
%[u, ] =0, where g = C*(Ag)[1] as before. (This is the Maurer—Cartan equation for
g.) If we now take an arbitrary algebra A, we can set Ay to be A but viewed as an
algebra with the zero multiplication. Let u € C%(Ag) represent the multiplication on A,
hence [, ] = 0 by associativity. Then, given y :=3", | iy € hgl =hC2(A)[A],
the product u + y is associative if and only if, working_in (C*(Ap)[1]D AT, we have

O=[u+y, ut+yl=_[uw, ul+2[w, y1+Iy, vl

Now, [u, y]1=da(y), with d4 the (Hochschild) differential on (C*(A)[1])[%]. More
conceptually, this is saying that C*(A)[1] = C*(Ap)[1]*, the twist by u; cf. Proposition
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4.2.3 and Definition 4.2.4, as well as Lemma 4.11.1 below. Then, by Proposition
4.2.3, Maurer—Cartan elements & € MCE((C*(A)[1])%]]) are the same as associative
multiplications u + &. They are ; modulo /4 if and only if & € AC*(A)[1]A].

REMARK 4.3.3. The above formalism works, with the same proof, for formal
deformations over arbitrary complete augmented commutative k-algebras. Namely,
associative multiplications on A®y R deforming the associative multiplication & on A
are the same as Maurer—Cartan elements of the dgla C(A)[1]®y R

4.4. Gauge equivalence. Recall from Example 4.2.2 the example of flat connections
with values in g = Lie G as solutions of the Maurer—Cartan equation. In that situation,
one has a clear notion of equivalence of connections, namely gauge equivalence: for
y : X — G amap, and ¢ : G — G the inversion map,

Vi (Ady)(V); (d4+ o)~ d+(Ady)(@)+y -doy).

Here, the meaning of y -d(toy) is as follows: the derivative d(t o y) is defined, at
eachx e X,asamapd(toy)|y : Tx X — Ty(x)—l G, and then we apply the derivative
of the left multiplication by y (x), dL () : Ty(x)*l G — T,G, to obtain an operator

y-d(toy)|y : Ty X — T,G =g. We obtain in this way a one-form y -d(1oy) € Q1 (X, g).
(We may think of d 4+ y - d(to y) formally as Ad(y)(d); see also below for the case
y =exp(B).)

Now, restrict to the case y = exp(f8) for 8 € O(X) ® g, assuming that k =R or C
so exp is the usual exponential map (if we restrict to the case where G is connected,
then such elements y generate G, so generate all gauge equivalences). By taking a
faithful representation, we may even assume without loss of generality that G < GL,
and g < gl,,, so y and B are matrix-valued functions. We can then rewrite the above
formula in a way not requiring G or the definition of y -d(toy) as:

o > exp(ad B)(@) + I_%fdﬁ)(dﬂ), (4.E)

where (ad 8)(«) := [B, «], using the Lie bracket on g. The last term above can be
thought of as exp(ad B8)(d)—d, where we set [d, B]=d(B), as explained in the following
exercise:

EXERCISE 4.4.1. Verify (4.E). To do so, replace exp : g — G by its Taylor series,
and use the standard identity Ad(exp(B8)) =exp(ad B) := >, - (ad )", which holds
formally (setting Ad(exp(8))(f) = exp(B) - f -exp(—p) and ad(B)(f) =B~ f — f - B).
and follows from the basic theory of Lie groups. Note also that, for « € O(X) ® g
arbitrary, we have ([d, B])a := d(Ba) — Bda = (dB)w, so we can formally write
[d, B] =d(B) as above. Then, use all of this to expand and simplify y - d(t o y). Hint:
write the latter, formally, as Ad(exp(B))(d) — d, then apply all of the above.

The above discussion motivates the following general definition, where now g can
be an arbitrary dgla (no longer a finite-dimensional Lie algebra as above). From now
until the end of Section 4, k should be a characteristic zero field.
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DEFINITION 4.4.2. Two Maurer—Cartan elements o, o’ € g! of a dgla are called
gauge equivalent by an element 8 € go if o/ =exp(ad B) (o) + M (dB), when this
formula makes sense: for us, we take either (a) k =R or C and g is finite-dimensional
as above; (b) g = h ®k R4+ with b an arbitrary dgla and R a complete augmented
(dg) commutative algebra; or (c) with R as in (b), we can also take g = ® R and
B e (Ry9)°.

This definition is consistent with Definition 2.7.1:

PROPOSITION 4.4.3. Two formal deformations (A[[A]l, x) and (A[[/]l, ¥’ ) are gauge
equivalent, i.e., isomorphic via a continuous k[[h]-linear automorphism of A[[h]] which
is the identity modulo h, if and only if the corresponding Maurer—Cartan elements of
g="h-C(A)[A] are gauge equivalent.

Here, the automorphism of A[[/i]] does not respect the algebra structure on A: it
is just a continuous k[[7]-linear automorphism. Being the identity modulo /# means
that the automorphism & satisfies the property that & — Id is a multiple of # as an
endomorphism of the vector space A[[#].

PROOF. This is an explicit verification: Let ¢ be a continuous automorphism of A[[/]]
which is the identity modulo /. We can write ¢ = exp(«) where o € /i Endy (A)[%4]);
one can check that exp(er) = 1 +a +a?/2! +- - - makes sense since we are using power
series in /. Let y, ' € g! be the Maurer—Cartan elements corresponding to x and «'.
Let u: A® A — A be the undeformed multiplication. Then

exp(er) (exp(—a)(a) xexp(—a) (b))

=exp(ada)(u +y)(a ®b)
= (u+expada)) + =P o) agp), @)
ad o
where the final equality follows because [u, o] = do. U

4.5. The dgla of polyvector fields, Poisson deformations, and Gerstenhaber alge-
bra structures. Let X again be a smooth affine algebraic variety over a characteristic
zero field or a C° manifold. By the Hochschild—Kostant—Rosenberg theorem (Theo-
rem 2.3.1), the Hochschild cohomology HH®*(O(X)) is isomorphic to the algebra of
polyvector fields, /\.(’)(X) Vect(X). Since, as we now know, C*(O(X))[1] is a dgla, one
concludes that /\'@( X) Vect(X)[1] is also a dg Lie algebra (with zero differential). In
fact, this structure coincides with the Schouten—Nijenhuis bracket:

PROPOSITION 4.5.1. The Lie bracket on /\.O(X) Vect(X)[1] induced by the Gersten-
haber bracket is the Schouten—Nijenhuis bracket, as defined in Definition 2.3.7.

Such a structure is called a Gerstenhaber algebra:

DEFINITION 4.5.2. A (dg) Gerstenhaber algebra is a dg commutative algebra B
equipped with a dg Lie algebra structure on the shift B[1], such that (2.I) is satisfied.
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Note that, by definition, a Gerstenhaber algebra has to be (cohomologically) graded;
sometimes when the adjective “dg” is omitted one means a dg Gerstenhaber algebra
with zero differential. This is the case for /\.(9( x) Vect(X).

REMARK 4.5.3. Note that the definition of a Gerstenhaber algebra is very similar
to that of a Poisson algebra: the difference is that the Lie bracket on a Gerstenhaber
algebra is odd: it has homological degree —1.

We easily observe:

PROPOSITION 4.5.4. A bivector field w € /\2 Vect(X) defines a Poisson bracket if
and only if [, m] = 0. That is, Poisson bivectors 7t are solutions of the Maurer—Cartan
equation in /\.(’)(X) Vect(X)[1].

EXERCISE 4.5.5. Prove Proposition 4.5.4!
The same proof implies:

COROLLARY 4.5.6. Formal Poisson structures in i - /\Z(Q(X) Vect(X)[[A]l are the same
as Maurer—Cartan elements of the dgla h - (/\.O(X) Vect(X)[l]) [[A].

4.6. Kontsevich’s formality and quantization theorems. We can now make a precise
statement of Kontsevich’s formality theorem. As before, we need k to be a characteristic
zero field for the remainder of Section 4.

REMARK 4.6.1. Kontsevich proved this result for R” or smooth C*° manifolds;
for the general smooth affine setting, when k contains R, one can extract this result
from [155]; for more details see [245], and also, e.g., [233]. These proofs also yield a
sheaf-level version of the statement for the nonaffine algebraic setting. For a simpler
proof in the affine algebraic setting, which works over arbitrary fields of characteristic
zero, see [86]. We remark also that, recently in [85], Dolgushev showed that there
actually exists a “correction” of Kontsevich’s formulas which involve only rational
weights, which replaces Kontsevich’s proof by one that works over Q.

The one parameter version of the theorem is this:
THEOREM 4.6.2 ([156, 155, 245, 86]). There is a map
Formal Poisson bivectors in h - /\2 Vect(X)[[i]l = Formal deformations of O(X)

which induces a bijection modulo continuous automorphisms of O(X)[[h] which are
the identity modulo h, and sends a formal Poisson structure hmy to a deformation
quantization of the ordinary Poisson structure m = w; (mod 7).

REMARK 4.6.3. By dividing the formal Poisson structure by /i, we also get a bijection
modulo gauge equivalence from all formal Poisson structures to formal deformations,
now sending 7 to a deformation quantization of 7r; the way it is stated above generalizes
better to the full (multiparameter) version below.

We can state the full version of the theorem as follows:
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THEOREM 4.6.4 ([156, 155, 245, 86]). There is a map, functorial in dg commutative
complete augmented k-algebras R =k @ Ry,

U : Poisson bivectors in /\20(X) Vect(X)®y Ry — Formal deformations (O(X)® R, *)

which induces a bijection modulo continuous automorphisms of O(X)®yR. Moreover,
modulo R_%_, this reduces to the identity on bivectors valued in R4/ R_%_.

To explain what we mean by “the identity” in the end of the theorem, we note that,
working modulo R_zi_, the Jacobi and associativity constraints become trivial. Simi-
larly, formal deformations over R/ Ri are given by (not necessarily skew-symmetric)
biderivations O(X) @i O(X) - O(X) ® R+/R3_. Just as in the case where R =
k[e], up to equivalence, these are given by their skew-symmetrization, a bivector
/\2@( X) Vect(X) ® R4/ R%r. Thus, up to equivalence, both the domain and target reduce
modulo Ri to bivectors valued in R4/ R%r, and we can ask that the map reduce to the
identity in this case.

4.7. Restatement in terms of morphisms of dglas. We would like to restate the
theorems above without using coefficients in R, just as a statement relating the two
dglas in question. Let us name these: Tpoly := (/\(x) Vect(X))[1] is the dgla of
(shifted) polyvector fields on X, and Dyly := C*(O(X))[1] is the dgla of (shifted)
Hochschild cochains on X, which in the C® setting are required to be differential
operators.

These dglas are clearly not isomorphic on the nose, since Tpoly has zero differen-
tial and not Dpory. They have isomorphic cohomology, by the Hochschild—Kostant—
Rosenberg theorem. In this section we will explain how they are quasi-isomorphic,
which is equivalent to the functorial equivalence of Theorem 4.6.4.

First, the Hochschild—Kostant—Rosenberg (HKR) theorem (Theorem 2.3.1) in fact
gives a quasi-isomorphism of complexes HKR : T,01y — Dpoly, defined by

HKRE A A ) (i © @ fyr) = - 3 sign(@)octy (1)~ otuy )
T oESy

This clearly sends Té’(’)l;l = /\’("Q(X) Vect(X) to D;’f)l_yl = C"(O(X), O(X)), since the
target is an O(X)-multilinear differential operator. Moreover, it is easy to see that the
target is closed under the Hochschild differential. By the proof of the HKR theorem,
one in fact sees that HKR is a quasi-isomorphism of complexes.

However, HKR is not a dgla morphism, since it does not preserve the Lie bracket.
It does preserve it when restricted to vector fields, but already does not on bivector
fields (which would be needed to apply it in order to take a Poisson bivector field and
produce a star product). For example, [HKR(§; A &), HKR(n1 A 12)], for vector fields
&1, &, n1, and 1o, is not, in general, in the image of HKR: it is not skew-symmetric, as
one can see by Definition 4.1.2.

The fundamental idea of Kontsevich was to correct this deficiency by adding higher
order terms to HKR. The result will not be a morphism of dglas (this cannot be done), but
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it will be a more general type of morphism called an L, morphism, which we introduce
in the next subsection. The idea behind an L, morphism is as follows: If we know that
¢ : g — b has the property that ¢[a, b]—[¢ (a), ¢ (b)] is a boundary, say equal to dc, then
we try to incorporate the data of the ¢ into the morphism, by defining a map ¢ : gAg— b
sending a A b — ¢, and more generally such that ¢[x, y] — [¢(x), ¢ (¥)] =dpa(x A y)
for all x, y. Then, we also need to define ¢3 : /\3 g — b as well, and so on. A full Lo
morphism is then a sequence of linear maps ¢,, : /\" g — b satisfying certain axioms.
Kontsevich therefore constructs an explicit sequence of linear maps

Up : Symm(Tpoly[l]) — Dpolyl1]

which satisfy these axioms, and hence yield an Ly, morphism. Kontsevich constructs
the U, using graphs as in §2.4, except that now we must allow an arbitrary number of
vertices on the real axis, not merely two (the number of vertices corresponds to two
more than the degree of the target in Dpoly[1]), and the outgoing valence of vertices
above the real axis can be arbitrary as well. As before, the vertices on the real axis are
sinks. Note that ¢/{ = HKR is just the sum of all graphs with a single vertex above the
real axis, and all possible numbers of vertices on the real axis.

Then, if we plug in a formal Poisson bivector 7, we obtain the star product described
in §2.4,

1
frg=) —Un(i)(f ®2).

m=>1

i.e., the star product is U (exp(wy)), where U = Zmzl Up.

4.8. Lo morphisms. One way to motivate Ls, morphisms is to study what we require
to obtain a functor on Maurer—Cartan elements. We will study this generally for two
arbitrary dglas, g and §.

Given two augmented algebras (A, A4+) and (B, B+), an augmented algebra mor-
phism is an algebra morphism ¢ : A — B such that ¢ (A+) € B4. We will always require
our maps of augmented algebras be augmented algebra morphisms. The following then
follows from definitions:

PROPOSITION 4.8.1. Any dgla morphism F : g — 0 induces a functorial map in
complete augmented dg commutative k-algebras R =k ® R,

F : MCE(g®yxRy) — MCE(hQw R4).

However, it is not true that all functorial maps are obtained from dgla morphisms; in
particular, if they were, then all functorial maps as above would define functorial maps
if we replace R4 by arbitrary (unital or nonunital) rings, by the remark below. But this
is not true: with general coefficients the infinite sums in, e.g., §2.4 need not converge.

REMARK 4.8.2. In fact, dgla morphisms also induce functorial maps in ordinary
(not necessarily complete augmented or even augmented) dg commutative k-algebras
R, taking the ordinary tensor product. However, the generalization to L, morphisms
below requires complete augmented k-algebras.
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It turns out that there is a complete augmented dg commutative k-algebra B which
represents the functor R — MCE(g®1 R4 ). This means that R-points of Spf B, i.e.,
continuous augmented dg algebra morphisms B — R, are functorially in bijection with
Maurer—Cartan elements of g®kR. To see what B is, first consider the case where
g is abelian with zero differential. If R is concentrated in degree zero, then Maurer—
Cartan elements with coefficients in R are elements of g!®R. For any ungraded
vector space V, the algebra of polynomial functions on it is Sym(V*); so here one can
consider B = Sym((g")*), and then elements in g! are the same as continuous algebra
homomorphisms B — k. Taking the completion B of B at the augmentation ideal (V*),
continuous augmented algebra homomorphisms B — R are the same as elements of
g® R, . But if we take coefficients in a graded ring R, then we need to incorporate all
of g, not just g!. Observing that g' = (g[1])°, the natural choice of graded algebra is
Sym((g[1])*). We wanted a completed algebra, so we take the completion S(g[l])*,
which has the same continuous augmented maps to complete augmented rings R. Then,
the points of S (g[1])* valued in an ordinary (non-dg) complete augmented algebra R
are in bijection with elements of g! ®R, as desired.

Thus, we consider the completed symmetric algebra S(g[l])*. In the case g is
nonabelian, we can account for the Lie bracket by deforming the differential on S’(g[l])*,
so that the spectrum consists of Maurer—Cartan elements rather than all of H L(g).

The result is the Chevalley—Eilenberg complex of g, which you may already know as
the complex computing the Lie algebra cohomology of g.

REMARK 4.8.3. We need to consider here (g[1])* as the ropological dual to g[1].

Since g is considered as discrete (hence g' = lim _,  V is an inductive limit
Vgl f.d.
of its finite-dimensional subspaces), the dual g* is the topological dg vector space
D,,c7(g™)*[m], where each (g")* is equipped with a not-necessarily discrete topol-
ogy, given by the inverse limit of the finite-dimensional quotients (g")* — V*, which
are the duals of the finite-dimensional subspaces V C g™:
(g"* = lim V*.
<«
(g"M)y* - V* fd.

This is an inverse limit of finite-dimensional vector spaces.7 It is discrete if and only if
V is finite-dimensional.

DEFINITION 4.8.4. The Chevalley-Eilenberg complex is the complete dg com-
mutative algebra Ccg(g) := (S(g[1])*, dcg), where d is the derivation such that
—dcg(x) = d;(x) + %SQ(x), where the degree one map 8y : g[1]* — Syng[l]*
is the dual of the Lie bracket /\Zg —g.

PROPOSITION 4.8.5. Let R =k & R4 be a dg commutative complete augmented
k-algebra. Then there is a canonical bijection between continuous dg commutative

TSuch a vector space is sometimes a pseudocompact vector space. Another term that appears in some
literature is formal vector space, not to be confused, however, with the notion of formality we are discussing as
in Kontsevich’s theorem!
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augmented algebra morphisms Ccg(g) — R and Maurer—Cartan elements of g&R,
given by restricting to g[1]*.

PROOF. It is clear that, if we do not consider the differential, continuous algebra
homomorphisms Ccg(g) — R are in bijection with continuous graded maps yx :
g[1]* — R4. Such elements, because of the continuity requirement, are the same
as elements x, € g[11®R. Then, x commutes with the differential if and only if
xodi+5(x®x)o8g+dox =0, iec., if and only if d(x,) + 3[xy. x, ] =0. O

COROLLARY 4.8.6. There is a canonical bijection

{Functorial in R maps F : MCE(g®Ry) — MCE(h&R,)}

< {continuous dg commutative augmented morphisms F* : Ccg(h) — Ccg(g)},
4.G6)

where R ranges over dg commutative complete augmented k-algebras.

PROOF. This is a Yoneda type result: given a continuous dg commutative aug-
mented morphism Ccg(h) — Ccg(g), the pullback defines a map MCE(g®Ry) —
MCE(h®R.) for every R as described, which is functorial in R. Conversely, given
the functorial map MCE(g®Ry) — MCE(h®R), we apply it to R = Ccg(g) it-
self. Then, by Proposition 4.8.5, the identity map Ccg(g) — R yields a Maurer—
Cartan element / € g®CCE (g)+ (the “universal” Maurer—Cartan element). Its image
in MCE(h&Ccg(g)+) yields, by Proposition 4.8.5, a continuous dg commutative aug-
mented morphism Ccg () — Ccg(g). It is straightforward to check that these maps
are inverse to each other. O

DEFINITION 4.8.7. An Lo, morphism F : g — § is a continuous dg commutative
augmented morphism F* : Ccg(h) — Ccr(g).

REMARK 4.8.8. If we remove the requirement “augmented,” then one obtains
so-called curved L, morphisms.

EXERCISE 4.8.9. Show that a dgla morphism is an L, morphism. More precisely,
show that a dgla morphism g — b induces a canonical continuous dg commutative
morphism Ccg(h) — Ccg(g) (note that one can define a canonical linear map owing
to the dual in the definition of Ccg (Definition 4.8.4); you need to show it is actually a
morphism of dg commutative algebras).

We will refer to F* as the pullback of F. Thus, Corollary 4.8.6 can be alternatively
stated as

{Functorial in R maps F : MCE(g®R) — MCE(h®R)}
< {Lo morphisms F :g— h}. (4.H)

Finally, the above extends to describe quasi-isomorphisms:
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DEFINITION 4.8.10. An Ly, quasi-isomorphism is a Ly, morphism which is an
isomorphism on homology, i.e., a dg commutative augmented quasi-isomorphism
F*:Ccp(h) — Cce(g).

This can also be called a homotopy equivalence of dglas.

THEOREM 4.8.11. If F is a quasi-isomorphism, then the above functorial map is a
bijection on gauge equivalence classes.

The theorem is part of [156, Theorem 4.6], but is older and considered standard.
(For example, to see that quasi-isomorphisms admit quasi-inverses, see [132]; this is
the dg version of the statement that a map of formal neighborhoods of the origin of two
vector spaces is an isomorphism if and only if it is an isomorphism on tangent spaces
(the formal inverse function theorem). Using this, the statement reduces to showing
that a quasi-isomorphism which is the identity on cohomology is also the identity on
gauge equivalence classes.)

REMARK 4.8.12. In fact, the above theorem can be significantly strengthened:
the Maurer—Cartan set MCE(g®R.) is not just a set with gauge equivalences, but
in fact a simplicial complex. The statement that MCE(g®Ry) — MCE(h&R,) is
a bijection on gauge equivalences is the same as the statement that it induces an
isomorphism on 77(y. In fact, a quasi-isomorphism g — b induces a homotopy equivalence
MCE(g®R4) ~ MCE(h&R,) [110, Proposition 4.9], which is stronger.

REMARK 4.8.13. In fact, everything we have discussed above is an instance of
Koszul duality: the dgla g is (derived) Koszul dual to its Chevalley—Eilenberg complex
Ccr(g), a dg commutative algebra; in general, if A and B are algebras of any type
(e.g., algebras over an operad) and A' is the (derived) Koszul dual of A (an algebra of
the Koszul dual type, e.g., an algebra over the Koszul dual operad), then Proposition
4.8.5 generalizes to the statement: Homotopy (i.e., infinity) morphisms A — B identify
with Maurer—Cartan elements in A'®B (note that A'®B, properly defined, always
has a dgla or at least an Loo-algebra structure). Similarly, Corollary 4.8.6 and (4.H)
generalize to: Homotopy morphisms A — B are in bijection with functorial maps
MCE(A®C) — MCE(B®C) where C is an algebra of the Koszul dual type. (Note that,
taking C = A', the element in MCE(B®A') corresponding to the original morphism is
the image of the canonical element in MCE(A®QA') corresponding to the identity.)

4.9. Explicit definition of L, morphisms. Let us write out explicitly what it means
to be an Lo, morphism. Let g and h be dglas. Then an L, morphism is a continuous
commutative dg algebra morphism F* : Ccp(h) — Ccr(g). Since Ccg(h) is the
symmetric algebra on Hh[1]*, this map is uniquely determined by its restriction to h[1]*.
We then obtain a sequence of maps

E} :p[1]* — Sym™ g[1]*,

or dually,
Fp : Sym™ g[1] — b[1].
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The F;; are the Taylor coefficients of F*, since they are the parts of F* of polynomial
degree m, i.e., the order-m Taylor coefficients of the map on Maurer—Cartan elements.
The condition that F* commute with the differential says that

F*(d3 (x)) + F*(38y(x)) = df F*(x) + 384 F* (x).

Writing this in terms of the Fj,, we obtain that, for all m > 1,

dboFm—i—% Z [Fi, Fjly = FnodcE g, 4.)
i+j=m
where dcg g is the Chevalley—Eilenberg differential for g.

Now, let us specialize to g = Tpoly and h = Dpolys with Fy,, =U,, forallm > 1. In
terms of Kontsevich’s graphs, the second term of (4.I) involves a sum over all ways of
combining two graphs together by a single edge to get a larger graph, multiplying the
weights for those graphs. The last term (the RHS) of (4.I) involves summing over all
ways of expanding a graph by adding a single edge. The first term on the LHS says to
apply the Hochschild differential to the result of all graphs, and this can be suppressed in
exchange for adding to Kontsevich’s map U/ a term Uy : R = SymO(Tpoly[l]) — Dpory[1]
which sends 1 e R to g € CZ(A). (Recall that k = R for Kontsevich’s construction;
this is needed to define the weights of the graphs.)

4.10. Formality in terms of a L, quasi-isomorphism. We deduce from the preceding
material that the formality theorem, Theorem 4.6.4, can be restated as

THEOREM 4.10.1 ([156, 155, 245, 86]). There is an L~ quasi-isomorphism,
Tpoly(X) - Dpoly(X)-

The proof is accomplished for X = R” in [156] by finding weights wr to attach
to all of the graphs I' described above, so that the explicit equations of the preceding
section are satisfied. These explicit equations are quadratic in the weights, and are of
the form, for certain graphs I', denoting by |I'| the number of edges of I,

> . rLTwrwr,+ Y el Thwp =0,
[Ty [+IT2 =T T |=|T|—1

for suitable coefficients ¢(I", 'y, I'2) and ¢’ (I, T'"). In fact, the graphs that appear are
all of the following form: in the first summation, I'y C I" is a subgraph which is incident
to the real line, and 'y = I'/ I'; is obtained by contracting I"{ to a point on the real
line. In the second summation, I'’ is obtained by contracting a single edge in I". The
coefficient c(I', I', I'2) is a signed sum of the ways of realizing I'y € I" such that
I’y =T/ T, and the coefficient ¢(I", I'’) is a signed sum over edges e in I' such that
[Je=T".

To find weights wr satisfying these equations, Kontsevich defines the wr as certain
integrals over partially compactified configuration spaces of vertices of the graph,
such that the above sum follows from Stokes’ theorem for the configuration space Cr
associated to I', whose boundary strata are of the form Cr, xr, or Cpv (the technical
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part of the resulting proof involves showing that the terms from Stokes’ theorem not
appearing in the desired identity vanish).

REMARK 4.10.2. In fact, Toly and Dpoly are quasi-isomorphic not merely as Lo
algebras but in fact as homotopy Gerstenhaber (“G«,”) algebras, i.e., including the
structure of cup product (and additional “brace algebra” structures in the case of Dpoly).
Although, by Theorem 2.3.1, the HKR morphism is compatible with cup product on
cohomology,8 the preceding statement is much stronger than this. In [86] the main
result actually constructs a homotopy Gerstenhaber equivalence between Tpopy (X)
and Dyoly(X), in the general smooth affine algebraic setting over characteristic zero;
in [242], Willwacher completes Kontsevich’s L, quasi-isomorphism to a homotopy
Gerstenhaber quasi-isomorphism (which requires adding additional Taylor series terms).
In fact, in [242], Willwacher shows that Kontsevich’s morphism lifts to a “K S
quasi-isomorphism” of pairs

(HH*(O(X)), HH.(O(X))) = (C*(O(X)), C.(O(X))),

where we equip the Hochschild homology with the natural operations by the contraction
and Lie derivative operations from Hochschild cohomology (i.e., the calculus struc-
ture), and similarly equip Hochschild chains with the analogous natural operations by
Hochschild cochains.

4.11. Twisting the Lo-morphism; Poisson and Hochschild cohomology. Given a
formal Poisson structure 75 € MCE(# - Tpoty(X)[[2])) and its image star product x,
corresponding to the element U (r;) € MCE(# - Dpoly(X)[[2]), we obtain a quasi-
isomorphism of twisted dglas,

Tpoty (X) ()™ = Dpoty (X) (). Ch)
This has an important meaning in terms of Poisson and Hochschild cohomology. Namely,

the RHS computes the Hochschild cohomology of the algebra (O(X)((h)), U (),
which follows from the following result (cf. Remark 4.3.2):

LEMMA 4.11.1. Let Aqg be a vector space, viewed as an algebra with the zero
multiplication, and let A = (A, i) be an associative algebra with multiplication map
w € C2(Ag). Then C*(A) = C*(Ag)™.

The proof follows, as in Remark 4.3.2, because C*(A) and C*(Ag) have the same
underlying graded vector space; the differential on C*(Ag) is zero, and one checks that
the differential on C*(A) is the operation [, —] of taking the Gerstenhaber bracket
with 1.

COROLLARY 4.11.2. If u, ' € CZ(AO) are two different associative multiplications
on A, then setting A = (Ag, ) and A’ = (Ag, 1), we have C2(A') = C2(A)H —H,

Thus, applying the corollary to the situation where Ag = O(X)[[A]l, with u the

undeformed multiplication and u’ the one corresponding to * (i.e., i +U(7p)), we
obtain the promised

8The analogous sheaf-theoretic statement for nonaffine smooth varieties is no longer true: see, e.g., [59, 58].
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COROLLARY 4.11.3. HH*(O(X)[A], %) = H* (Dpoty (X) (R)UTN)).

Similarly, we can interpret the first term as the Poisson cohomology of the Poisson
algebra (O(X)(h), 7r):

DEFINITION 4.11.4 ([55]). Let X be a smooth affine variety with a Poisson bivector
7. Then, the Poisson cohomology of X is the cohomology of the dgla Tpory (X)™.

REMARK 4.11.5. The definition of Poisson cohomology in the general nonsmooth
affine context is quite different, and is expressed as the cohomology of a canonical
differential on the Lie algebra of derivations of the free Poisson algebra generated by
O(X)*[1], taking the topological dual as in Remark 4.8.3. Note that this is completely
analogous to the definition of Hochschild cohomology, which can also be defined as
the cohomology of a canonical differential on the Lie algebra of derivations of the
free associative algebra generated by A*[1] (in general, the analogous cohomology for
an algebra A of any type is given as the cohomology of a free algebra of the Koszul
dual type generated by A*[1] with a canonical differential, cf. Remark 4.8.13). In the
smooth affine case, one can show this coincides with the above definition.

COROLLARY 4.11.6. Working over k((h)), the Poisson cohomology of (O(X)(h)), 7wp)
is H*(Tpoly (X)(7)™").

We conclude:

COROLLARY 4.11.7. There is an isomorphism of graded vector spaces,
HP*(O(X)(h), ) = HH*(O(X) (1), *). (4.K)

In particular, applied to degrees 0, 1, and 2, there are canonical k((h))-linear isomor-
phisms:

(i) from the Poisson center of (O(X)((h)), wp) to the center of (O(X)(h)), x);
(i) from the outer derivations of (O(X)((h)), ) to those of (O(X)(h)), x);
(iii) from infinitesimal Poisson deformations of (O(X)((h)), x) to infinitesimal alge-
bra deformations of (O(X)(h)), * ).

REMARK 4.11.8. In fact, the above isomorphism (4.K) is an isomorphism of k((%))-
algebras, and hence also the morphism (i) is an isomorphism of algebras, and the
morphisms (ii)—(iii) are compatible with the module structures over the Poisson center
on the LHS and the center of the quantization on the RHS. This is highly nontrivial
and was proved by Kontsevich in [156, §8]. More conceptually, the reason why this
holds is that Kontsevich’s L, quasi-isomorphism lifts to a homotopy Gerstenhaber
isomorphism, as we pointed out in Remark 4.10.2.

We can now sketch a proof of Theorem 2.3.17. Suppose that X = (X, w) is an
symplectic affine variety or C° manifold equipped with its canonical Poisson bracket.
Recall that the symplectic condition means that w is a closed two-form such that the map
& — iz (w) defines an isomorphism w? Vect(X) — QI(X ) between vector fields and
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one-forms. The corresponding Poisson structure is given by (0H 1 Ql(X) = Vect(X),
namely, (a)ﬁ)_1 =ntiar iza. For ease of notation, we will write 7 = o L

Suppose that X is symplectic as above. Then, [55] shows that the Poisson cohomology
HP*(O(X)) is isomorphic to the de Rham cohomology of X. Now, let 77 := fim be the
obtained Poisson structure on O(X)((/1)); this corresponds to the symplectic structure
wp :=h " lw. Then, working over k((#)), [55] implies the first statement of the theorem.

For the second statement, we first caution that Theorem 2.7.7 cannot be applied in
general, since HH3((’)(X)((h)), *) = H%R(X)((h)), which need not be zero for general
X. Nonetheless, a versal family can be explicitly constructed: by (4.J), it suffices to
construct a versal family of deformations of the Poisson structure on (O(X)((%)), 7wp).
Let o, ..., o be closed two-forms on X which map to a basis of H%R(X). Then
we obtain the versal family of symplectic structures A Y w+cio) + -+ crag) over
k(a)lcy, ..., ckll, and similarly the versal family fi(w + ciay + -+ + ckotk)_1 of
Poisson deformations by inverting the elements of this family.

4.12. Explicit twisting of L., morphisms. We caution that, unlike in the untwisted
case, (4.K) is not obtained merely from the HKR morphism. Indeed, even in degree
zero, an element which is Poisson central for 75 need not correspond in any obvious
way to an element which is central in the quantized algebra. The only obvious statement
one could make is that we have a map modulo %, where 5, = /i - w4+ higher order terms,
with 7 an ordinary Poisson structure,

Z(O(X), ) < Z(OX)[rll, »)/(h)

which is quite different (and weaker) than the above statement.

To write the correct formula for the isomorphism (4.K), we need to discuss functori-
ality for twisting. Namely, given an L, morphism F : g — h and a Maurer—Cartan
element & € MCE(g), we need to define an L, morphism F§ : g5 > h7 € Given this,
we obtain the twisted L, quasi-isomorphism (4.J), then pass to cohomology to obtain
(4.K).

For Kontsevich’s morphism ¢/, which is explicitly defined by I/*, this produces the
HKR isomorphism H*®(Tpo1y (X)) = /\'&lx) Vect(X) — H*(Dpoly(X)) =H H 1 (O(X)).
However, to apply this to the twisted versions U™ : To1y (X)™ — Dpoly (X YT | we
need an explicit formula for the pullback (F&)*. This is nontrivial by the observation
at the beginning of the subsection—on cohomology one does not obtain the HKR
morphism.

By Proposition 4.2.3.(ii), there is a canonical map on Maurer—Cartan elements
F& : MCE(g) — MCE(h):

DEFINITION 4.12.1. Set F&é(n) := F(n+&) — F(£).

We extend this to a map MCE(g®R) — MCE(h®R.) for all complete augmented
R functorially. Explicitly, this implies that the pullback (F&)* can be defined as follows:

(F&)* = Tg* o F* OT—*F(g)’ where Tg(n) =n+&, so Tg*(x) =x —&(x) for x € g[1]*
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(and & e MCE(g) < gl, s0 &(x) =0if x € (g[1]*)™ with m # 0). This extends uniquely
to a continuous augmented dg morphism.

Explicitly, the formula we obtain on Taylor coefficients Fn&; is, for ny, ..., nm € g,
m+k
Fa(i A= Am) =Y ( . >Ff,+k($“‘ AIA-ANm). (4L
k>0

Thus, the composition of (F&)* with the projection yields the map on cohomology,

H*(g%) > H* (@), x> ) mFu(xng"mh), 4.M)

m=>1

Note that this formula is not so obvious from the simple definition above: one has to
be careful to interpret that formula functorially so as to be given by conjugating F* by
a dg algebra isomorphism.

Let us now explain a geometric interpretation, which was used by Kontsevich in
[156, §8] (this also gives an alternative way to derive (4.M)). He observes that the
cohomology of the twisted dgla gf is the tangent space in the moduli space MCE(g)/ ~
to the Maurer—Cartan element £. Here ~ denotes gauge equivalence. This is because, if
we fix &, and differentiate the Maurer—Cartan equation d (& +n) + %[5 +n, & +n] with
respect to 7, then the tangent space is the kernel of d 4+ ad & on g!, and two tangent
vectors 17 and 7" are gauge equivalent if and only if they differ by (d + ad &)(z) for
z € g°. Functorially, this says that the dg vector space (g, d +ad &) is the dg tangent
space to the moduli space of Maurer—Cartan elements of g, taken with coefficients in
arbitrary complete augmented dg commutative algebras: this is because, if you use such
a complete augmented dg commutative algebra R which is not concentrated in degree
zero, then MCE(g®R.1) will detect cohomology of g which is not merely in degree
one. So its cohomology is the (cohomology of the) tangent space.

Therefore, we will adopt Kontsevich’s terminology and refer to (4.M) as the tangent
map (in [156, §8], it is denoted by I7, at least in the situation of (4.J) with X the dual
to a finite-dimensional Lie algebra, equipped with its standard Poisson structure).

4.13. The algebra isomorphism (Sym g)® = Z(Ug) and Duflo’s isomorphism. Now
let g be a finite-dimensional Lie algebra and X = g* = Spec Sym g the associated affine
Poisson variety. The Poisson center HPO(O(X)) = Z(O(X)) is equal to (Sym g)¢. By
Remark 4.11.8, Kontsevich’s morphism induces an isomorphism of algebras

(Sym @)9[A] — Z(Sym glla]l, %). (4.N)

Moreover, by Example 2.3.16 and Exercise 4.14.1, (Sym g[[]], x) = Upg, so we obtain
from the above an isomorphism

(Sym )°l[721 = Z (U ). (4.0)

We can check that this is actually defined over polynomials in 7, since the Poisson
bracket has polynomial degree —1 (i.e., |{f, h}| =|f|+|h| — 1 for homogeneous f and
h), so that the target of an element of (Sym g)? is polynomial in . Therefore we get an
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isomorphism (Sym g)9[A] = Z(Tg[A]/(xy — yx — h{x, y}), and further modding by
(h — 1) we obtain an isomorphism

(Symg)® = Z(Uyg).

That such an isomorphism exists, for arbitrary finite-dimensional g, is a significant
generalization of the Harish-Chandra isomorphism for the semisimple case; it was
first noticed by Kirillov and then proved by Duflo, using a highly nontrivial formula.
By partially computing his isomorphism (4.N), Kontsevich was able to show that
his isomorphism (4.0) coincides with the Duflo—Kirillov isomorphism. The latter
isomorphism is given by the following explicit formula. Let symm : Symg — Ug be
the symmetrization map, xp - - - X, > % ZJGS” X (i) "+ " Xo(m)- This is a vector space
isomorphism (even an isomorphism of g-representations via the adjoint action) but
not an algebra isomorphism. However, it can be corrected to an isomorphism Ipg :
(Symg)8 - Z(Ug) given by Ipg = symmo Istrange, Where Isgrange : Symg— Symg
is given by an (infinite-order) constant-coefficient differential operator. Such operators
can be viewed as formal power series functions of g, i.e., elements of S'g*, via the
inclusions
Sym™ g* — Homy (Sym*® g, Sym* ™" g).
In other words, if g has a basis x; with dual basis 9; € g*, then an element of Sym g*
is a polynomial in the 9;, i.e., a constant-coefficient differential operator, and .§g* isa
power series in the 9;.
Then, the element Igtrange € S g*, as a power series function of g, is expressed as

B
Tstrange = (x > exp( 3 Wzék)z tr(ad(x)Zk)>), (4.P)

k>1

where the By are Bernoulli numbers. Unpacking all this, we see that Igange (x™) — x™
is a certain linear combination of elements of the form

KM 20O r((ad 1) 21 - tr((ad x) 2,

for iy, ..., iy positive integers such that 2(iy +---+i) <m and k > 1.

Let us explain in more detail how to unpack Kontsevich’s isomorphism and see in
the process why it might coincide with the Duflo—Kirillov isomorphism. As explained
in the previous subsection, (4.N) is a nontrivial map, given by

fro £t DR U (FAT™).
m>1
We are interested in the case that f is an element of the Poisson center of O(X)[[/]],
which means that f corresponds to a vertex (in the upper-half plane) with no outgoing
edges (it is a polyvector field of degree zero). Since m is a bivector field, the term
n/\m
Thus, the above sum re-expresses as a sum over all graphs in the upper half plane
{(x,y)|y=>0} C R2, up to isomorphism, which have a single vertex labeled by f

in the upper half plane with no outgoing edges and m vertices labeled by = with two

corresponds to m vertices in the upper-half plane with two outgoing edges.
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outgoing edges each. Moreover, we can discard all the graphs where the two outgoing
edges of a given vertex labeled by 7 have the same target, i.e., we can assume the
graph has no multiple edges, since m is skew-symmetric, and thus the resulting bilinear
operation (cf. §2.4) would be zero.

As a result, we conclude by counting that each vertex labeled by 7 has exactly one
incoming edge, and the vertex labeled f has m incoming edges, one from each vertex
labeled by . We can express such a graph as a union of oriented m-gons labeled by 7,
with each vertex of each m-gon pointing to a single additional vertex labeled by f. In
the case where there is a single m-gon, we put the vertex f in the center of the m-gon,
and the resulting graph looks like a wheel, so is called a wheel. We consider a general
graph to be a union of wheels (where the union is taken by gluing the vertices labeled
f together to a single vertex).

As we explain in Exercise 4.14.4.(ii), the differential operator corresponding to an
m-gon is x > tr((ad x)™), and we explain in part (iii) that the differential operator
attached to a union of m;-gons is the product of these differential operators. Then,
in part (iv), we deduce that Kontsevich’s isomorphism should be obtained from a
linear map Sym g — Ug sending x” to a polynomial in x and tr((ad(x))), as in the
Kirillov—Duflo isomorphism.

Kontsevich shows that the weight of a union of wheels is the product of the weights
of the wheels. Moreover, by a symmetry argument he uses also elsewhere, he concludes
that the weight is zero when a wheel has an odd number of edges. This shows (see
Exercise 4.14.4.(v) below) that Kontsevich’s isomorphism must be the composition of
symm and an operator of the form (4.P) except possibly with different coefficients than
Boy/(4k - (2k)!).

Finally, Kontsevich shows that there can only be at most one isomorphism of this
form, so (without computing them!) his coefficients must equal the By /(4k - (2k)!).

4.14. Additional exercises. (See also 4.1.5,4.1.6, 4.4.1,4.5.5, and 4.8.9.)

EXERCISE 4.14.1. Let g be a finite-dimensional Lie algebra. Equip O(g*) with
its standard Poisson structure. Show that, for Kontsevich’s star product * on Sym g
associated to this Poisson structure, one has

vxw—w*v=hv,w], Vv,weg.

Hint: Show that only the graph corresponding to the Poisson bracket can give a nonzero
contribution to v * w — w v when v, w € g.

EXERCISE 4.14.2. (*, but with the proof outlined) Prove, following the outline
below, the following slightly weaker version of the first statement of Theorem 2.7.7:
there is a map from formal power series y =3, | A" -y € hi- HH2(A)[[A] to formal
deformations of A which exhausts all formal deformations up to gauge equivalence.
(With a bit more work, the proof below can be extended to give the first statement of
the Theorem.) This is similar to Exercise 3.8.2 and its proof.

Namely, use the Maurer—Cartan formalism, and the fact that, if C* is an arbitrary
complex of vector spaces, there exists a homotopy H : C* — C =1 such that Id —(Hd +
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dH) is a projection of C*® onto a subspace of ker(d) which maps isomorphically to
H*(C) (this is called a Hodge decomposition; we remark that it always satisfies d Hd =
d). In this case, leti : H*(C) =Zim(Id —(Hd+d H)) — C* be the obtained inclusion; we
have C* =i(H*(C))® (dH + Hd)(C*®), with (dH + Hd)(C*®) a contractible complex.

In the case HH3(A) =0, let H be a homotopy as above for C* := C*(A). Then,
on Hochschild three-cocycles 73 (A), dH| 23 = Id is the identity. Now, if y =
Zm>1 A"y € B HHZ(A)[[h]], we can construct a corresponding solution x of the
Maurer—Cartan equation MC(x) :=dx + %[x, x] =0 as follows. Set x() := i(y), soin
particular dx =0. Then, also MC(xV) e 82Z3(A). Set x@ :=xD — HoMC(xD).
Then MC(x @) € #3C3(A)[A]. We claim that MC(x®) € A3 Z3 +r*C3.

LEMMA 4.14.3. Let g be any dgla, and suppose that 7 € hig'[1] satisfies MC(z) €
h"g?. Then, MC(z) € h" Z2(g) + 1" 1 g3,

PROOF. We have
1
dMC(z) = [dz,z] = _E[[Z’ z1,z1 (mod A",
but the RHS is zero by the Jacobi identity. O

Thus MC(x(z)) € h3Z3(A) + h4C3(A)[[h]]. Inductively for n > 2, suppose that x®
is constructed and MC(x™) € A"t1Z3(A) + A" t2C3(A)[[A]l. Then, we set

x0T =0 _ goMC(x™), e, x"TD =@1d—HoMC)"i(y).

It follows from construction that MC(x("H)) e 23 (A)[[A]l. By the above lemma,
it is in A" 1273 (A) + mt3c3 (A)[[A]l, completing the inductive step. By construction,
x(+D = 5 (mod h”“), so that x :=1lim;,_ x exists. Also by construction, x
is a solution of the Maurer—Cartan equation.

One can show that the map x — y above yields all possible formal deformations of
A up to gauge equivalence, by showing inductively on m that it yields all m-th order
deformations, i.e., deformations over k[#4]/ (hmH), for all m > 1. This is because the
tangent space to the space of extensions of an m-th order deformation to (m + 1)-st
order deformations modulo gauge equivalence is given by 2”1 . HH?(A).

EXERCISE 4.14.4. (*) Here, following [156, §8], we complete the steps from §4.13
above, outlining why Kontsevich’s isomorphism (Sym g)% — Z(Ug) must be of the
form (4.P) except with possibly different coefficients than the By /(4k - (2k)!) there. In
particular, we show here why it is at least a power series in tr(ad(x)?), and how the
desired formula follows from certain properties of the weights.

The description in §2.4 of polydifferential operators from graphs with two vertices
on the real line generalizes in a straightforward way to define operators

Br(y): O(X)®K" - O(X), y:Vr— Tyory(X),

where T" is an arbitrary graph in the upper-half plane with n (not necessarily two)
vertices on the real line, and y : Vr — Tp,01y(X) is a function sending each vertex v to
an element of degree equal to one less than the number of outgoing edges from v (i.e.,
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the corresponding degree in /\'O( x) Vect(X) is equal to the number of outgoing edges).
Define this generalization, or alternatively see [156].

Now, let X = g* equipped with its standard Poisson structure, for g a finite-
dimensional Lie algebra. Recall the wheels from §4.13. Let W, denote the wheel with
m vertices labeled 7 and one vertex labeled f. We are interested in the operators

Bw,, (=, m,...,m):Symg— Symg,

placing the vertex labeled f first, where 7 is the Poisson bivector on g*.

®

(i)

(iii)

(iv)

)

Show that By,,(—, 7, ..., ) is a constant-coefficient differential operator of
order m, i.e., that

Bw,,(— 7, ..., ) € Sym™ g*.

In terms of Sym™ g* = O(g), show that By,, (—, , ..., ) corresponds to the
polynomial function

x> tr((adx)™), x € g.

Now suppose that I' is a graph which is a union (glued at the vertex labeled
f) of k wheels Wy, , ..., Wy,. Show that, considered as polynomials in
O(g) = Sym™ g*,

k
Br(—,m,...,m)=x > l_[tr((adx)’"i).
i=1

Conclude that Kontsevich’s isomorphism
(Sym g)*[21 = Z(O(g") 7], ) 4.Q

has the form, for some constants ¢ ,....m;, Now viewed as an element of S g%,

.....

i.e., a power series function contained in the completion @(g),

kimy,..., mp i=1

viewed as an element of S g*, i.e., a formal sum of differential operators (with
finitely many summands of each order). Note here that we allow m1, ..., my
to all be independent (and do not require, for example, m| < --- < my).

Now, it follows from Kontsevich’s explicit definition of the weights cr associ-
ated to graphs I', which are the coefficients of Br in the definition of his L
Using these identities (if you want to see why they are true, see [156]), conclude
that (4.Q) is given by the (completed) differential operator corresponding to
the series (cf. [156, Theorem 8.5])

X exp( Z Com tr((adx)zm)> e Sg* = O(g).

m>1
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5. Calabi-Yau algebras and isolated hypersurface singularities

The goal of this section, which may seem somewhat of an abrupt departure from
previous sections, is to introduce Calabi—Yau algebras (first mathematically defined
and studied in [112]) and use them to study deformation theory. Our motivation is
twofold: many of the deformations we have studied can be obtained and understood by
realizing algebras as quotients of Calabi—Yau algebras and deforming the Calabi—Yau
algebras, and second, because Calabi—Yau algebras are a unifying theme appearing
throughout this book. We explain each of these motivations in more detail (in §5.1 and
5.2), before discussing first the homological properties of these algebras (§5.3), then the
remarkable phenomenon that they are often defined by potentials (§5.4) and how that can
be exploited to deform them (§5.5), and finally how to use them to study deformations
of isolated hypersurface singularities and del Pezzo surfaces (§5.6), following Etingof
and Ginzburg.

5.1. Motivation: deformations of quotients of Calabi-Yau algebras. We have seen
that, in many cases, it is much easier to describe deformations of algebras via generators
and relations than via star products (and note that, by Exercise 2.8.4, all formal
deformations can be obtained by deforming the relations). For example, this was
the case for the Weyl and universal enveloping algebras, as well as the symplectic
reflection algebras, where it is rather simple to write down the deformed relations,
but the star product is complicated. More generally, given a Koszul algebra, one can
easily study the formal homogeneous (or filtered) deformations of the relations that
satisfy the PBW property, i.e., give a flat deformation, by using the Koszul deformation
principle (Theorem 2.8.5, see also Theorem 1.10.17), even though writing down the
corresponding star products could be difficult.

In our running example of C[x, y]Z/2 = (C[x2, Xy, y2] = O(Nilsly), one way we
did this was not by directly finding a noncommutative deformation of the singular
ring C[x, y]%/? itself, but rather by deforming either C[x, y] to Weyl, and taking Z,/2
invariants, or more generally deforming C[x, y] X Z/2 to a symplectic reflection algebra
Hj (Z/2) and then passing to the spherical subalgebra eH; .(Z/2)e.

Another way we did it was by realizing the ring as O(Nilsl,) for the subvariety
Nilsly C sl, = A3 inside affine space, then first deforming O(slr) = O(sl3) to the
noncommutative ring Usly, then finding a central quotient that yields a quantization of
O(Nilsly).

We would like to generalize this approach to quantizing more general hypersurfaces
in A3. Suppose f € Kk[x, y, z] is a hypersurface and k has characteristic zero. Then we
claim that there is a canonical Poisson bivector field on Z(f). This comes from the
Calabi-Yau structure on A3, i.e., everywhere nonvanishing volume form. Namely, A3 is
equipped with the volume form

dx Ndy Ndz.
The inverse of this is the everywhere nonvanishing top polyvector field

Ox A0y A0z,
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in the sense that the contraction of the two is the constant function 1. Now, we can
contract this with df and obtain a bivector field,

g = (B Ady AIN(AS) = Bx(f)By Ay + 8y (f)dz Adx 4+ 0:(f)dx Ady.  (5.A)

EXERCISE 5.1.1. Show that this is Poisson. Show also that f is Poisson central,
so that the quotient O(Z(f)) = O(AS)/(f) is Poisson, i.e., the surface Z(f) C A3 is
canonically equipped with a Poisson bivector from the Calabi—Yau structure on A3,

Moreover, show that the Poisson bivector 7 ¢ is unimodular: for every Hamiltonian
vector field & := iz (dg) = {g, —} with respect to this Poisson bivector, we have
Lg, (vol) =0, where vol = dx A dy A dz. Equivalently, L (vol) =0.

More generally (but harder), show that, for an arbitrary complete intersection surface

Z(f1,..., fu_p) in A with k still of characteristic zero, then

Oy A== AOAfi A ANdfn—2)
is a Poisson structure. Show that f1, ..., f,,_ are Poisson central, so that the surface
Z(f1, ..., fu—2) is aclosed Poisson subvariety, and in particular has a canonical Poisson

structure. Moreover, show that 7 is unimodular: for every Hamiltonian vector field
§g:=ir(dg)={g, —}, we have Lg, (vol) =0, where vol =dx| A- - - Adx,. Equivalently,
L (vol) =0.

From this, we can deduce that the same holds if A" is replaced by an arbitrary
n-dimensional Calabi—Yau variety X, i.e., a variety X equipped with a nonvanishing
volume form, since the Jacobi condition [z, 7] = O can be checked in the formal
neighborhood of a point of X, which is isomorphic to the formal neighborhood of the
origin in A”.

Now, our strategy, following [101], for deforming X = Z(f) € A3 is as follows:

(1) First, consider Calabi—Yau deformations of A3, i.e., noncommutative deforma-
tions of A3 as a Calabi—Yau algebra. We should consider these in the direction
of the Poisson structure 7 ¢ defined above.

(2) Next, inside such a Calabi—Yau deformation A of O(A3), we identify a central
(or more generally normal) element & corresponding to f € O(A%).

(3) Then, the quantization of O(X) is A/(®P).

In order to carry out this program, we need to recall the notion of (noncommutative)
Calabi-Yau algebras and their convenient presentation by relations derived from a
single potential. Then it turns out that deforming in the direction of 7 ¢ is obtained
by deforming the potential of A3 in the “direction of f.” Since f is Poisson central,
by Kontsevich’s theorem (Corollary 4.11.7), f deforms to a central element of the
quantization.

5.2. Calabi-Yau algebras as a unifying theme. Recall Definition 3.7.9. These alge-
bras are ubiquitous and in fact they have appeared throughout the entire book:
(1) A commutative Calabi—Yau algebra is the algebra of functions on a Calabi—Yau
affine algebraic variety, i.e., a smooth affine algebraic variety equipped with an
everywhere nonvanishing volume form;
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(2) Most deformations we have considered of Calabi—Yau algebras are still Calabi—
Yau. This includes:
(a) The universal enveloping algebra Ug of a finite-dimensional Lie algebra
g which is unimodular (tr(ad x) = 0 for all x € g): this is Calabi—Yau
of dimension dimg (and without the unimodular condition, is twisted
Calabi—Yau of the same dimension);
(b) The Weyl algebras Weyl(V) (Calabi—Yau of dimension dim V);
(¢) The skew-group ring O(V) x G for a vector space V and G < SL(V)
finite;
(d) All symplectic reflection algebras;
(3) The invariant subrings WeyI(V)G for G < Sp(V) finite, and more generally,
all homologically smooth spherical symplectic reflection algebras;
(4) All NCCRs that resolve a Gorenstein singularity (as discussed in Chapter IV);
(5) All of the regular algebras discussed in Chapter I are either Calabi—Yau or at
least twisted Calabi—Yau. In particular, the quantum versions of A", with

XiXj=rijXjxi, <],
are Calabi—Yau if and only if, setting r;; := rl.;l fori <j,
rijrjii=1. ¥i.j. [ rmj=1. ¥m.
J#Em

For instance, in three variables, we have a single parameter ¢ = r1p =123 =131

and then q_l =rpy| =r3p =ri3.

5.3. Van den Bergh duality and the BV differential.

THEOREM 5.3.1 ([228]). Let A be Calabi—Yau of dimension d. Then, fixing an isomor-
phism HHY (A, AQ A) = A yields a canonical isomorphism, for every A-bimodule M,

HH; (A, M) S HHY (A, M). (5.B)

More generally, if A is twisted Calabi—Yau with HHY(A,A® A) = U, for U an
invertible A-bimodule, then HH; (A, U ® 4 M) > HHY "1 (A, M).

We actually only will require that U be a projective right A-module (which is implied
if it is only left invertible, since then the functor U ® 4 — : A-mod — A-mod has a
quasi-inverse and hence preserves projectives).

REMARK 5.3.2. The above theorem is easy to prove, as we will show, but it is an
extremely important observation.

PROOF. This is a direct computation. For the first statement, using that HH* (A, M) =
H'(RHomye (A, M)) and similarly HH,(A, M) = A QL. M,

RHom e (A, M) = RHomae (A, A® A) @Y% M = A[—d] ®Y. M.

The homology of the RHS identifies with HH;_,(A, M) (the degrees were inverted
here because HH, uses homological grading and HH® uses cohomological grading).
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For the second statement, replacing RHom e (A, A ® A) by U[—d], we get
RHom*(A, M) = U[~d]®%e M = A[-d] ®%. (U ®% M),

so that if U is projective as a right A-module, hence U ®I/1 M =U ®4 M is an ordinary
A-bimodule, the homology of the RHS is HH;_,(A, U ® 4 M), as desired (and as
remarked above, invertibility implies projectivity as a right A-module). U

Next, recall the HKR theorem: HH*(O(X)) = /\.O(X) Vect(X) when X is smooth
affine. There is a counterpart for Hochschild homology: HH,(O(X)) = Q°(X), the
algebraic de Rham differential forms. Moreover, there is a homological explanation of
the de Rham differential: this turns out to coincide with the Connes differential, which
is defined on the Hochschild homology of an arbitrary associative algebra.

In the presence of the Van den Bergh duality isomorphism (5.B), this differential B
yields a differential on the Hochschild cohomology of a Calabi—Yau algebra,

A :HH®*(A) — HH*" 1 (A).

This is often called the Batalin—Vilkovisky (BV) differential. As pointed out in [101,
§2],

PROPOSITION 5.3.3. The infinitesimal deformations of a Calabi-Yau algebra A within
the class of Calabi—Yau algebras are parametrized by ker(A) : HHZ(A) — HH!(A).

This is not necessarily the right question to ask, however: if one asks for the
deformation space of A rogether with its Calabi—Yau structure, i.e., isomorphism
HHd(A, A® A) = A, one obtains:

THEOREM 5.3.4 ([235]). The infinitesimal deformations of pairs (A, n) where A is a
Calabi-Yau algebra and n an A-bimodule quasi-isomorphism in the derived category
D(A),

n:C*(A,A® A) > A[—d],
is given by the negative cyclic homology HC;_,(A). The obstruction to extending to
second order is given by the string bracket [y, y] € HC,_5(A).

You should think of cyclic homology as a noncommutative analogue of de Rham
cohomology, i.e., the homology of (HH,(A), B) where B is Connes’ differential above
(although this is not correct in general, and moreover there are three flavors of cyclic
homology: ordinary, negative, and periodic; it is the periodic flavor that coincides with
the de Rham cohomology for algebras of functions on smooth affine varieties).

5.4. Algebras defined by a potential, and Calabi—Yau algebras of dimension three.
It turns out that “most” Calabi—Yau algebras are presented by a (super)potential (as
recalled in the introduction, a precise version of the existence for general dimension is
given in [234] when the algebra is complete; on the other hand counterexamples in the
general case are given in [77]).

In the case of dimension three, potentials have the following form:
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DEFINITION 5.4.1. Let V be a vector space. A potential is an element ® €
TV/[TV,TV].

For brevity, from now on we write T Veye :=TV/[TV,TV].

DEFINITION 5.4.2. Let & € Der(TV) be a constant-coefficient vector field, e.g.,
& = 0;. We define an action & : T'Vcye — T'V as follows: for cyclic words [vy - - - vy,]
with v; € V,

Elvr--oml =) E@)Vi1 - UVl Vi1
i=1

Then we extend this linearly to T Veye.
DEFINITION 5.4.3. The algebra A¢ defined by a potential ® € T Vyc is
Ap:=TV/(019,...,0,D).

DEFINITION 5.4.4. A potential @ is called a Calabi—Yau potential (of dimension
three) if Ag is a Calabi—Yau algebra of dimension three.

EXAMPLE 5.4.5. For V =k3, A3 is defined by the potential
® = [xyz] — [xzy] € T Veye, (5.0

since

0®=yz—zy, 0yP=zx—xz, 09, P=xy—yx.

EXAMPLE 5.4.6. The universal enveloping algebra Usl, of a Lie algebra is defined
by the potential

[ef h] = [ehf1— 5[h*] = 2[ef].
EXAMPLE 5.4.7. The Sklyanin algebra with relations
Xy —tyx +cz2 =0, yz—tzy+cx2 =0, zx —xz+cy2 =0,
from Chapter I is given by the potential
[xyz] — tlxzy] + dele +y° +271.

EXAMPLE 5.4.8. As mentioned above, NCCRs of Gorenstein singularities are Calabi—
Yau; in Chapter IV comments are made throughout that the examples given can be
presented by a potential (for example, see Exercise 2.5.4 there). In fact, by [234], any
complete Calabi—Yau algebra of dimension three can be presented by a potential; this
means that, for any of the examples in Chapter IV, at least after completing at the ideal
generated by all the arrows, the relations can be expressed by a potential. In most cases
there, the singularity is either already complete (a quotient of C[[x, ..., x,]), or else
it is a cone (i.e., the relations are all homogeneous with respect to some assignment of
each variable to a weight) and the potential is as well, hence defined without completing.
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5.5. Deformations of potentials and PBW theorems. The first part of the following
theorem was proved in the filtered case in [33] and in the formal case in [101]. I have
written informal notes proving the converse (the second part). The theorem can also be
viewed as a consequence of the main result of [234].

THEOREM 5.5.1. Let Ag be a graded Calabi-Yau algebra defined by a (Calabi—Yau)
potential ®. Then for any filtered or formal deformation ® + @' of ®, the algebra
Ao is a filtered or formal Calabi-Yau deformation of Ag.

Conversely, all filtered or formal deformations of Ae are obtained in this way.

Now, let us return to the setting of (’)(A3) = Ag, which is Calabi—Yau using the
potential (5.C). Let f € O(A%) be a hypersurface. Then one obtains as above the
Poisson structure £ on A3 for which f is Poisson central. As above, all quantizations
are given by Calabi—Yau deformations ® + ®’. Moreover, by Corollary 4.11.7, f
deforms to a central element, call it fg/, of each such quantization. Therefore, one
obtains a quantization of the hypersurface (O(A3)/(f), = ), namely Ag g /(for)-

Next, what we would like to do is to extend this to graded deformations, in the
case that @ is homogeneous, i.e., cubic: this will yield the ordinary three-dimensional
Sklyanin algebras. More generally, we will consider the quasihomogeneous case, which
means that it is homogeneous if we assign each of x, y, and z certain weights, which
need not be equal. This will recover the “weighted Sklyanin algebras.” Note that
producing actual graded deformations is not an immediate consequence of the above
theorem, and they are not immediately provided by Kontsevich’s theorem either. In
fact, their existence is a special case (the nicest nontrivial one!) of the following broad
conjecture of Kontsevich:

CONJECTURE 5.5.2. [155, Conjecture 1] Suppose that 7 is a quadratic Poisson
bivector on A", i.e., {—, —} is homogeneous, and k = C. Then, the star-product %5 in
the Kontsevich deformation quantization, up to a suitable formal gauge equivalence,
actually converges for 7 in some complex neighborhood of zero, producing an actual
deformation (O(A"), x) parametrized by |Ai| < €, for some € > 0.

As we will see (and was already known, via more indirect constructions), the
conjecture holds for 7 ¢ with f € O(A3) quasihomogeneous such that Z(f) has an
isolated singularity at the origin.

5.6. Etingof-Ginzburg’s quantization of isolated quasihomogeneous surface singu-
larities. In [101], Etingof and Ginzburg constructed a (perhaps universal) family of
graded quantizations of hypersurface singularities in A3. These essentially coincide
with the Sklyanin algebras associated to types E¢, E7, and Eg (the Eg type is the one of
Example 5.4.7). Because these hypersurface singularities also deform to affine surfaces
S\ E where S is a (projective) del Pezzo surface and E C S is an elliptic curve, the
family yields the universal family of quantizations of these del Pezzo surfaces (in more
detail, by [101, Proposition 1.1.3], the Rees algebra of O(S\ E) is the homogeneous
coordinate ring of the anti-canonical embedding of S, so the Rees algebras of filtered
deformations of O(S \ E) can be viewed as deformations of the projective del Pezzo
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surface). In this subsection, we will stick to the hypersurface singularities and will not
mention del Pezzo surfaces any further.

Let k have characteristic zero. Suppose that x, y, and z are assigned positive weights
a, b, c > 0, not necessarily all one. Let d :=a+ b+ c. Suppose f € k[x, y, z] is
a polynomial which is weight-homogeneous of degree m. Then the Poisson bracket
7y (5.A) has weight m —d. If we want to deform in such a way as to get a graded
quantization, we will need to have m = d, which is called the elliptic case. For a
filtered but not necessarily graded quantization, we need only that f be a sum of weight-
homogeneous monomials of degree < d. The case where f is weight-homogeneous of
degree strictly less than d turns out to yield all the du Val (or Kleinian) singularities
Az/ I" for I' < SL(2) finite, which we discussed in Remark 1.7.12 and Theorem 1.9.15.

So, to look for graded quantizations, suppose f is homogeneous of degree d. We
also need to require that Z( f) has an isolated singularity at the origin. In this case, it
is well-known that the possible choices of f, up to weight-graded automorphisms of
k[x, y, z], fall into three possible families, each parametrized by t € k:
%(x3 +y + ) +Toayz, 4—11x4+ %y“—i— %zz—i-t XYz, éx(’—i- %y3 + %zz—i-t XYZ.
Let p, g, and r denote the exponents: so in the first case, p =g =r =3, in the second
case p =g =4 and r = 2, and in the third case, p = 6,9 = 3, and r = 2. Note
that ap = bg = cr; so in the first case we could take a = b = ¢ = 1; in the second,
a=b=1,c=2;in the third, a =1,b =2, and ¢ = 3. Let TVC§£" and TVC’gc be the
subspaces of T V¢yc of weighted degrees < m and exactly m, respectively. Similarly
define TV = TV§Z’71. For a filtered algebra A, we similarly define A, A=, and
A=

We define w to be the Milnor number of the singularity of the homogeneous f above
at the origin, i.e.,

L latbatabro o

abc
Finally, we will consider more generally inhomogeneous polynomials replacing f
above, of the form P(x) + Q(y) + R(z), such that gr(P(x) + Q(y) + R(z)) = f and
P(0) = Q(0) = R(0) =0. Clearly such f have u parameters.
Similarly, we will consider potentials ® (P, Q, R; ¢, ¢) of the form

Q(P, Q, R 1,¢) := [xyz] — t[yxz] + c(P(x) + Q(y) + R(2)). (5.D)

If we set 7 := e, then working over k[[#], with ¢ € k and P(x), Q(y), R(z) poly-
nomials as above, the algebra Ag(p, g, Rr;s,¢) (recall Definition 5.4.3) is a deformation
quantization of O(A3), equipped with the Poisson bracket

my, f=t-xyz—c(P(x)+ Q)+ R()).

Thus, for k = C, the graded algebras A (p o, R:1,c) indeed give graded quantizations
(for actual values of /) of the Poisson structures 7 ¢ associated to all quasihomogeneous
(when P, Q, R are quasihomogeneous), and more generally all filtered polynomials f
of weighted degree < d. This is actually true for arbitrary values of a, b, ¢ > 1 with
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d = a + b + ¢, without requiring that the homogeneous part of f have an isolated
singularity at zero. This confirms Kontsevich’s conjecture 5.5.2 in these cases, with
h € C convergent everywhere, up to the fact that Ag(p,,R;s,c) need not a priori
correspond precisely to the Poisson structure /i - 7 ¢, but rather to some formal Poisson
deformation thereof.

However, in this case, since the f above are all possible filtered polynomials of
degree < d, we can conclude that, for every f; € fi - OAH=Aa], letting * ¢, be

the Kontsevich quantization of 7 7, , there must exist &y € TV§§ [%]] such that, via a
continuous isomorphism which is the identity modulo 7,

(OUWI)HD, *p) = Ao, (5.E)

QUESTION 5.6.1. What is the relation between the parameters f; and &5 above?
In particular:

(1) Does (5.E) send star products that, up to a gauge equivalence, converge for 7 in
some neighborhood of zero to potentials that, up to a continuous automorphism
of TV 4], also converge in some neighborhood of zero?

(2) Is Aa(p,0,R:1,¢) isomorphic (via a continuous k[[/]-algebra isomorphism
which is the identity modulo #) to Kontsevich’s quantization of /i - 7t ¢ (or some
constant multiple), for f =t -xyz — c(P(x) +0@()+ R(z)) (and t = efh)?

As stated above, if the second question had a positive answer, this would be enough
to confirm Conjecture 5.5.2 in this case.

Returning to the case that the degrees (a, b, ¢) are in the set {(1,1,1),(1,1,2),(1,2,3)},
i.e., that generic quasihomogeneous polynomials of degree d have an isolated singularity
at the origin, the main result of [101] shows that, for generic A¢p with ® filtered of
degree <d =a+ b +c, the algebra Ag is in the family Ag(p, g R:1,¢) and the family
provides a versal deformation; moreover, the center is a polynomial algebra in a single
generator, and quotienting by this generator produces a quantization of the original
isolated singularity, which also restricts to a versal deformation generically:

THEOREM 5.6.2 ([101]). (1) Suppose that ® TVC‘_{/C is a homogeneous Calabi—
Yau potential of weighted degree d = a + b + ¢, where |x| = a, |y| = b, and
|z| = ¢ (which can be arbitrary). Then for any potential ®' € TVC%{ of degree
strictly less than d, ® + @' is also a Calabi-Yau potential. Moreover; the Hilbert
series of the associated graded algebra of the Calabi-Yau algebra A g, g is

1
(1 —ta)(1 —tb)y(1 —1¢)°

hgr(Ap e t) =

(i1) There exists a nonscalar central element ¥ € Ag‘i o

(iii)) Now suppose that (a, b, c) € {(1, 1, 1), (1, 1,2), (1, 2, 3)} as above. Then, if
is generic, then there exist parameters P, Q, R, t, ¢, as above, such that for all
o erTVv:d

cyc’
~

Apt+a’ = Aa(P,0.Rit,0)-
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Moreover, in this case, the center Z(Ag 1 ¢') = k[V] is a polynomial algebra in
one variable, and the Poisson center Z(gr Apq) = klgr ¥].

(iv) Keep the assumption of (iii). The family {Acb(P’,Q’,R’;t’,c’)} restricts to a versal
deformation of A ¢ in the formal neighborhood of (P, Q, R, t, ¢), depending
on w parameters. Moreover, the family {Agpr. o gy o)/ Y (P, Q" R'; 1/, ¢)}
restricts to a versal deformation of Ag ¢ /(V) in the same formal neighbor-
hood.

QUESTION 5.6.3. Note that we did notr say anything above about the family
Ao(p,0,R:t,e)/ (W(P, Q, R; t, ¢)) restricting to a versal quantization of the original
singularity O(A3)/(f) for f=1-xyz —c(P(x) +0®>) —I—R(z))). More precisely, does
the family of central reductions,

A®(h-Py.h-Op iRyt hiecy) | (Y- Py B OQpy B Ry iy, B- cp)),

produce a versal deformation quantization, for Py (x), O (y), Rx(2) € OAH[A] and
tn, cp € k[[A] such that P = Py, Q = Qp, R = Ry, ¢ = cg, and t = ™ (mod 7%)?

In the case that P, O, and R are homogeneous, i.e., f = P(x) + Q(y) + R(z), we
can explicitly write out the central elements W for the first two possibilities for f ([101,
(3.5.1)]). For the first one, f = %(x3 + y3 +z3) +1-xyz, we get

t3—c3
3 3
V=c-y + 3 (yzx+c-z7)—1t-zyx. 5.F)
c+1
1.4, 1.4, 12
For the second one, 7x™ + 7" + 52+ 7 - xyz, we get
4 2
"+t +1
W= (2 + Dxyxy — o xyix 2y ity (5.G)
—C

For the third case, the answer is too long, but you can look it up at
http://www-math.mit.edu/~etingof/delpezzocenter.

Moreover, there one can obtain the formulas for the central elements W in the filtered

cases as well.






CHAPTER 1II

Symplectic reflection algebras

Gwyn Bellamy

Introduction

The purpose of this chapter is to give the reader a flavour for, and basic grounding
in, the theory of symplectic reflection algebras. These algebras, which were introduced
by Etingof and Ginzburg in [99], are related to an astonishingly large number of
apparently disparate areas of mathematics such as combinatorics, integrable systems,
real algebraic geometry, quiver varieties, resolutions of symplectic singularities and,
of course, representation theory. As such, their exploration entails a journey through
a beautiful and exciting landscape of mathematical constructions. In particular, as
we hope to illustrate throughout these notes, studying symplectic reflection algebras
involves a deep interplay between geometry and representation theory.

The motivation for introducing and studying symplectic reflection algebras comes
from one of the most fundamental problems in mathematics, that of trying to understand
the action of a finite group on a vector space. More precisely, from trying to understand
the geometry of the space of orbits V/G of this action. This is a fundamental, but
difficult, problem in invariant theory, and has a history that stretches back centuries. The
modern approach to this problem is to try and apply techniques from noncommutative
algebra and the theory of derived categories in order to better understand the geometry
of V/G. This “modern era” began with McKay’s fundamental observation that the
intersection form on the resolution of a Kleinian singularity c? /G, where G is a finite
subgroup of SL(2, C), is closely related to the representation theory of the skew group
algebra C[C?] x G. The precise relationship between the geometry of C2/G and the
representation theory of C[C?]x G has been uncovered through the work of many people,
e.g., Gonzalez-Sprinberg and Verdier [116] and Kapranov and Vasserot [146]. Based
on these examples, it became clear that noncommutative algebras, and in particular
the skew group ring C[V] x G, could provide powerful tools in trying to understand
the quotients V/G. This approach to studying the quotients spaces V/G culminated
in the generalised McKay correspondences of Bridgeland, King and Reid [44] and
Bezrukavnikov and Kaledin [37], which state that, in many examples, the bounded
derived category of coherent sheaves on a crepant resolution of V/G is equivalent to

167
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the bound derived category of finitely generated C[V] x G-modules. See Chapter IV
on noncommutative resolutions for more on this.

The skew group algebra is only mildly noncommutative, in the sense that it is a finite
module over its centre (C[V]G, the algebra of functions on V/G. In such a situation, it
is natural to ask if we can go fully noncommutative and quantize the algebra C[V]C,
i.e., construct some filtered, noncommutative algebra whose associated graded equals
C[V]°. If this is possible then it implies that the algebra C[V ] has some additional
structure, namely it is a Poisson algebra. Essentially, this fact forces us to consider the
situation where V is a symplectic vector space and G acts by symplectic automorphisms
on V. Based on Reid’s fundamental work on the birational geometry of threefolds,
it has become clear that not all resolutions of V/G are equal —the minimal (in an
appropriate sense) ones are called crepant, and these are the ones that are best behaved.
When V is symplectic, a crepant resolution ¥ of V/G is the same as a symplectic
resolution— one where Y is additionally a symplectic manifold. However, there is a
fundamental problem with the notion of a symplectic resolution of singularities - they
need not always exist! Thus, it is a fundamental problem in the study of symplectic
singularities to decide when a given singularity admits a symplectic resolution.

In the case of V/G, this is where symplectic reflection algebras come to the fore.
Deep results of Ginzburg and Kaledin [114] and Namikawa [176] have shown that the
existence of a symplectic resolution for V/G is equivalent to the existence of a Poisson
deformation of the singularity, which is generically smooth. Being deformations of
C[V] % G, symplectic reflection algebras give rise to a canonical Poisson deformation
of V/G. Thus, by studying the representation theory of symplectic reflection algebras,
we have by now an almost complete classification of those groups G C Sp(V) for which
V /G admits a symplectic resolution.

At around the same time that people began to consider the question of existence of
symplectic resolutions, M. Haiman was working on his proof of the Macdonald positivity
conjecture. The Macdonald polynomials are two-parameter deformations of the classical
Schur polynomials of symmetric function theory. Thus, they can be expressed as a linear
combination of the Schur polynomials, with coefficients in C|[g, t]. The Macdonald
positivity conjecture states that these coefficients actually lie in N[g, ¢]. It was already
known by work of Garsia and Haiman that the Macdonald positivity conjecture could be
reduced to a purely geometric statement— the n!-conjecture, which says that a certain
coherent sheaf on the Hilbert scheme of n points in the complex plane is actually a vector
bundle (of rank n!), called the Procesi bundle. Since the Hilbert scheme of n points
in the plane is a symplectic resolution of the quotient singularity C*"/&,, it seemed
natural to expect that the symplectic reflection algebras associated to the symmetric
group might have some close relation to the Hilbert scheme. That this is indeed the
case was confirmed in the beautiful work of Gordon and Stafford [123, 124], where it
was shown that there is a natural noncommutative analogue of the category of coherent
sheaves on the Hilbert scheme, and that this category of quantized sheaves on the Hilbert
scheme is (almost always) equivalent to the category of finitely generated modules
over the symplectic reflection algebra. Moreover, they showed that the symplectic
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reflection algebra provides a natural quantization of the Procesi bundle. An equivalent
approach using sheaves of deformation-quantization algebras was given by Kashiwara
and Rouquier [148]. A vast generalisation of the Macdonald positivity conjecture to
the wreath product groups &, Z,, was later proposed by Haiman. Recently, using
symplectic reflection algebras in both zero and positive characteristic, Bezrukavnikov
and Finkelberg [35] were able give a prove of this generalised Macdonald conjecture.
It is still hoped that the symplectic reflection algebra associated to the symmetric group
can be used to give a different proof of the n!-conjecture....

When the group G preserves a Lagrangian subspace b of V, the associated symplectic
reflection algebra is called a rational Cherednik algebra. The name comes from the fact
that, in those cases where (h, G) is a Weyl group, the algebra can also be described
as a rational degeneration of the double affine Hecke algebra introduced and studied
by I. Cherednik. Rational Cherednik algebras are the most intensely studied class of
symplectic reflection algebras since they exhibit many useful features that other sym-
plectic reflection algebras lack. One of these features is a triangular decomposition; see
Section 2. The existence of this triangular decomposition implies that there is a natural
category O associated to these algebras, analogous to category O for a semisimple Lie
algebra. In the ground-breaking work by Ginzburg, Guay, Opdam and Rouquier [113],
it was shown that category O is a highest weight category, and thus equivalent to the
category of finitely generated modules over a finite-dimensional, quasihereditary algebra.
Moreover, it was also shown that there is a very close relationship between category
O and the category of finite-dimensional modules for a Hecke algebra associated to
G. Namely, the category of finite-dimensional modules for this Hecke algebra is a
quotient of category O and the quotient functor (called the KZ-functor) is fully faithful
on projectives. More recently, it has also been shown, beginning with the work of Shan
[199] that category O can be used to construct categorifications of higher level Fock
spaces for affine quantum groups of type A at roots of unity. This illustrates that there
is close relationship between rational Cherednik algebras and (quantized) affine Lie
algebras. Finally, we note that another problem regarding the representation theory of
symplectic reflection algebras, which is currently the subject of intense research, is that
of classifying the finite-dimensional simple modules. In the case of rational Cherednik
algebras, these finite-dimensional modules (when they exist) belong to category O
and one can use the rich combinatorial structure of these categories in order to better
describe the finite-dimensional modules.

Since Poisson geometry plays an important role in the theory of symplectic reflection
algebras, it is not so surprising (in retrospect!) that there is a close connection between
these algebras and certain integrable systems that appear in mathematical physics. In
the original paper by Etingof and Ginzburg it was shown that the centre of the rational
Cherednik algebra associated to the symmetric group at # = 0 can be identified with the
algebra of functions on Wilson’s compactification of the Calogero—-Moser phase space.
Based on this identification, there is a strong interplay between certain symplectic
reflection algebras and the Kadomtsev—Petviashvili and Korteweg—de Vries hierarchies.
See, for instance, the work of Berest and Chalykh [30, 31].
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The theory of symplectic reflection algebras is today viewed as being just one part
of a much larger picture of symplectic representation theory or the theory of quantized
symplectic singularities, where one uses sheaves of noncommutative algebras on the
symplectic resolution of a symplectic singularity in order to better understand the
representation theory of the quantizations of the singularity. The representation theory
of semisimple, finite-dimensional Lie algebras also fits into this general framework.
Other notable examples include finite W-algebras and hypertoric enveloping algebras.

A brief outline of the content of each section is as follows. In the first section we
motivate the definition of symplectic reflection algebras by considering deformations
of certain quotient singularities. Once the definition is given, we state the Poincaré—
Birkhoff-Witt theorem, which is of fundamental importance in the theory of symplectic
reflection algebras. This is the first of many analogies between Lie theory and symplectic
reflection algebras. We also introduce a special class of symplectic reflection algebras,
the rational Cherednik algebras. This class of algebras gives us many interesting
examples of symplectic reflection algebras that we can begin to play with. We end
the section by describing the double centralizer theorem, which allows us to relate the
symplectic reflection algebra with its spherical subalgebra, and also by describing the
centre of these algebras.

In the second section, we consider symplectic reflection algebras at r = 1. We
focus mainly on rational Cherednik algebras and, in particular, on category O for these
algebras. This category of finitely generated H.(W)-modules has a rich, combinatorial
representation theory and good homological properties. We show that it is a highest
weight category with finitely many simple objects.

Our understanding of category O is most complete when the corresponding complex
reflection group is the symmetric group. In the third section we study this case in greater
detail. It is explained how results of Rouquier, Vasserot—Varangolo and Leclerc—Thibon
allow us to express the multiplicities of simple modules inside standard modules in
terms of the canonical basis of the “level one” Fock space for the quantum affine Lie
algebra of type A. A corollary of this result is a character formula for the simple
modules in category O. We end the section by stating Yvonne’s conjecture which
explains how the above mentioned result should be extended to the case where W is
the wreath product &, Z,,.

The fourth section deals with the Knizhnik—Zamolodchikov (KZ) functor. This
remarkable functor allows one to relate category O to modules over the corresponding
cyclotomic Hecke algebra. In fact, it is an example of a quasihereditary cover, as
introduced by Rouquier. The basic properties of the functor are described and we
illustrate these properties by calculating explicitly what happens in the rank one case.

The final section deals with symplectic reflection algebras at + = 0. For these
parameters, the algebras are finite modules over their centres. We explain how the
geometry of the centre is related to the representation theory of the algebras. We also
describe the Poisson structure on the centre and explain its relevance to representation
theory. For rational Cherednik algebras, we briefly explain how one can use the notion
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of Calogero—Moser partitions, as introduced by Gordon and Martino, in order to decide
when the centre of these algebras is regular.

There are several very good lecture notes and survey papers on symplectic reflection
algebras and rational Cherednik algebras, including [96, 95, 120, 121, 194]. I would also
strongly suggest to anyone interested in learning about symplectic reflection algebras to
read the original paper by P. Etingof and V. Ginzburg [99], where symplectic reflection
algebras were first defined.! It makes a great introduction to the subject and is jam packed
with ideas and clever arguments. As noted briefly above, there are strong connections
between symplectic reflection algebras and several other areas of mathematics. Due
to lack of time and energy, we haven’t touched upon those connections here. The
interested reader should consult one of the surveys mentioned above. A final remark: to
make the sections as readable as possible, there is only a light sprinkling of references
in the body of the text. Detailed references can be found at the end of each section.
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1. Symplectic reflection algebras

The action of groups on spaces has been studied for centuries, going back at least
to Sophus Lie’s fundamental work on transformation groups. In such a situation, one
can also study the orbit space, i.e., the set of all orbits. This space encodes a lot of the
information about the action and provides an effective tool for constructing new spaces
out of old ones. The underlying motivation for symplectic reflection algebras is to try
and use representation theory to understand a large class of examples of orbit spaces
that arise naturally in algebraic geometry.

1.1. Motivation. Let V be a finite-dimensional vector space over C and let
G C GL(V)

be a finite group. Fix dim V = m. It is a classical problem in algebraic geometry to try
and understand the orbit space V/G = Spec C[V]Y, see Wemyss’ lectures in Chapter IV.
At the most basic level, we would like to try and answer the questions

QUESTION 1.1.1. Is the space V/G singular?

TA few years after the publication of [99] it transpired that the definition of symplectic reflection algebras
had already appeared in a short paper [88] written by V. Drinfeld in the eighties.
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Or, more generally:
QUESTION 1.1.2. How singular is V/G?

The answer to the first question is a classical theorem due to Chevalley and Shephard—
Todd. Before I can state their theorem, we need the notion of a complex reflection, which
generalises the classical definition of reflection encountered in Euclidean geometry.

DEFINITION 1.1.3. An element s € G is said to be a complex reflection if 1 — s has
rank 1. Then G is said to be a complex reflection group if G is generated by S, the set
of all complex reflections contained in G.

Notice that an element s € G is a complex reflection if and only if all but one of its
eigenvalues equals one. Combining the results of Chevalley and Shephard-Todd, we
have:

THEOREM 1.1.4. The space V/G is smooth if and only if G is a complex reflection
group. If V/G is smooth then it is isomorphic to A™, where dim'V = m.

A complex reflection group G is said to be irreducible if the reflection representation
V is an irreducible G-module. It is an easy exercise (try it!) to show that if V = V| &
-+ - Vi is the decomposition of V into irreducible G-modules, then G =G| x - - - X G,
where G; acts trivially on V; for all j # i and (G;, V;) is an irreducible complex
reflection group. The irreducible complex reflection groups have been classified by
Shephard and Todd [201].

EXAMPLE 1.1.5. Let G,, the symmetric group act on C" by permuting the coordinates.
Then, the reflections in &,, are exactly the transpositions (i, j), which clearly generate

the group. Hence &,, is a complex reflection group. If C" = Spec C[xy, ..., x,], then
the ring of invariants C[xy, ..., x,]%” is a polynomial ring with generators ey, ..., ey,
where

el = Z xl-l R ¥ &
1<iyj<--<ig=<n
is the i-th elementary symmetric polynomial. Notice however that (&,,, C") is not an
irreducible complex reflection group.

EXAMPLE 1.1.6 (nonexample). Take m =2, i.e., V =C? and G a finite subgroup of
SL,(C). Then it is easy to see that S = & so G cannot be a complex reflection group.
The singular space C2/G is called a Kleinian (or Du Val) singularity. The groups G
are classified by simply laced Dynkin diagrams, i.e., those diagrams of type ADE, and
the singularity C2/G is an isolated hypersurface singularity in C3.

The previous nonexample is part of a large class of groups called symplectic reflection
groups. This is the class of groups for which one can try to understand the space V/G
using symplectic reflection algebras. In particular, we can try to give a reasonable
answer to Question 1.1.2 for these groups. Let (V, w) be a symplectic vector space,
i.e., w is a nondegenerate, skew symmetric bilinear form on V, and

Sp(V)={g e GL(V) |w(gu, gv) = w(u,v),Yu,v e V},
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X1 (Zo)

C2?/Z,

Figure 1. The resolution and the deformation of the Z, quotient singularity.

the symplectic linear group. If G C Sp(V) is a finite subgroup, then G cannot contain
any reflections since the determinant of every element in Sp(V) is equal to one, and
hence never a complex reflection. However, we can define s € G to be a symplectic
reflection if tk(1 —s) = 2. The idea is that a symplectic reflection is the nearest thing
to a genuine complex reflection that one can hope for in a subgroup of Sp(V).

DEFINITION 1.1.7. The triple (V, w, G) is a symplectic reflection group if (V, w) is
a symplectic vector space and G C Sp(V) is a finite group that is generated by S, the
set of all symplectic reflections in G.

Since a symplectic reflection group (V, w, G) is not “too far” from being a complex
reflection group, one might expect V/G to be “not too singular”. A measure of the
severity of the singularities in V/G is given by how much effort is required to remove
them (to “resolve” the singularities). One way to make this precise is to ask whether
V/G admits what is called a crepant resolution (the actual definition of a crepant
resolution won’t be important to us in this course). This is indeed the case for many (but
not all!) symplectic reflection groups.2 In order to classify those groups G for which
the space V/G admits a crepant resolution, the first key idea is to try to understand
V/G by looking at deformations of the space, i.e., some affine variety 7 : X — CK such
that 7 ~1(0) ~ V/G and the map 7 is flaz. Intuitively, this is asking that the dimension
of the fibres of = don’t change. Then it is reasonable to hope that a generic fibre of
is easier to describe, but still tells us something about the geometry of V/G.

However there is a fundamental problem with this idea. We cannot hope to be able
to write down generators and relations for the ring C[V]® in general. So it seems like
a hopeless task to try and write down deformations of this ring. The second key idea is

2Skip to Section 5.8 for a precise statement.
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to try and overcome this problem by introducing noncommutative geometry into the
picture. In our case, the relevant noncommutative algebra is the skew group ring.

DEFINITION 1.1.8. The skew group ring C[V] x G is, as a vector space, equal to
C[V]® CG and the multiplication is given by

g-f=8f-g, forall feC[V], g€G,
where 8f (v) := f(g~'v) forve V.

Exercise 1.9.1 shows that the information of the ring (C[V]G is encoded in the
definition of the skew group ring. On the other hand, the skew group ring has a very
explicit, simple presentation. Therefore, we can try to deform C[V] x G instead, in
the hope that the centre of the deformed algebra is itself a deformation of (C[V]G. We
refer the reader to Chapter II for information on the theory of deformations of algebras.

1.2. Symplectic reflection algebras. Thus, symplectic reflection algebras are a partic-
ular family of deformations of the skew group ring C[V'] x G, when G is a symplectic
reflection group. Fix (V, w, G), a symplectic reflection group. Let S be the set of
symplectic reflections in G. For each s € S, the spaces Im(1 —s) and Ker(1 — ) are
symplectic subspaces of V with V =Im(1 —s) @ Ker(1 —s) and dimIm(1 —s) =2. We
denote by wy the 2-form on V whose restriction to Im(1 —s) is w and whose restriction
to Ker(1 —s) is zero. Let ¢ : S — C be a conjugate invariant function, i.e.,

c(gsg_l)zc(s), foralls €S, g€G.

The space of all such functions equals C[S]¢. Let TV* =C®V* @ (V*QV*)@®---
be the tensor algebra on V*.

DEFINITION 1.2.1. Let t € C. The symplectic reflection algebra H; (G) is defined
to be

Hi e (G) =

TV* x G/<u®v—v®u =10, v) =2 3 e(s)ws(u, v) s |u, v € v*>. (1.A)
seS

Notice that the defining relations of the symplectic reflection algebra are trying to
tell you how to commute two vectors in V*. The expression on the right-hand side of
(1.A) belongs to the group algebra CG, with tw(u, v) = tw(u, v)1g, so the price for
commuting # and v is that one gets an extra term living in CG.

EXAMPLE 1.2.2. The simplest nontrivial example is Z, = (s) acting on C2. Let
(C%)* = C{x, y}, where s -x = —x, s - y = —y and w(y, x) = 1. Then H; c(S7) is the
algebra

Cix, y, s)/(s2 =1,sx =—xs,s5y =—ys, [y, x] =t —2¢s).

This example, our “favourite example”, will reappear throughout the chapter.

When ¢ and ¢ are both zero, we have Hy ¢(G) = C[V] x G, so that H; ¢(G) really
is a deformation of the skew group ring. If A € C* then Hj; ¢(G) ~ H; ¢(G) so we
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normally only consider the cases t =0, 1. The Weyl algebra associated to the symplectic
vector space (V, w) is the noncommutative algebra

Weyl(V,0) =TV */u®@v—vQu=0w,v)).

If b is a subspace of V, with dimbh = 1 dimV and w(h, h) = 0, then b is called
a Lagrangian subspace of V. Choosing a Lagrangian subspace, we can identify
Weyl(V, ) with D(h), the ring of differential operators on fj. When ¢t =1 but ¢ =0, we
have H; ¢(G) = Weyl(V, w) x G, the skew group ring associated to the Weyl algebra.
Hence Hj ((G) is a deformation of the ring Weyl(V, w) x G.

Lete = I]ﬁl > 2eG 8 denote the trivial idempotent in CG. The subalgebra eH; (G)
of H; ¢(G) is called the spherical subalgebra of H; (G). The spherical subalgebra
plays a key role in the representation theory of H; (G). It is important to note that the
unit in eH; ¢(G)e is e, hence the embedding eH; ((G)e — H; ¢(G) is not unital.

EXAMPLE 1.2.3. Again take V = C2. In this case, Sp(V) equals SL,(C) which
implies that every finite subgroup G of SL,(C) is a symplectic reflection group since
every ¢ # 1 in G is a symplectic reflection. We have wg = w. Let x, y be a basis of
(C%)* such that w(y, x) = 1. Then

Hie(G) = Clx, ) 0 G /(v xl=1-2 3 e(elg).
geG\{1}

Since ¢ is G-equivariant, the element 7 :=7—2 2eG\(1) c(g)g belongs to the centre
Z(G) of the group algebra of G. Conversely, any element z € Z(G) can be expressed
ast—2 deG\{l} c(g)g for some unique ¢ and ¢. Hence the main relation for the
symplectic reflection algebra can simply be expressed more concisely as [y, x] = z for
some (fixed) z € Z(G). For (many) more properties of the algebras H; ((G), see [75],
where these algebras were first defined and studied.

1.3. Filtrations. To try and study algebras, such as symplectic reflection algebras, that
are given in terms of generators and relations, one would like to approximate the algebra
by a simpler one, perhaps given by simpler relations, and hope that many properties
of the algebra are invariant under this approximation process. An effective way of
doing this is by defining a filtration on the algebra and passing to the associated graded
algebra, which plays the role of the approximation. Let A be a ring. A filtration on A
is a nested sequence of abelian subgroups 0 = F_jA C FgA C F1A C --- such that
(FiA)(FjA) € FigjAforalli, j and A = J;c Fi A. The associated graded of A
with respect to F, is grr A = @, oy Fi A/ Fi—1A. For each 0 # a € A there is a unique
i e Nsuchthata € F; A and a ¢ F;_1 A. We say that a lies in degree i; deg(a) =i. We
define o (a) to be the image of a in F;A/F;_1A; o(a) is called the symbol of a. This
defines a map o : A — grr A. It’s important to note that the map o : A — grr A is not
a morphism of abelian groups even though both domain and target are abelian groups.
Leta € F;A/F;—1A and b € F;A/F;_jA. One can check that the rule @ - b := ab,
where ab denotes the image of ab in F; jA/Fiyj—1A extends by additivity to give a
well-defined multiplication on gr » A, making it into a ring. This multiplication is a
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“shadow” of that on A and we’re reducing the complexity of the situation by forgetting
terms of lower order.

There is a natural filtration F on H; ((G), given by putting V* in degree one and G
in degree zero. The crucial result by Etingof and Ginzburg, on which the whole of the
theory of symplectic reflection algebras is built, is the Poincaré-Birkhoff—Witt (PBW)
theorem (the name comes from the fact that each of Poincaré, Birkhoff and Witt gave
proofs of the analogous result for the enveloping algebra of a Lie algebra).

THEOREM 1.3.1. The map o (v) — v, 0 (g) > g defines an isomorphism of algebras
grr(H: c(G)) ~C[V] % G,
where o (D) denotes the symbol, or leading term, of D € H; ¢(G) in gr r(H; ¢(G)).

One of the key points of the PBW theorem is that it gives us an explicit basis of the
symplectic reflection algebra. Namely, if one fixes an ordered basis of V, then the PBW
theorem implies that there is an isomorphism of vector spaces H; (G) =~ C[V]® CG.
One can also think of the PBW theorem as saying that no information is lost in deforming
C[V]1x G to H; ¢(G), since we can recover C[V] x G from H; ((G).

The proof of this theorem is an application of a general result by Braverman and
Gaitsgory [40]. If I is a two-sided ideal of TV* x G generated by a space U of (not
necessarily homogeneous) elements of degree at most two then [40, Theorem 0.5]
gives necessary and sufficient conditions on U so that the quotient 7V* x G /I has the
PBW property. The PBW property immediately implies that H; ((G) enjoys some good
ring-theoretic properties, for instance:

COROLLARY 1.3.2. (1) The algebra H; ¢(G) is a prime, (left and right) noether-
ian ring.
(2) The algebra eH; ((G)e is a left and right noetherian integral domain.
(3) H:,¢(G) has finite global dimension (in fact, gl.dim H; ((G) <dim V).

We’ll sketch a proof of the corollary, to illustrate the use of filtrations.

PROOF. All three of the results follow from the fact that corresponding statement
holds for the skew-group ring C[V] x G. We’ll leave it to the reader to show these
statements hold for C[V] x G. In particular, in part (3) the claim is that the global
dimension of C[V] x G equals the global dimension of C[V], which is well-known
to equal dim V. So we may assume that (A, F,) is a filtered ring such that the above
statements hold for grr A. Let I; C I C --- be a chain of left ideals in A. Then it
follows from the definition of multiplication in grr A that o (/}) Co(lp) C--- isa
chain of left ideals in gr  A. Therefore, there is some N such that o (Iy4;) =0 (Iy)
for all i > 0. This implies that Iy; = Iy for all i > 0, and hence A is left noetherian.
The argument for right noetherian is identical. Now assume that 7, J are ideals of A
such that 7 - J = 0. Then certainly o (/)0 (J) =0. Since grr A is assumed to be prime,
this implies that either o (/) = 0 or o (J) = 0. But this can only happen if / =0 or
J =0. Hence A is prime.
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For part (2), we note that the algebra e(C[V] x W)e is isomorphic to
Cv1® c Crvl.

and hence is a noetherian integral domain. So we may assume that (A, F,) is a filtered
ring such that gr » A is an integral domain. If a, b € A such that a - 5> = 0 then certainly
o(a)-o(b) =01n grr A. Hence, without loss of generality o (a) = 0. But this implies
that a = 0.

To prove that gl.dim A < gl.dim grz A is a bit more involved (but not too difficult)
because it involves the notion of filtration on A-modules, compatible with the filtration
on A. The proof is given in [172, Section 7.6]. O

1.4. Quantization. In this section we will see how symplectic reflection algebras
provide examples of quantizations as described in Schedler’s Chapter II. Consider
t as a variable and H; ((G) a C[t]-algebra. Similarly, we consider eH; ((G)e as a
Clt]-algebra, where CJ[¢] is central. Then we can complete H; (G) and eH; ((G)e
with respect to the two-sided ideal generated by the powers of ¢:

Hie(G) = lim Ho(G)/(t"),  eHrc(Gle= lim eH;o(Gle/(t").

The Poincaré-Birkhoff—Witt theorem implies that H; ((G) and eH; ((G)e are free
Clt]-modules. Therefore, H; (G) and eH; ((G)e are flat, complete C[[¢]]-modules.
Hence:

PROPOSITION 1.4.1. The algebra /I-\lt,c(G) is a formal deformation of Hy ((G) and
eH¢ ¢ (G)e is a formal quantization of eHp (G)e.

By formal quantization of eHp .(G)e, we mean that there is a Poisson bracket on
the commutative algebra eHy (G)e such that the first order term of the quantization
e’H\t,c(G)e is this bracket. This Poisson bracket is described in Section 5.2. The algebras
H¢ ¢ (G) are “better” than ﬁt,c(G) in the sense that one can specialize, in the former, ¢ to
any complex number, however in the latter only the specialization ¢ — 0 is well-defined.

1.5. The rational Cherednik algebra. There is a standard way to construct a large
number of symplectic reflection groups — by creating them out of complex reflection
groups. This class of symplectic reflection algebras is by far the most important and,
thus, have been most intensively studied out of all symplectic reflection algebras. So
let W be a complex reflection group, acting on its reflection representation . Then
W acts diagonally on  x h*. To be explicit, W acts on h* by (w-x)(y) = x(w™'y),
where x € h* and y € h. Then, w- (y, x) = (w-y, w-x). The space h x h* has a natural
pairing (-, -) : h x h* — C defined by (y, x) = x(y). Using this,

(1, x1), (2, x2)) := (¥1, x2) — (32, x1)

defines a W-equivariant symplectic form on h x h*. One can easily check that the set of
symplectic reflection S in W, consider as a symplectic reflection group (h x b*, w, W),
is the same as the set of complex reflections S in W, considered as a complex reflection
group (W, h). Therefore, W acts on the symplectic vector space fh x h* as a symplectic
reflection group if and only if it acts on b as a complex reflection group.
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The rational Cherednik algebra, as introduced by Etingof and Ginzburg [99, p. 250],
is the symplectic reflection algebra associated to the triple (h x b*, w, W). In this
situation, one can simplify somewhat the defining relation (1.A). For each s € S, fix
a5 € h* to be a basis of the one-dimensional space Im(s — 1)+ and a) € b a basis
of the one-dimensional space Im(s — 1)[y, normalised so that (o)) = 2. Then the
relation (1.A) can be expressed as

[x1,02]=0, [y, »21=0, [yxil=t(x)—Y )1 )@y, x)s, (1.B)
seS

for all x1, x, € h* and y;, y» € h. Notice that these relations, together with the PBW
Theorem, imply that C[h] and C[h*] are polynomial subalgebras of H; ((W).

EXAMPLE 1.5.1. In the previous example we can take W = G,,, the symmetric
group. Choose a basis x1, ..., x, of h* and dual basis yq, ..., y, of b so that

OXi = Xo(10,  OVi = Yo (i)O, for all o € G,,.

Then S ={s; j |1 <i < j < n} is the set of all transpositions in &,. This is a single
conjugacy class, so ¢ € C. Fix

A\ . .
Wi =X Xj, o =i~ Y, forall 1 <i < j<n.

Then the relations for H; (&) become [x;, x;] = [y;, y;] =0 and
[yi,Xj]ZCS,',j, forall 1 <i <j<n,
[yiaxi]:[_czsi,j’ forall 1 <i <n.
J#L
1.6. Double centralizer property. Being a subalgebra of H; .(G), the spherical
subalgebra eH; ((G)e inherits a filtration by restriction. It is a consequence of the PBW
theorem that gr r(eH; ¢(G)e) =~ C[V]°. Thus, the spherical subalgebra of H; ((G) is a
(not necessarily commutative!) flat deformation of the coordinate ring of V/G; almost
exactly what we’ve been looking for!
The space H; ¢(G)e is a (H; ¢(G), eH; ¢(G)e)-bimodule, and is called the Etingof-

Ginzburg sheaf. The following result shows that one can recover H; (G) from knowing
eH; ¢(G)e and H; (G)e.

THEOREM 1.6.1. (1) The map eh — (¢ep, : fe > ehfe) is an isomorphism of
left eH; (G)e-modules

eH;,c(G) = Homen, ((G)e(Hr.c(Ge, eH; c(G)e).

(2) Endy, .(G)(Hr,e(G)e)?? ~ eH; ¢ (G)e.
(3) End (e, ceyor (Hi,e(G)e) = Hy o (G).

REMARK 1.6.2. As in (1), the natural map of right eH; (G)e-modules
Hi.c(G)e — HomeH, . (G)e(eH:,c(G), eH; c(G)e)

is an isomorphism. This, together with (1) imply that eH; ((G) and H; ((G)e are
reflexive left and right eH; (G)e-modules respectively; see [172, Section 5.1.7].
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The above result is extremely useful because, unlike the spherical subalgebra, we
have an explicit presentation of H; ((G). Therefore, we can try to implicitly study
eH; ¢(G)e by studying instead the algebra H; (G). Though the rings eH; (G)e and
H;.c(G) are never isomorphic, very often the next best thing is true, namely that they
are Morita equivalent. This means that the categories of left eH; (G)e-modules and of
left H; ¢(G)-modules are equivalent. Let A be an algebra. We’ll denote by A-mod the
category of finitely generated left A-modules. If A is noetherian (which will always be
the case for us) then A-mod is abelian.

COROLLARY 1.6.3. The algebras H; ¢(G) and eH; (G)e are Morita equivalent if
and only if e - M = 0 implies M = 0 for all M € H; (G)-mod.

PROOF. Theorem 1.6.1, together with a basic result in Morita theory, e.g., [172,
Section 3.5], says that the bimodule H; (G)e will induce an equivalence of categories
e-—:H; ¢(G)-mod = eH; ((G)e-mod if and only if H; (G)e is both a generator of
the category H; ((G)-mod and a projective H; (G)-module. Since H; ((G)e is a direct
summand of H; (G) it is projective. Therefore we just need to show that it generates
the category H; ¢(G)-mod. This condition can be expressed as saying that

He.c(G)e ®eH, (Gre €M =M,  forall M € H; (G)-mod.
Equivalently, we require that H; ¢(G) - e-H; ¢ (G) = H; ¢(G). If this is not the case then
I:=H; ((G)-e-H; (G)

is a proper two-sided ideal of H; (G). Hence there exists some module M such that
I - M =0. But this is equivalent to e - M = 0. U

The following notion is very important in the study of rational Cherednik algebras
att =1.

DEFINITION 1.6.4. The parameter (¢, ¢) is said to be aspherical for G if there exists
a nonzero H; ((G)-module M such thate- M = 0.

The value (¢, ¢) = (0, 0) is an example of an aspherical value for G.

1.7. The centre of H; (G). One may think of the parameter ¢ as a “quantum parameter”.
When r = 0, we are in the “quasiclassical situation” and when r = 1 we are in the
“quantum situation” —illustrated by the fact that Hp 0(G) = C[V] x G and H; ((G) =
Weyl(V, w) x G. The following result gives meaning to such a vague statement. It
also shows that the symplectic reflection algebra produces a genuine commutative
deformation of the space V/G when ¢ = 0.

THEOREM 1.7.1. (1) Ift =0 then the spherical subalgebra eH; (G)e is com-
mutative.
(2) Ift # 0 then the centre of eH; (G)e is C.

REMARK 1.7.2. The word “quasiclassical” appears often in deformation theory.
Why are things “quasiclassical” as opposed to “classical”? Well, roughly speaking,
quantization is the process of making a commutative algebra (or a space) into a
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noncommutative algebra (or “noncommutative space”). The word quasi refers to the
fact that when it is possible to quantize an algebra, this algebra (or space) has some
additional structure. Namely, the fact that an algebra is quantizable implies that it is a
Poisson algebra, and not just any old commutative algebra.

One can now use the double centralizer property, Theorem 1.6.1, to lift Theorem
1.7.1 to a result about the centre of H; ¢(G).

THEOREM 1.7.3 (the Satake isomorphism). The map z > z - e defines an algebra
isomorphism Z(H; ¢(G)) = Z(eH; ¢(G)e) for all parameters (t, c).

PROOF. Clearly z — z - e is a morphism Z(H; ((G)) — Z(eH; (G)e). Right
multiplication on H; ¢(G)-e by an element a in Z(eH; (G)e) defines a right eH; (G )e-
linear endomorphism of H; ¢(G) - e. Therefore Theorem 1.6.1 says that there exists
some ¢ (a) € H; ¢(G) such that right multiplication by a equals left multiplication on
H¢.¢(G)-e by ¢(a). The action of a on the right commutes with left multiplication by any
element of H; ¢(G) hence ¢ (a) € Z(H; ¢(G)). The homomorphism ¢ : Z(eH; ¢(G)e) —
Z(H; ¢(G)) is the inverse to the Satake isomorphism. ]

When ¢t = 0, the Satake isomorphism becomes an isomorphism
Z(Ho,c(G)) = eHo,c(G)e,

and is in fact an isomorphism of Poisson algebras. Theorems 1.7.1 and 1.7.3 also imply
that Hp (G) is a finite module over its centre. As one might guess, the behaviour of
symplectic reflection algebras is very different depending on whether t =0 or 1. It is
also a very interesting problem to try and relate the representation theory of the algebras
Ho,¢(G) and Hy ((G) in some meaningful way.

1.8. The Dunkl embedding. In this section, parts of which are designed to be an
exercise for the reader, we show how one can use the Dunkl embedding to give easy
proofs for rational Cherednik algebras of many of the important theorems described
above. In particular, one can give elementary proofs of both the PBW theorem and of
the fact that the spherical subalgebra is commutative when ¢ = 0. Therefore, we let
(W, b) be a complex reflection group and H; (W) the associated rational Cherednik
algebra. Let D;(h) be the algebra generated by b and h*, satisfying the relations

[x,x1=1[y,y'1=0, forallx,x" eh* y y e,

[y, x]=t(y, x), for all x € h*, y € .
When 1 # 0, D;(h) is isomorphic to D(h), the ring of differential operators on h. But
when ¢ = 0, the algebra D, (h) = C[h x h*] is commutative. Let bhreg be the affine open
subset of h on which W acts freely. That breg is affine is a consequence of the fact that
W is a complex reflection group, it is not true in general. We can localize D;(h) to
Dy (hreg). Recall from Example 1.5 that we have associated to each s € S the vector
ag € h*. Define Ay € C* by s(ay) = Asas. For each y € b, the Dunkl operator

2 ’ A
Dy=y-Y" 10_(“;1 (ya‘: )1—s) (1.0)
SES ’
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is an element in Dy (hreg) X W, since oy is invertible on breg. Exercise 1.9.3 shows that
X+ x, wr wand y — Dy defines a morphism

¢ : Ht,c(W) - Dt(hreg) x W.

This is enough to prove the Poincaré—Birkhoff—Witt theorem for rational Cherednik
algebras. The algebra Dy (hreg) X W has a natural filtration given by putting C[hreg] x W
in degree zero and h C C[h*] in degree one. Similarly, we define a filtration on the
rational Cherednik algebra by putting the generators h* and W in degree zero and b in
degree one.

LEMMA 1.8.1. The associated graded of H; (W) with respect to the above filtration
is isomorphic to C[h x h*] x W.

PROOF. We begin by showing that the Dunkl embedding (which we have yet to
prove is actually an embedding) preserves filtrations, i.e., ¢ (F;H;,(W)) is contained in
Fi (D¢ (breg) x W) for all i. It is clear that ¢ maps h* and W into Fo (D¢ (hreg) x W) and
that ¢ (h) C F1(D¢(breg) x W). Since the filtration on H; (W) is defined in terms of
the generators h*, W and b, the inclusion ¢ (F;H; ¢(W)) C Fi (D¢ (breg) x W) follows.
Therefore the map ¢ induces a morphism

¢
Clhx BT W — grz Hp o (W) =5 gr 2 (Dy (Breg) % W) — Clhyeg x h*] % W, (1.D)
where the right-hand morphism is the inverse to the map
Clbreg x H* 1 W — gr]—'(Dt(hreg) x W),

which is well-known to be an isomorphism. The morphism (1.D) maps b to b, h* to h*
and W to W. Therefore, it is the natural embedding C[f x b*] x W < C[byeg x b*] x W.
Thus, since the map C[h x h*] x W — grz H; (W) is also surjective, it must be an
isomorphism.

Notice that we have also shown that grz H; (W) ﬂ gr (D¢ (hreg) x W) is an
embedding. This implies that the Dunkl embedding is also an embedding. As a
consequence, C[h] is a faithful H; .(W)-module. O

For an arbitrary symplectic reflection group, the fact that eH; ((G)e is commutative
when ¢t = 0 relies on a very clever but difficult argument by Etingof and Ginzburg.
However, for rational Cherednik algebras, Exercise 1.9.4 shows that this can be deduced
from the Dunkl embedding.

A function f € C[bh] is called a W-semi-invariant if, for each w € W, we have
w- f = x (w) f for some linear character x : W — C*. The element § :=[ [ s s € C[b]
is a W-semi-invariant. To show this, let w € W and s € S. Then wsw~ ! €S is again a
reflection. This implies that there is some nonzero scalar 8 such that w(es) = o, ., 1.
Thus, w(8) = y6 for some nonzero scalar y,,. One can check that vy, w, = Yw, Yw,»
which implies that § is a semi-invariant. Therefore, there exists some » > 0 such that
8" eC[H1". The powers of §” form an Ore set in H; (W) and we may localize H; (W)
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at 8”. Since the tail terms

Z 2¢(s) (y,as)
1—Xxy oy

(I—-s)

seS
of the Dunkl operators Dy, belong to H; .(W)[67"], this implies that each element
y € b C Di(hreg) x W belongs to H; (W)[67"] too. Hence the Dunkl embedding
becomes an isomorphism

Hi,e (W[ = D (hreg) x W.
Recall that a ring is said to be simple if it contains no proper two-sided ideals.
PROPOSITION 1.8.2. The rings D(h), D)WY and D(hreg)w are simple.

PROOF. To show that D(h) is simple, it suffices to show that 1 € I for any two-sided
ideal 7. This can be shown by taking the commutator of a nonzero element /& € I with
suitable elements in D(h). The fact that this implies that D(h)" is simple is standard,
but maybe difficult to find in the literature. Firstly one notes that the fact that D(h)
is simple implies that D(h)W =~ e(D(h) x W)e is Morita equivalent to e(D(h) x W)e;
we’ve seen the argument already in the proof of Corollary 1.6.3. This implies that
D(H)W is simple if and only if D(h) x W is simple; see [172, Theorem 3.5.9]. Finally,
one can show directly that D(h), xW is simple: see [172, Proposition 7.8.12] and
notice that W acts by outer automorphisms on D(h) since the only invertible elements
in D(h) are the nonzero scalars.

Finally, since D(hreg)w is the localization of D(h)W at the two-sided Ore set
generated by §”, a two-sided ideal J in @(hreg)W is proper if and only if 7 N D(h)"
is a proper two-sided ideal. But we have already shown that D(h)" is simple. (]

Here is another application of the Dunkl embedding.
COROLLARY 1.8.3. The centre of eHy (W)e equals C.
PROOF. By Corollary 1.3.2(2), eH; ((W)e is an integral domain. Choose
ze Z(eH| (W)e).
The Dunkl embedding defines an isomorphism
eHi c(W)el(es") '] => e(D(breg) x W)e = D(hrep) "

Since D(hreg)W is simple, every nonzero central element is either a unit or zero
(otherwise it would generate a proper two-sided ideal). Therefore the image of
z in eHl,c(W)e[(e(S’)*l] is either a unit or zero. The fact that the only units in
grreH; (W)e=C[h x h*1% are the scalars implies that the scalars are the only units
in eHy ¢(W)e. If z is a unit then a(ed")* -z =1 in eH; ((W)e, for some a € C* and
a € N. But e8” is not a unit in eH; .(W)e (since the symbol of e§” in C[h x h*1%V is
not a unit). Therefore a = 0 and z € C*. On the other hand, if (es")? - z = 0 for some
a then the fact that eHy .(W)e is an integral domain implies that z = 0. [l
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1.9. Exercises.
EXERCISE 1.9.1. Show that the centre Z(C[V] x G) of C[V] x G equals C[v1°.

EXERCISE 1.9.2. To see why the PBW theorem is quite a subtle statement, consider
the algebra L(S,) defined to be

Cx, y, s)/(s2 =1,sx=—xs,sy=—ys, [y, x]=1,(y —s)x =xy+s).
Show that L(&;) = 0.

EXERCISE 1.9.3. (1) Show that the Dunkl operators, defined in (1.C), act on
C[b]. Hint: it’s strongly recommended that you do the example W = Z, first,
where

D ‘-9

=y——(-—ys).

y=YT

(2) Using the fact that

(ay, x)
2

show that x — x, w +— w and y — D, defines a morphism

s(x)=x— (1 —Ag)ay, forall x € h*,

¢ :Hp (W) — Dy (breg) ¥ W,

i.e., show that the commutation relation

[Dy. x]=1(y.x) = > e(s)(y, a5) (e, x)s
seS
holds for all x € h* and y € . Hint: as above, try the case Z, first.

EXERCISE 1.9.4. By considering its image under the Dunkl embedding, show that
the spherical subalgebra eH; ((W)e is commutative when ¢ = 0.

EXERCISE 1.9.5. A complex reflection group (W, h) is said to be real if there
exists a real vector subspace h™ of h such that (W, h™) is a real reflection group

and h = h™ ®g C. In this case there exists a W-invariant inner product (—, —)re on
h™, i.e., an inner product (—, —)e such that (wu, wv)re = (i, v)re for all w € W and
u,v € (—, —)re. We extend it by linearity to a W-invariant bilinear form (—, —) on b.

The following fact is also very useful when studying rational Cherednik algebras at
t=0.

(1) Assume now that W is a real reflection group. Show that the rule x — x = (x, —),
y+ ¥y =(y,—) and w = w defines an automorphism of H; (W), swapping
C[b] and C[h*].

(2) Show that C[h]" and C[h*]" are central subalgebras of Hg (W). Hint:
first use the Dunkl embedding to show that C[h]W is central, then use the
automorphism defined above.
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1.10. Additional remarks.

In his original paper [68], Chevalley showed that if (W, ) is a complex reflection
group then C[h]" is a polynomial ring. The converse was shown by Shephard and
Todd in [201].

The definition of symplectic reflection algebras first appear in [99].

The PBW theorem, Theorem 1.3.1, and its proof are Theorem 1.3 of [99].

Theorems 1.6.1 and 1.7.3 are also contained in [99], as Theorem 1.5 and Theorem 3.1
respectively.

The first part of Theorem 1.7.1 is due to Etingof and Ginzburg, [99, Theorem 1.6].
The second part is due to Brown and Gordon [51, Proposition 7.2]. Both proofs rely in
a crucial way on the Poisson structure of (C[V]G.

2. Rational Cherednik algebras at r = 1

In Sections 2 to 4, we focus on rational Cherednik algebras at = 1, and omit # from
the notation. We will only be considering rational Cherednik algebras because relatively
little is know about general symplectic reflection algebras at t = 1. Therefore, we let
(W, ) be a complex reflection group and H.(W) the associated rational Cherednik
algebra.

As noted in the previous section, the centre of H.(W) equals C. Therefore, its
behaviour is very different from the case t =0. If we take ¢ =0 then Hy(W) =D(h) x W
and the category of modules for D(h) x W is precisely the category of W-equivariant
D-modules on h. In particular, there are no finite-dimensional representations of this
algebra. In general, the algebra Ho(W) has very few finite-dimensional representations.

2.1. For rational Cherednik algebras, the PBW theorem implies that, as a vector
space, He (W) >~ C[h] @ CW & C[h*]; there is no need to choose an ordered basis of
b and h* for this to hold. Since C[h] is in some sense opposite to C[h*], this is an
example of a triangular decomposition, just like the triangular decomposition U (g) =
Umn-)® U((h) ® U(ny) encountered in Lie theory, where g is a finite-dimensional,
semisimple Lie algebra over C, g =n_ @ h @ ny is a decomposition into a Cartan
subalgebra §, the nilpotent radical n;. of the Borel b = @ n,., and the opposite n_
of the nilpotent radical ny. This suggests that it might be fruitful to try and mimic
some of the common constructions used in Lie theory. In the representation theory
of g, one of the categories of modules most intensely studied, and best understood, is
category O, the abelian category of finitely generated g-modules that are semisimple as
h-modules and n_ -locally nilpotent. Therefore, it is natural to try and study an analogue
of category O for rational Cherednik algebras. This is what we will do in this section.

2.2. Category O. Let Ho(W)-mod be the category of all finitely generated left He (W)-
modules. It is a hopeless task to try and understand in any detail the whole category
H¢(W)-mod. Therefore, one would like to try and understand certain interesting, but
manageable, subcategories. The PBW theorem suggests the following very natural
definition.
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DEFINITION 2.2.1. Category O is defined to be the full® subcategory of H,(W)-mod
consisting of all modules M such that the action of h € C[h*] is locally nilpotent.

REMARK 2.2.2. A module M is said to be locally nilpotent for § if, for each m € M
there exists some N >> 0 such that h - m = 0.

As shown in Exercise 2.11.1, every module in category O is finitely generated as
a C[h]-module. We will give the proofs of the fundamental properties of category O
since they do not require any sophisticated machinery. However, this does make this
section rather formal, so we first outline the key features of category O so that the
reader can get their bearings. Recall that an abelian category is called finite length if
every object satisfies the ascending chain condition, and descending chain condition,
on subobjects. It is Krull-Schmidt if every module has a unique decomposition (up to
permuting summands) into a direct sum of indecomposable modules.
e There are only finitely many simple modules in category O.
e Category O is a finite length, Krull-Schmidt category.
e Every simple module admits a projective cover, hence category O contains
enough projectives.
e Category O contains “standard modules”, making it a highest weight category.

2.3. Standard objects. One can use induction to construct certain “standard objects” in
category . The skew-group ring C[h*] x W is a subalgebra of H,(W). Therefore, we
can induce to category O those representations of C[h*] x W that are locally nilpotent
for h. Let m = C[h*];+ be the augmentation ideal. Then, for each A in Irr(W), we
define the C[h*] x W-module A = C[h*] x W ®w A. For each r € N, the subspace m” - 4
is a proper C[h*] x W-submodule of A and we set A, := A/m’ - A. This is a h-locally
nilpotent C[h*] x W-module. We set

Ar(L) =He(W) Qcryr 1w Ar-

It follows from Lemma 2.4.1 that A,(A) is a module in category O. The module
A(L) ;= A(A) is called a standard module (or, often, a Verma module) of category O.
The PBW theorem implies that A(A) = C[h] ®c A as a C[h]-module.

EXAMPLE 2.3.1. For our favourite example, Z, actingon h=C-y and h* =C - x,
we have Irr(Z>) = {po, p1}, where pg is the trivial representation and p; is the sign
representation. Then,

A(po) =Clx]® po, A(p1) =Clx]® p1.
The subalgebra C[x] x Z; acts in the obvious way. The action of y is given as follows:
y-f)®pi =1y, fF()]® pi + f(x) ® ypi
=Ly, fFOI® pi, i=0,1
Here [y, f(x)] € C[x] x Z; is calculated in H.(Z).

3Recall that a subcategory B of a category A is called full if Homg(M, N) = Hom 4 (M, N) for all
M, N € ObjB.
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2.4. The Euler element. In Lie theory, the fact that every module M in category O is
semisimple as a h-module is very important, since M decomposes as a direct sum of
weight spaces. We don’t have a Cartan subalgebra in H¢ (W), but the Euler element is a
good substitute (equivalently one can think that the Cartan subalgebras of H.(W) are
one-dimensional).

Let xq, ..., x, be a basis of h* and yy, ..., y, € h the dual basis. Define the Euler
element in Ho (W) to be

" 2¢(s)
=3 v~ 3 0L
i=1 s

SES

where A; was defined in Section 1.8. The relevance of the element eu is given by the
fact that it satisfies the following fundamental relations:

[eu,x]=x, [eu,y]l=-y, [eu,w]=0, forall x eb*, yeh, weW.

See Exercise 2.11.2 for the proof. Conjugation by eu defines a Z-grading on H.(W),
where deg(x) =1, deg(y) = —1 and deg(w) = 0. The sum

belongs to Z(W), the centre of the group algebra. Therefore, if A is an irreducible
W-module, this central element will act by a scalar on A. This scalar will be denoted
by c;.

LEMMA 2.4.1. The modules A, ()) belong to category O.

PROOF. We begin by noting that category O is closed under extensions, i.e., if we
have a short exact sequence

0—)M1—)M2—>M3—>0

of H¢(W)-modules, where M and M3 belong to O, then M, also belongs to O. The
PBW theorem implies that Ho (W) is a free right C[h*] x W-module. Therefore the
short exact sequence 0 — A, _1 — A, — A1 — 0 of C[h*] x W-modules defines a short
exact sequence

0—> A 1(M) > Ar(M) > AN =0 (2.A)

of H¢(W)-modules. Hence, by induction on r, it suffices to show that A(A) belongs to
O. We can make A(A) into a Z-graded H¢(W)-module by putting 1 ® A in degree zero.
Then, A(}) is actually positively graded with each graded piece finite-dimensional.
Since y € b maps A(L); into A(L);_1, we have hit!1. A(L); =0. O

For each a € C, the generalised eigenspace of weight a, with respect to eu, of a
He(W)-module M is defined to be

My={meM|u—1)" -m=0for N> 0}.

As for weight modules in Lie theory, we have:
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LEMMA 2.4.2. Each M € O is the direct sum of its generalised eu-eigenspaces

M:@Ma,

aeC

and dim M, < oo for all a € C.

PROOF. Since M is in category O, we can choose a finite-dimensional C[H*] x W-
submodule M’ of M that generates M as a Ho(W)-module. Since M’ is finite-dimen-
sional, there exists some r > 0 such that " - M’ = 0. Thus we may find A, ...,
Ak € Irr(W) such that the sequence

k

@ Ar(A) = M —0

i=1
is exact. Each A()); is a generalised eu-eigenspace with eigenvalue i 4 ¢;. Hence
A(X) is a direct sum of its eu-eigenspaces. As in the proof of Lemma 2.4.1, one can
use this fact together with the short exact sequence (2.A) to conclude that each A, (4) is
a direct sum of its generalised eu-eigenspaces, with each eigenspace finite-dimensional.
This implies that M has this property too. O

2.5. Characters. Using the Euler operator eu we can define the character of a module
M € O to be

ch(M) =) " (dim M,)“.
aeC

The Euler element acts via the scalar ¢, on 1 ® . C A()). This implies that

dim(A)z6*

ch(A(L)) = T

By Exercise 2.11.4, the character ch(M) belong to @aec t?7Z[[t]] for any M in category
O. In fact one can do even better. As shown in Exercise 2.8.4 below, the standard
modules A (%) are a Z-basis of the Grothendieck group K¢(O). The character of M
only depends on its image in Ko(O). Therefore if

(M= > mlA()] € Ko(O),

relrr(W)

H C
dim(@)e™ implies that ch(M) = SO

for some n; € Z, the fact that ch(A(})) = ,
(I=p)" (I=p)"

where

f&= > ndim()* e Z[x* |a € C].
Aelrr(W)

Hence, the rule M +— (1 — )" - ch(M) is a morphism of abelian groups K(QO) —
Z[(C, +)]. It is not in general an embedding.
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2.6. Simple modules. Two basic problems motivating much of the research in the
theory of rational Cherednik algebras are:

(1) Classify the simple modules in O.

(2) Calculate ch(L) for all simple modules L € O.

The first problem is easy, but the second is very difficult (and still open in general).

LEMMA 2.6.1. Let M be a nonzero module in category O. Then, there exists some
A € Irr(W) and nonzero homomorphism A(A) — M.

PROOF. Note that the real part of the weights of M are bounded from below, i.e.,
there exists some K € R such that M, # 0 implies Re(a) > K. Therefore we may
choose some a € C such that M, # 0 and M =0 for all b € C such that a — b € R+ .
An element m € M is said to be singular if h-m =0, i.e., it is annihilated by all y’s.
Our assumption implies that all elements in M, are singular. Every weight space M,
is a W-submodule. If A occurs in M, with nonzero multiplicity then there is a well
defined homomorphism A(A) — M, whose restriction to 1 ® X injects into M,,. (]

LEMMA 2.6.2. Each standard module A()) has a simple head L()\) and the set
{LA) | A elr(W)}
is a complete set of nonisomorphic simple modules of category O.

PROOF. Let R be the sum of all proper submodules of A(A). It suffices to show
that R # A(X). The weight subspace A(A)e, = 1® A is irreducible as a W-module
and generates A(L). If R¢; # O then there exists some proper submodule N of A(})
such that N¢;, # 0. But then N = A(}) since 1 ® A generates A(A). Thus, R., =0,
implying that R itself is a proper submodule of A(L). Now let L be a simple module
in category O. By Lemma 2.6.1, there exists a nonzero homomorphism A(L) — L
for some A € Irr(W). Hence L >~ L(A). The fact that L(}) >~ L(n) implies A >~ u
follows from the fact that Lgjyg, the space of singular vectors in L, is irreducible as a
W-module. U

EXAMPLE 2.6.3. Let’s consider Hq(Z;) at ¢ = —%. Then, one can check that

A(p1) =Clx]1® p1 — L(p1) = (Cx1® p1)/(x*Clx]1 ® py).

On the other hand, a direct calculation shows that A(pg) = L(pg) is simple. The
composition series of A(py) is

L(p1)

L(po)

COROLLARY 2.6.4. Every module in category O has finite length.
PROOF. Let M be a nonzero object of category O. Choose some real number K >0
such that Re(c;) < K for all » € Irr(W). We write M=K for the sum of all weight

spaces M, such that Re(a) < K. It is a finite-dimensional subspace. Lemma 2.6.1
implies that N=X £ 0 for all nonzero submodules N of M. Therefore, if

No2 N1 2N22---
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is a proper descending chain of submodule of M then
<K <K <K
Ny ™ 2N 2N 2+

is a proper descending chain of subspaces of M=K Hence the chain must have finite
length. O

2.7. Projective modules. A module P € O is said to be projective if the functor
Homy, (w)(P, —) : O — Vect(C) is exact. It is important to note that a projective
module P € O is not projective when considered as a module in H.(W)-mod, i.e.,
being projective is a relative concept.

DEFINITION 2.7.1. An object Q in O is said to have a A-filtration if it has a
finite filtration 0= Qo9 C Q1 C --- C @, = Q such that Q;/Q;_1 =~ A(};) for some
A elr(W)andall 1 <i <r.

Let L € O be simple. A projective cover P(L) of L is a projective module in O
together with a surjection p : P(L) — L such that any morphism f: M — P(L) is a
surjection whenever po f : M — L is a surjection. Equivalently, the head of P (L)
equals L. Projective covers, when they exist, are unique up to isomorphism. The
following theorem, first shown in [125], is of key importance in the study of category
O. We follow the proof given in [2].

THEOREM 2.7.2. Every simple module L(\) in category O has a projective cover
P(A). Moreover, each P()\) has a finite A-filtration.

Unfortunately the proof of Theorem 2.7.2 is rather long and technical. We suggest
the reader skips it on first reading. For a € C we denote by a its image in C/Z. We
write O? for the full subcategory of O consisting of all M such that M, = 0 for all
bé¢a+7.

PROOF OF THEOREM 2.7.2. Exercise 2.11.5 shows that it suffices to construct a
projective cover P () for L(A) in O, Fix a representative a € C of a. For each k € Z,
let O=F denote the full subcategory of O? consisting of modules M such that My, # 0
implies that b —a € Zxy. Then, for k > 0, we have O=F =0 and for k < 0 we have
OZk = 0%, To see this, it suffices to show that such k exist for the finitely many simple
modules L()) in O% —then an arbitrary module in O% has a finite composition series
with factors the L(A), which implies that the corresponding statement holds for them
too. Our proof of Theorem 2.7.2 will be by induction on k. Namely, for each k and
all A € Irr(W) such that L(}) € 0=k, we will construct a projective cover Py (A) of
L(3) in OZF such that Py()) is a quotient of A () for r > 0. At the end we’ll deduce
that Py (1) itself has a A-filtration. The idea is to try and lift each Py (}) in O0ZF t0 a
corresponding Py_1 (i) in OZk~1,

Let kq be the largest integer such that @=%0 =£ 0.

CLAIM 2.7.3. The category O=ko jg semisimple with Py, (L) = A(X) = L(A) for all
A such that L(1) € OZko,
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PROOF OF THE CLAIM. Note that A(A), = 1 ® A and A(X), # 0 implies that
b — ¢y, € Z>p. If the quotient map A(L) — L(A) has a nonzero kernel K then choose
L(n) C K a simple submodule. We have ¢, — ¢; € Z-, contradicting the minimality
of kg. Thus K = 0. Since A(}) is an induced module, adjunction implies that

Hom =1, (A(X), M) = Homcpp#)ew (A, M)
for all M € ©O=K0. Again, since all the weights of M are at least c;, this implies that
Hom(c[h*]xw()\, M) = Homwy (X, Mc;h)-

Since M is a direct sum of its generalised eu-eigenspaces, this implies that the functor
Hom@zko (A()), —) is exact, i.e., A(}X) is projective. O

Now take k < kg and assume that we have constructed, for all L(A) € OzkH, a
projective cover P 1 (1) of L(1) in OZ*+1 with the desired properties. If O=k+1 = 0=k
then there is nothing to do so we may assume that there exist wuy, ..., u, € Irr(W)
such that L(u;) belongs to OZk, but not to OZk*1. Note that ¢y, =a-+kforalli.
For all M € O=ZF cither M4+, =0 (in which case M € Ozk+1y or M4y consists of
singular vectors, i.e., h - M4 = 0. Therefore, as in the proof of Claim 2.7.3, we have
Pr(uni) = A(u;) for 1 <i <r. Notice that P, (i) is obviously a quotient of A(u;).
Thus, we are left with constructing the lifts Pi (1) of Pxy1(A) for all those A such that
L(A) € O=k+1_Fix one such A.

CLAIM 2.7.4. There exists some integer N > 0 such that (ew — cA)N -m =0 for all
Me Ok and allm e Me, .

By definition, for a given M € O=K and m € M., , there exists some N > 0 such
that (eu — ¢3)™ -m = 0. The claim is stating that one can find a particular N that works
simultaneously for all M € O and all m € M, .

PROOF OF THE CLAIM. Since dim(M,,) < oo there exist n; € N and a morphism

¢: P Aaw)® — M,

i=1
such that the cokernel M’ of ¢ is in O=K*!, Therefore we may construct a surjection

VP Pt — M,
n

where the sum is over all n € Irr(W) such that L(n) € O=k+1_Since each Ar(n) is in
category @, Lemma 2.4.2 implies that there is some N >0 such that (eu—c¢; )V ~1.g =0
for all g € Ay ()¢, . Since Pry1(n) is a quotient of A (1), (eu— )N p =0 for all
P € Pry1(n)e, too. Therefore (eu — ¢;)V 1 m lies in the image of ¢ for all m € M,
and hence (eu —¢)Y -m =0. O

Now choose some new integer r such that r 4+ ¢ > a + k and define

ROy — Ar(h)
T He(W)-(eu—e)N(1®@1Q1)°
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Then, for M € O,
Homy, (wy(R(A), M) ={m € M, |h"-m =0}y,

where the subscript {—}, refers to the A-isotypic component. Since ¢ —r K a +k
and M € 0=k, we have M, _» = 0. But b -m € M, _, for all m € M, which
means that Homp,(w)(R(A), M) equals the A-isotypic component of M,,. Thus,
Homp, (w)(R(A), —) is exact on o=k (the functor M maps to the A-isotypic component
of M., being exact). It is nonzero because it surjects onto A(A). The only problem is
that it does not necessarily belong to 0=k, So we let R(A) be the H, (W)-submodule
generated by all weight spaces R(A)p with b —a ¢ Z>y and define Py () :== R(A)/ R(}).
By construction, it belongs to O=K and if f : R(1) — M is any morphism with M € O=*
then R(1) C Ker f. Therefore it is the projective cover of L(1) in OZK. We have
constructed Py(A) as a quotient of A, (L), an object equipped with a A-filtration.

The only thing left to show is that if k <« 0 such that OZk = O then P;()) has a
A-filtration. By construction, it is a quotient of an object M € O that is equipped with
a A-filtration. But our assumption on k£ means that Py ()) is projective in O. Thus, it is
a direct summand of M. Therefore, it suffices to note that if M = M| @ M, is an object
of O equipped with a A-filtration, then each M; also has a A-filtration (this follows by
induction on the length of M from the fact that the modules A(X) are indecomposable).
This completes the proof of 2.7.2. (]

In general, it is very difficult to explicitly construct the projective covers P(A). The
object P = @AE[H(W) P(A) is a projective generator of category O i.e for each M € O
there exists some N > 0 and surjection PY — M. Therefore, we have an equivalence
of abelian categories

O ~ A-mod,
where A = Endp,w)(P) is a finite-dimensional C-algebra. See [22, Chapter 2], and in
particular [22, Corollary 2.6], for details.

2.8. Highest weight categories. Just as for category O of a semisimple Lie algebra
g over C, the existence of standard modules in category O implies that this category
has a lot of additional structure. In particular, it is an example of a highest weight
(or quasihereditary) category. The abstract notion of a highest weight category was
introduced in [70].

DEFINITION 2.8.1. Let A be an abelian, C-linear and finite length category, and A
a poset. We say that (A, A) is a highest weight category if

(1) there is a complete set {L(A) | A € A} of nonisomorphic simple objects labelled
by A;

(2) there is a collection of standard objects {A(L) | 2 € A} of A, with surjections
¢ A(A) — L(X) such that all composition factors L(u) of Ker ¢, satisfy
H<A;

(3) each L(1) has a projective cover P(x) in A and the projective cover P ()
admits a A-filtration 0 = FoP(A) C F{P(A) C --- C F;;, P(A) = P(X) such that
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o FnP)/Fn—1P(X) = AQA);
e forO<i<m, F;iP(A)/F;i_1P(}) =~ A(u) for some p > A.

Define a partial ordering on Irr(W) by setting
A<el &> ¢y —¢) €7Lsy.

LEMMA 2.8.2. Choose A and v in Irt(W) such that & £¢ . Then
Exthc(W)(A(x), A(r)) =0.

PROOF. Recall that Exthc(w)(A(k), A(p)) can be identified with isomorphism
classes of short exact sequences 0 — A(un) - M — A(X) — 0. As such, the group
Ethl—ic(W) (A()), A(w)) is zero if and only if all such short exact sequences split. Assume
that we are given a short exact sequence

0—> A(uw) > M —> A(L) — 0,

for some M € He(W)-mod. Then M € O. Take 0 #v € A(L)e;, =1® X and m € M,
that maps onto v. Since A £, i, there is no a € C such that a —¢) € Z~o and M, # 0.
Hence h-m = 0. Then v + m defines a morphism A(A) — M which splits the above
sequence. (]

THEOREM 2.8.3. Category O is a highest weight category under the ordering <,
given by the Euler element.

PROOF. The only thing left to check is that we can choose a A-filtration on the
projective covers P (A) such that the conditions of Definition 2.8.1(3) are satisfied. By
Theorem 2.7.2, we can always choose some A-filtration 0= Fy C F{ C--- C F = P(}),
with F; /F;_1 ~ A(u;). Since P(}) surjects onto L(A), we must have p,, = A. I claim
that one can always choose the u; such that u; > u;41 for all 0 <i < m. The proof
is by induction on i. But first we remark that the fact that P(X) is indecomposable
implies that all u; are comparable under <. Assume that pt; >¢ w4 for all j <i.
If ui <¢ pi41 then it suffices to show that there is another A-filtration of P (L) with
composition factors pL’J such that ,u’j = forall j #i,i+1and i =pit1, wj | = i
We have

0— F — Fiy1 —> A(uiv1) —> 0,
which quotienting out by F;_; gives
0— A(ui) = Fiy1/Fi—1 = A(piy1) = 0.

Lemma 2.8.2 implies that the above sequence splits. Hence F;1/F;_ is isomorphic to
A(i) B A(i4+1). Thus, we may choose F;_1 C Fl-/ C F; such that Fl.’/Fi_l ~A(it1)
and Fji1/ Fl./ >~ A(u;) as required. Hence the claim is proved. This means that
Um—1 =¢ * If y—1 =¢ A then Lemma 2.8.2 implies that

P/ Fpn—2 >~ A(ppm—1) ® AA)

and hence the head of P(A) is not simple. This contradicts the fact that P(A) is a
projective cover. (]
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We now describe some consequences of the fact that O is a highest weight category.

COROLLARY 2.8.4. The standard modules A()) are a Z-basis of the Grothendieck
group Ko(O).
PROOF. Since O is a finite length, abelian category with finitely many simple

modules, the image of those simple modules L(A) in Ko(QO) are a Z-basis of Ky(O).
Let k = [Irr(W)| and define the k by k matrix A = (ay,,) € N by

[AWI= Y aull@l.
pelr(W)
We order Irr(W) = {Aq, ..., A} so that i > j implies that A; <¢ A;. Then property (2)
of Definition 2.8.1 implies that A is upper triangular with ones all along the diagonal.
This implies that A is invertible over Z and hence the [A())] are a basis of Ko(O). [

A nontrivial corollary of Theorem 2.8.3 is that Bernstein—Gelfand—Gelfand (BGG)
reciprocity holds in category O.

COROLLARY 2.8.5 (BGG-reciprocity). For i, u € IrrW,
(P A(w) =[Aw) : L(V)].

We also have the following:

COROLLARY 2.8.6. The global dimension of O is finite.

PROO_F. As in the proof of Theorem 2.7.2, it suffices to consider modules in the
block O for some a € C. Recall that we constructed a filtration of this category

0=k c ozko=it ¢ ... c ©Zho=in = O,

where 0 < i| < --- < i, are chosen so that each inclusion is proper. For all A €
Irr(W), define N (A) to be the positive integer such that L(}) € OZk0=ING) pug L)) ¢
OZk0~ING~1, We claim that p.d.(A(X)) <n— N(&) for all A. The proof of Theorem
2.7.2 showed that A(A) = P()) for all A such that N (1) = n. Therefore we may assume
that the claim is true for all i such that N () > Ng. Choose A such that N(1) = Ny.
Then, as shown in the proof of Theorem 2.8.3, we have a short exact sequence

0—-K—>PAX) — AL —0,

where K admits a filtration by A(u)’s for A <. u. The inductive hypothesis, together
with standard homological results, e.g., Chapter 4 of [239], imply that p.d.(K) < Ny —1
and hence p.d.(A(X)) < Ny as required. Now we show, again by induction, that
p.d.(L(X)) <n+N(}). Claim 2.7.3 says that A(X) = L()) for all A such that N (1) =0.
Therefore, we may assume by induction that the claim holds for all  such that
N(u) < Ng. Assume N (1) = Ny. We have a short exact sequence

00— R— AL — LX) —0,
where R admits a filtration by simple modules L(u) with i <. A. Hence, as for standard

modules, we may conclude that p.d.(L(})) < n + N(A). Note that we have actually
shown that the global dimension of O is at most 2n. O
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COROLLARY 2.8.7. Category O is semisimple if and only if A(X) = L(X) for all
A€ Irr(W).

PROOF. Since A(A) is indecomposable and L () a quotient of A(L), it is clear that
O semisimple implies that A(A) = L(A) for all A € Irr(W). Conversely, if A(L) = L(})
then BGG reciprocity implies that P(X) = L(A) for all A which implies that O is
semisimple. (]

2.9. Category O for Z,. The idea of this section is simply to try and better understand
category O when W = Z,. Many of the results stated are exercises, which can be found
at the end of the chapter. Recall that, in this case, W = (s) with s2 =1 and the defining
relations for H¢(Z,) are sx = —xs, sy = —ys and

[v,x]=1-—2c¢s.

Using this defining relation, it is possible to work out when category O is semisimple
and describe the partial ordering on Irr(W) coming from the highest weight structure
on O. See Exercise 2.11.9.

For W = Z, one can also relate representations of H, (W) to certain representations
of U(sly), the enveloping algebra of slp, using the spherical subalgebra eH.(W)e.
Recall that sl = C{E, F, H} with [H, E1=2E,[H, F1=—2F and [E, F] = H. See
Exercise 2.11.10 for the proof of the following lemma.

LEMMA 2.9.1. The map E +— %exz, Fi— —%ey2 and H +— exy + ec is a morphism
of Lie algebras sly — eH¢(Z»)e, where the right-hand side is thought of as a Lie algebra
under the commutator bracket.

The above morphism extends to a morphism of algebras ¢ : U (sl,) — eH.(Z;)e,
whose kernel is generated by 2—a, for some «. Here €2 is the Casimir %H 2+ EF+FE,
which generates the centre of U (sly). Exercise 2.11.10 shows that ¢, descends to a
morphism

¢, U(sh)/(Q—a) — eHe(Zp)e. (2.B)

LEMMA 2.9.2. The morphism (2.B) is an isomorphism.

PROOF. This is a filtered morphism, where eH.(Z,)e is given the filtration as in
Section 1.3 and the filtration on U (sl,) is defined by putting E, F and H in degree
two. The associated graded of eH.(Z,)e equals C[x, y]ZZ = C[x?, y2, xy] and the
associated graded of U (sly) /(2 —«) is a quotient of C[E, F, H]/(%H2 +2EF). Since
grr eH¢(Zy)e is generated by the symbols x2 =0 (ex?), y2 = o(eyz) and xy = o (exy),
we see that eH.(Z;)e is generated by ex?, ey2 and exy. Hence ¢, is surjective. On
the other hand, the composite

C[E, F, H]/(%H2 —|—2EF) —grrU(sh)/(Q—a) gﬂc (C[xz, yz,xy]

is given by E +— %xz, F— —%yz and H + xy is an isomorphism. This implies that
CIE,F, Hl/(YH* +2EF) — grr U(sh) /(2 — o)

is an isomorphism and so too is grz ¢,. Hence ¢, is an isomorphism. U
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2.10. Quivers with relations. As noted previously, there exists a finite-dimensional
algebra A such that category O is equivalent to A-mod. In this section, we’ll try to
construct A in terms of quivers with relations when W = Z,. This section is included
for those who know about quivers and can be skipped if you are not familiar with them.
When W =7, one can explicitly describe what the projective covers P ()) of the simple
modules in category O are. Though, as the reader will see, this is a tricky calculation.

The idea is to first use BGG reciprocity to calculate the rank of P(A) as a (free)
C[x]-module. We will only consider the case ¢ = % +m for some m € Z=o. The
situation ¢ = —% —m is completely analogous. We have already seen in Exercise 2.11.9
that

[A(p1) : L(po)] =0, [A(p1) : L(pD] =1,

[A(po) : L(pD]=1, [A(po) : L(pp)] = 1.
Therefore, BGG reciprocity implies that A(pg) = P(pg) and P(p1) is free of rank two
over C[x]. Moreover, we have a short exact sequence

0— A(po) = P(p1) = A(p1) = L(p1) = 0. 2.0

As graded Zj-modules, we write P(p1) = C[x]® pg ® C[x] ® p1, where C[x] ® pg is
identified with A(pgp). Then the structure of P(p1) is completely determined by the
action of x and y on p1:

y-U®p1)=fix)®pg, x-(1Qp1)=x®p1+ fo(x)® oo

for some fj, f1 € C[x]. For the action to be well-defined we must check the relation
[y, x] =1 — 2¢s, which reduces to the equation

y- (fox) ®pp) =0.

Also s(f;) = f; for i =0, 1. This implies that fo(x) = 1. The second condition we
require is that P(p1) is indecomposable (this will uniquely characterize P(p1) up to
isomorphism). This is equivalent to asking that the short exact sequence (2.C) does
not split. Choosing a splitting means choosing a vector p; + f2(x) ® pg € P(p1) such
that y - (p1 + f2(x) ® pg) = 0. One can check that this is always possible, except when
filx) = x2" Thus we must take filx) = x2™ This completely describes P(p1) up to
isomorphism.

Recall that a finite-dimensional C-algebra A is said to be basic if the dimension of
all simple A-modules is one. Every basic algebra can be described as a quiver with
relations. One way to reconstruct A from A-mod is via the isomorphism

A= EndA< @ P()\)),

relrr(A)
where Irr(A) is the set of isomorphism classes of simple A-modules and P()) is
the projective cover of A. Next we will construct a basic A in terms of a quiver
with relations such that A-mod >~ . The first step in doing this is to use BGG-
reciprocity to calculate the dimension of A. Again, we will assume that ¢ = % +m
for some m € Z=(. The case ¢ = —% — m is similar and all other cases are trivial.
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We need to describe A = Endy,(z,)(P(po) ® P(p1)). Using the general formula
dim Homy, (w) (P (A), M) = [M : L())], and BGG reciprocity, we see that

dim Endpy, z,) (P (o)) = 1. dim Endp, z,)(P(p1)) =2 (2.D)

dim Homy,(z,)(P(po), P(p1)) =1, dimHomy,(z,)(P(p1), P(po)) =1. (2.E)

Hence dim A = 5. The algebra A will equal CQ/I, where Q is some quiver and / an
admissible ideal*. The vertices of Q are labelled by the simple modules in O, hence
there are two: eg and e (corresponding to L(pg) and L(p1) respectively). The number
of arrows from e to e equals dim Exthc(zz)(L(po), L(p1)) and the number of arrows

from e to e equals dim Ethl-u(Zz) (L(p1), L(pg)). Hence there is one arrow e <—eq :a
and one arrow e <— e : b. The projective module P(pp) will be a quotient of

CQeg = Cleg, aeg = a, ba, aba, . ..},

and similarly for P(p). Equations (2.D) imply that ba = (ab)? =0 in A (note that we
cannot have e —aba = 0 etc. because the endomorphism ring of an indecomposable is
a local ring). Hence A is a quotient of CQ/1, where I = (ba, (ab)?). But CQ/I has a
basis given by {eq, e1, a, b, ab}. Hence dim CQ/I =5 and the natural map CQ/I — A
is an isomorphism. Thus,

LEMMA 2.10.1. Let Q be the quiver with vertices {eq, e1} and arrows
a b
{e1 «<— ey, eg <— e1}.
Let I be the admissible ideal (ba, (ab)?). Then, © ~CQ/I-mod.
2.11. Exercises.

EXERCISE 2.11.1. Show that every module in category O is finitely generated as a
C[h]-module.

EXERCISE 2.11.2. Show that [eu, x] = x, [eu, y] = —y and [eu, w] = O for all
xebh*, yehandweW.

EXERCISE 2.11.3. (1) Give an example of a module M € H.(W)-mod that is
not the direct sum of its generalised eu-eigenspaces.
(2) Using eu, show that every finite-dimensional H,(W)-module is in category O.
Hint: how does y € b act on a generalised eigenspace for eu?

EXERCISE 2.11.4 (harder). Show that ch(M) € @, ¢ t*Z[t] for all M € O.

EXERCISE 2.11.5. Using the fact that all weights of H(W) under the adjoint action
of eu are in 7Z, show that
o= P o

aeC/7Z

4Recall that an ideal / in a finite-dimensional algebra B is said to be admissible if there exists some m > 2
such that rad(B)"™ C I C rad(B)?
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EXERCISE 2.11.6. Show that if ¢; — ¢, & Z~( for all A # p € Irr(W) then category
O is semisimple. Conclude that O is semisimple for generic parameters c.

EXERCISE 2.11.7. Recall that c¢ is said to be aspherical if there exists some nonzero
M € He(W)-mod such that e - M = 0. As in Lie theory, we have a “generalised Duflo
theorem™:

THEOREM 2.11.8. Let J be a primitive ideal in Hc(W). Then there exists some
A € Irr(W) such that
J = Anny,w)(L(X)).

Using the generalised Duflo theorem and the arguments as in the proof of Corollary
1.6.3, show that c¢ is aspherical if and only if there exists a simple module L(}) in
category O such that e- L(1) =0.

EXERCISE 2.11.9. In this exercise, we assume W = Z,.

(1) For each ¢, describe the simple modules L(A) as quotients of A(A). For which
values of ¢ is category O semisimple?

(2) For each ¢, describe the partial ordering on Irr(W) coming from the highest
weight structure on O.

(3) Using Exercise 2.11.7, calculate the aspherical values for W = Z,.

EXERCISE 2.11.10. (1) Show that E > tex?, F > —1ey? and H > exy+ec
is a morphism of Lie algebras sl — eH¢(Z>)e, where the right-hand side is
thought of as a Lie algebra under the commutator bracket.

(2) Prove that this extends to a morphism of algebras ¢, : U (sly) — eH.(Z»)e.
(3) The centre of U (sly) is generated by the Casimir Q2 = 1H2 4+ EF+ FE. Find
a € C such that Q —« € Ker ¢.

2.12. Additional remarks.

The results of this section all come from the papers [91], [125] and [113].

Theorem 2.8.3 is shown in [113].

The fact that BGG reciprocity, Corollary 2.8.5, follows from Theorem 2.8.3 is shown
in [113, Proposition 3.3].

The definition given in [70, Definition 3.1] is dual to the one give in Definition 2.8.1.
It is also given in much greater generality.

The generalised Duflo theorem, Theorem 2.11.8, is given in [111].

3. The symmetric group

In this section we concentrate on category O for W = G,;, the symmetric group. The
reason for this is that category O is much better understood for this group than for other
complex reflection groups, though there are still several open problems. For instance,
it is known for which parameters ¢ the algebra H.(S,) admits finite-dimensional
representations, and it turns out that H.(&,) admits at most one finite-dimensional,
simple module, see [32]. In fact, we now have a good understanding [241] of the “size”
(i.e., Gelfand—Kirillov dimension) of all simple modules in category O.
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But, in this section, we will concentrate on the main problem mentioned in Section
2, that of calculating the character ch(L(A)) of the simple modules.

3.1. Outline of the section. The first thing to notice is that, since we can easily write
down the character of the standard modules A (L), this problem is equivalent to the
problem of calculating the multiplicities of simple modules in a composition series for
standard modules; the “multiplicities problem”. That is, we wish to find a combinatorial
algorithm for calculating the numbers

[A) : L(w)], forall A, uelrr(Sy).

For the symmetric group, we now also have a complete answer to this question: the
multiplicities are given by evaluating at one the transition matrices between standard
and canonical basis of a certain Fock space. In order to prove this remarkable result,
one needs to introduce a whole host of new mathematical objects, including several
new algebras. This can make the journey long and difficult. So we begin by outlining
the whole story, so that the reader doesn’t get lost along the way. The result relies upon
work of several people, namely Rouquier, Varagnolo—Vasserot and Leclerc—Thibon.

Motivated via quantum Schur—Weyl duality, we begin by defining the v-Schur algebra.
This is a finite-dimensional algebra. The category of finite-dimensional modules over
the v-Schur algebra is a highest weight category. Rouquier’s equivalence says that
category O for the rational Cherednik algebra of type A is equivalent to the category
of modules over the v-Schur algebra. Thus, we transfer the multiplicity problem for
category O to the corresponding problem for the v-Schur algebra.

The answer to this problem is known by a result of Vasserot and Varagnolo. However,
their answer comes from a completely unexpected place. We forget about v-Schur
algebras for a second and consider instead the Fock space F, a vector space over the
field Q(g). This is an infinite-dimensional representation of 4, (;[r), the quantum group
associated to the affine Lie algebra ;[W On the face of it, F; has nothing to do with the
v-Schur algebra, but bare with me!

The Fock space F; has a standard basis labelled by partitions. It was shown by
Leclerc and Thibon that it also admits a canonical basis, in the sense of Lusztig, again
labelled by partitions. Hence there is a “change of basis” matrix that relates these two
basis. The entries dj ,(g) of this matrix are elements of Q(g). Remarkably, it turns
out that they actually belong to Z[q].

What Varagnolo and Vasserot showed is that the multiplicity of the simple module
(for the v-Schur algebra) labelled by A in the standard module labelled by w is given by
dys 0 (1) (M denotes the transpose of the partition A). Thus, to calculate the numbers
[A(X) : L(1)], and hence the character of L(A), what we really need to do is calculate
the change of basis matrix for the Fock space F.

3.2. The rational Cherednik algebra associated to the symmetric group. Recall
from Example 1.5.1 that the rational Cherednik algebra associated to the symmetric
group &, is the quotient of

T(C?) % &y =C(X1, ...\ Xy V1o - s Yn) X Sy
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n—i, 1) =

Figure 2. The partition (n —i, 1) corresponding to the irreducible &,-module /\ih.

by the relations

[xi,x;]1=0,

[yi,yj1=0, for all i, j,

[yi, x;1=cs;j,

[yi,x,-]:l—chij, foralli;éj.

J#

Since the standard and simple modules in category O are labelled by the irreducible
representations of G,, we begin by recalling the parametrization of these representations.

3.3. Representations of G,. Recall that a partition A of n is a sequence
M Zhpz20

of positive integers such that ), A; = n. It is a classical result, going back to I. Schur,
that the irreducible representations of the symmetric group over C are naturally labelled
by partitions of n. Therefore, we can (and will) identify Irr(&,,) with P, the set of all
partitions of n and denote by A both a partition of n and the corresponding representation
of &,,. For details on the construction of the representations of &, see [106].

EXAMPLE 3.3.1. The partition (n) labels the trivial representation and (1") labels
the sign representation. The reflection representation b is labelled by (n — 1, 1). More
generally, each of the representations /\i b is an irreducible &,-module and is labelled
by (n — i, 1'); see Figure 2. Note that the trivial representation is /\Oh and the sign
representation is just /A" 'h.

3.4. Partitions. Associated to partitions is a wealth of beautiful combinatorics. We’ll
need to borrow a little of this combinatorics. Let A = (A, ..., Ag) be a partition. We
visualise A as a certain array of boxes, called a Young diagram, as in the example5

5 The numbers in the boxes are the residues of A modulo 3, see Section 3.8.
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A=(4,3,1):
1
21071
017210

To be precise, the Young diagram of X is
Y ={G, )eZ?|1=j<k 1<i<i)CZ

EXAMPLE 3.4.1. The irreducible G,-module labelled by the partition A, has a natural
basis {vs | o € Std(A)}, the Young basis, which is labelled by the set Std(A) of all
standard tableau of shape A. Here a standard tableau o is a filling of the Young diagram
of A by {1, ..., n} such that the numbers along the row and column, read from left to
right, and bottom to top, are increasing. For instance, if n =5 and A = (3, 2), then
dim A =5, and the representation has a basis labelled by all standard tableaux,

415 215 2| 4 315 314

12137117314 /13|51 214 |12]|5

3.5. The v-Schur algebra. Recall that the first step on the journey is to translate the
multiplicity problem for category O into the corresponding problem for the v-Schur
algebra. By Weyl’s complete reducibility theorem, the category C, of finite-dimensional,
integral representations of the Lie algebra gl,,, or equivalently of its enveloping algebra
U(gl,), is semisimple. Here a module M is said to be integral if the identity matrix
id € gl,, acts on M as multiplication by an integer. The simple modules in this category
are the highest weight modules L;, where A € Z" such that ; — A;4+1 > 0 for all
1 <i <n—1. The set P(n) of all partitions with length at most n can naturally be
considered as a subset of this set. Let V denote the vectorial representation of gl,. For
each d > 1 there is an action of gl,, on V®d_ The symmetric group also acts on V&
on the right by

VMR - Qug) o = Vo101 @ ®Vy—1 (g for all 0 € &,.
It is known that these two actions commute. Thus, we have homomorphisms ¢ :

U(gl,) — Endce, (V&) and ¥q : C&4 — Endy(gr,)(VE?)P. Schur-Weyl duality
says that

PROPOSITION 3.5.1. The homomorphisms ¢4 and V4 are surjective.

Let S(n, d) = Endcg d(V®d) be the image of ¢,. It is called the Schur algebra. We
denote by C, (d) the full subcategory of C, consisting of all modules whose composition
factors are of the form L for A € Py(n), where Py(n) is the set of all partitions of d
that belong to P(n). It is easy to check that [(V® . [,]1+#0 if and only if A € Py(n).
Moreover, it is known that Cp, (d) >~ S(n, d)-mod.
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The above construction can be quantized. Let v € C*. Then, the quantized enveloping
algebra U, (gl,,) is a deformation of ¢/ (gl,)). The quantum enveloping algebra 4, (gl,,)
still acts on V. The group algebra CS,, also has a natural flat deformation, the Hecke
algebra of type A, denoted H,(d). This algebra is described in Example 4.6.1. As
one might expect, it is also possible to deform the action of CS4 on V&4 to an action
of H,(d) in such a way that this action commutes with the action of U, (gl,). The
quantum analogue of Schur—Weyl duality, see [90], says

PROPOSITION 3.5.2. We have surjective homomorphisms
¢ : Uy (gly) = Endgy, @) (VE)  and g : Hy(d) — Endyg, g, (VED?
foralld > 1.

The image EndHV(d)(V®d) of ¢g4 is the v-Schur algebra, denoted S, (n, d). The
category Cp,, of finite-dimensional integral representations of U, (gl,) is no longer
semisimple, in general. However, the simple modules in this category are still labelled
L, for A € Z" such that A; —X; 41 >0 for all 1 <i <n—1. Moreover, if we let C, ,,(d)
denote the full subcategory of C,,,, consisting of all modules whose composition factors
are L,, for A € Py(n), then we again have C, ,(d) =S, (n, d)-mod. It is known that
Sy (n, d)-mod is a highest weight category with standard modules W,. When n = d,
we write S, (n) :=S,(n, n).

3.6. Rouquier’s equivalence. As explained at the start of the section, in order to
calculate the multiplicities

my, o =[AR) : L(w)],

one has to make a long chain of connections and reformulations of the question, the
end answer relying on several remarkable results. The first of these is Rouquier’s
equivalence, the proof of which relies in a crucial way on the KZ-functor introduced in
Section 4.

THEOREM 3.6.1. Lef® ¢ € Qs and set v =exp(2mw«/—1¢). Then there is an equiva-
lence of highest weight categories

V.0 = S,(n)-mod,
such that W (A (L)) = W, and V(L())) = L.

Thus, to calculate m;_, it suffices to describe the numbers [W; : L, ]. To do this,
we turn now to the quantum affine enveloping algebra U4, (1) and the Fock space .

3.7. The quantum affine enveloping algebra. Let ¢ be an indeterminate and let /
be the set {1, ..., r}. We now we turn our attention to another quantized enveloping
algebra, this time of an affine Lie algebra. The quantum affine enveloping algebra

Note that Rouquier’s rational Cherednik algebra is parametrized by 4 = —c.
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Uy (?[r) is the Q(q)-algebra generated by E;, Fj, K l.il for i € I and satisfying the
relations

Kik7'=K'Ki=1, KK;=K;K;, Vi<i,j<r
K,'Ej:qai-,jEjKi, K Fj :qfai,ijKi, V1i<i, j<r, G.A)
Ki—K ! .
[Ei, Fjl=6; j—, Vi<i,j<r,
q9—q
and the quantum Serre relations
E?Eiz1 —(q+q DWEEix1E; + Eix E? =0, forall 1 <i<r, (3.B)

F,'ZFi:i:l —(q +C]_1)FiFi:|:1Fi+Fi:|:1Fi2:0a forall 1 <i<r, (3.0

where the indices in (3.B) and (3.C) are taken modulo r so that 0=r and r + 1 = 1.
In 3.A), aj; =2, ajj+1 = —1 and q; ; is 0 otherwise. In the case r = 2, we take
aj, j =-21ifi 75]

3.8. The g-deformed Fock space. Let F; be the level one Fock space for U, (;[r). It
is a Q(g)-vector space with standard basis {|)1)}, labelled by all partitions A. The action
of Uy (?[,) on F is combinatorially defined. Therefore, to describe it we need a little
more of the language of partitions.

Let A be a partition. The content of the box (i, j) € Y(X) is cont(i, j) :=i — j. A
removable box is a box on the boundary of A which can be removed, leaving a partition
of |A] — 1. An indent box is a concave corner on the rim of A where a box can be
added, giving a partition of |A| 4+ 1. For instance, A = (4, 3, 1) has three removable
boxes (with content —2, 1 and 3), and four indent boxes (with content —3, —1, 2 and
4). If y is a box of the Young tableaux corresponding to the partition A then we say
that the residue of y is i, or we say that y is an i-box of A, if the content of y equals i
modulo r. Let A and u be two partitions such that u is obtained from A by adding a
box y with residue i; see Figure 3. We define

N; (L) = |{indent i-boxes of A}| — |{removable i-boxes of A}|,
Nl.l (X, n) = |{indent i-boxes of X situated to the left of y (not counting y )}
— |{removable i-boxes of A situated to the left of y}|,
N/ (i, n) = |{indent i-boxes of A situated to the right of y (not counting y)}|
— |{removable i-boxes of A situated to the right of y}|,
Then,

r N!
Fila) =YgVt Py, Eipy =Y M),
1% A
where, in each case, the sum is over all partitions such that ©/A is a i-node, and

Kiln) =g P,
See [159, Section 4.2] for further details.
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EXAMPLE 3.8.1. Let A = (5,4, 1, 1) and r = 3 so that the Young diagram, with
residues, of A is

Then
Fyla) =1(6,4,1, 1) +[(5.4,2, 1)) +¢[(5, 4.1, 1, 1)),
E|r) =¢%((5.3.1, 1)),
Kaln) =¢?|(5.3, 1, 1)).

There is an action of a larger algebra, the quantum affine enveloping algebra U4, (3[,) D
Uy (s:\[r) on the space .7-"1. The key point for us is that F is an irre’c\iucible highest weight
representation of U, (gl,), with highest weight |&). As a U, (sl,)-module, the Fock
space is actually a direct sum of infinitely many irreducible highest weight modules,
see [147].

3.9. The bar involution. The key to showing that the Fock space JF,; admits a canonical
basis is to construct a sesquilinear involution on it, that is compatible in a natural way
the sesquilinear involution on U, (a[r). However, in order to be able to do this we
must first write the standard basis of F; in terms of infinite g-wedges. The original
motivation for doing this came from the boson—fermion correspondence in mathematical
physics. Once we have constructed the involution, the existence of a canonical basis
comes from general theory developed by Lusztig.

Nodes to the left of y

— y

Nodes to the right of y

—

Figure 3. Nodes to the left and right of y. The total partition is u, whilst the lightly
shaded subpartition is A.
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1

The Q-linear involution ¢ — g := ¢~ of Q(g) extends to an involution v > v of

Fy. In order to describe this involution, it suffices to say how to calculate [A). We
begin by noting that a partition can also be describe as an infinite wedge as follows.

LEMMA 3.9.1. Let J be the set of strictly decreasing sequences i = (i1, io, ...) such
that iy = —k + 1 for k > 0. There is a natural bijection between [J and P, the set of all
partitions. This bijection sends

jnz{iej|2(ik+k—1)=n}
k

to Py, the set of all partitions of n.
Thus, to a partition i € J = P we associate the infinite wedge

Ui = Ujp NUjy NUjz Ny
for instance,
u(32’2) =UIANUQANUGNANU_ZNU_4N\--- .
An infinite wedge is normally ordered if it equals u; for some i € J. Just as for usual
wedge products, there is a “normal ordering rule” for the g-deformed wedge product.
However, this normal ordering rule depends in a very nontrivial way on the integer r
(and more generally, on the level / of the Fock space). In order to describe the normal
ordering rule, it suffices to say how to swap two adjacent u;’s. Let i < j be integers
with j —i =m mod r for some 0 <m < r. If m =0 then
Ui Nuj = —uj ANuj,
and otherwise

—1 -2 —1
uiANuj=—q ujAuj+(@q " —Dljom ANttiym —q~ Uj—r ANtjyr
-2 -3
+q Ujem—r NUitmtr —q U2 ANUjyor+o-],

where the sum continues only as long as the terms are normally ordered. Let i € J and
write o (i) for the number of pairs (a, b) with 1 <a <b <k and’ i, — ip 0 mod r.

PROPOSITION 3.9.2. For k > n, the g-wedge
U = (—1)(§)qa’rk(i)uik AUy N Ay ANl ANy A
is independent of k.
Therefore we can define a semilinear map, v — v on F4 by
F@ui = fg~ .
This is actually an involution on F,. For u = n define

1) =Y aru(@l).

An

TThere is a typo in definition of ;. 4 (i) in [161].
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3.10. Canonical basis. In order to describe the properties of the polynomials ay_, (q)
and also define the canonical basis, we need a few more basic properties of partitions.
There is a natural partial ordering on P,, the set of all partitions of n, which is the
dominance ordering and is defined by A < if and only if

M+ F A <py+-o-+ug, forall k.

We also require the notion of r-rim-hooks and r-cores. An r-rim-hook of A is a connected
skew partition A\ of length r that does not contain the subpartition (2, 2), i.e., it is
a segment of length r of the edge of A. For example, {(2, 2), (3,2), (3, 1), (4, 1)} isa
4-rim-hook of (4, 3, 1). The r-core of A is the partition ; C A obtained by removing, one
after another, all possible r-rim-hooks of A. It is known that the r-core is independent
of the order in which the hooks are removed. For example, the 3-core of (4, 3, 1) is (2).

EXERCISE 3.10.1. Write a program that calculates the r-core of a partition.

Then it is known, [161, Theorem 3.3], that the polynomials a;_,(q) have the
following properties.

THEOREM 3.10.2. Let A, u+= n.

(D) axu(q) € Zlg. q7'1.

(2) ax, . (q) =0 unless A < and A, i have the same r-core.
(3) ara(q) =1

D an . (q) = aM/’A/(q).

EXAMPLE 3.10.3. If r = 3 then

14,3, D)) =43, D)+ (g —¢ DG, 3, 1, 1))+ (=14+¢2)(2,2,2,2))
+@>-D|2,1,1,1,1, 1, 1)).

Leclerc and Thibon showed:

THEOREM 3.10.4 ([161, Theorem 4.1]). There exist canonical basis {G (M)} ep
and {G~ (M)} rep of Fy characterized by

1) Gt =G1T), G- =G~ ).
(2) Gt() =) mod ¢Z[g] and G~ (1) = ) mod ¢~ 'Z[¢~ 1.

It seems that the above result has nothing to do with the fact that F, is a U (s?[r)—
module. All that is required is that there is some involution defined on the space.
However, for an arbitrary involution, there is no reason to expect a canonical basis to
exist (and, indeed, one can check with small examples that it does not). Of course, the
involution used by Leclerc and Thibon is not arbitrary. There is a natural involution
on the algebra U, (a[,). Since Fy is irreducible as a U (a[r)-module, there is a unique
involution on J such that F|2) = F|@) forall F € Uy (3[,). It is this involution that
Leclerc and Thibon use, though, as we have seen, they are able to give an explicit
definition of this involution. Then, it follows from a general result by Lusztig, [168,
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Section 7.10], that an irreducible, highest weight module equipped with this involution
admits a canonical basis. Set

Grw=>"d @A), GM) =) eu@lun).
A iz

The polynomials d;, ,, and e, , have the following properties:

e they are nonzero only if A and p have the same r-core;

e dia(g)=ernlg) =1;

o dy ;(q) =0unless A < u, and e, ,(g) =0 unless u < A.
The key to relating the combinatorics of these canonical basis to the representation
theory of the v-Schur algebra is given by a result of Varagnolo and Vasserot. Assuming
that » > 1, [237, Theorem 11] says that

(Wi i Lyl=dy (1), [Li:Wul=es u(l).
Combining the results of [161, 237, 196]:
THEOREM 3.10.5 (Leclerc—Thibon, Vasserot—Varagnolo, Rouquier). We have
[AQ) L) ] =dys (1) and [LR): A(p)]=ex,u(1). (3.D)

3.11. GAP. In order to calculate the polynomial G* (1) in concrete examples, we
use the computer package GAP. The file® Canonical.gap contains the functions
APolynomial (lambda,mu,r) and DPolynomial(lambda,mu,r) which, when given
a pair of partitions and an integer r, polynomials a;,_,(¢) and d,_, (q) respectively. For
example:

gap>Read ("Canonical.gap");
gap>APolynomial ([2,1,1],[3,1],2);
q~2-1
gap>DPolynomial ([1,1,1,1,1],[5],2);
q~2
gap>
In order to get a better intuition for these polynomials, we strongly recommend the
reader invest some time in playing around with the programs.

3.12. The character of L()1). After our grand tour of combinatorial representation
theory, we return to our original problem of calculating the character of the simple
H¢(&,,)-modules L(}). Theorem 3.10.5 gives us a way to express this character in terms
of the numbers ey, (1). For the symmetric group, the Euler element in H.(&),) is?

1 < “ n o c
eu=§ZXiyz‘+yz'Xi=inyi+§—§ Z Sij-

i=1 i=1 I<i#j<n

8 Available from maths. gla.ac.uk/~gbellamy/MSRI.html.

9The Euler element defined here differs from the one in Section 2.4 by a constant.
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Recall that eu acts on the space 1 ® A C A(A) by a scalar, denoted ¢, . Associated to
the partition L = (Aq, ..., Ay) is the partition statistic, which is defined to be

k
n() =Y (i -k

i=1

LEMMA 3.12.1. For each A+n and c € C,
n
a=3 +c(n() —n)). (3.E)

PROOF. The Jucys—Murphy elements in C[&,] are defined to be ®; = >
foralli =2,...,n so that

n n
eu=2xiy,-+g—c2®i.
i=2

i=1

j<i Sijs

Recall from Example 3.4.1 that the representation A of G,, has a basis v, labelled by
the standard tableau o of shape A. Then it is known that

O; - vy = ¢ty (i) vy,

where ¢4 (i) is the column of A containing i, r (i) is the row of A containing i and
cty (i) :=cx (i) — 1o (i) is the content of the node containing i. Note that ct, (1) = 0 for
all standard tableaux o. Therefore

n
n .
eu- vy = <§ —c E ctg(z)>vg,
i=2
and hence

n n
n . n .
c) = 5 —c .Ezctg(l) = E—C .EICto(l)
1= 1=

Now Y, ro (i) = Zf.(:*{ (j — DA; = n(2) and similarly 3", ¢, (i) = n(1). This
implies Equation (3.E). O

PROPOSITION 3.12.2. We have

1
ch(L()V)) = o <Z ex,u(l)dim(ﬂ)lc")- (3.F)
<A

PROOF. The proposition depends on two key facts about standard modules. Firstly,
they form a Z-basis of the Grothendieck ring Ko(QO) (exercise 2.8.4) and, secondly, it
is easy to calculate the character of A(A). Theorem 3.10.5 implies that we have

Lo =) enn(DIAW]
H=A
dim(p)»

in Ko(Q). Now the proposition follows from the fact that ch(A(n)) = d—1)
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Notice that, though Equation (3.F) looks very simple, it is extremely difficult to extract
meaningful information from it. For instance, one cannot tell whether L(A) is finite-
dimensional by looking at this character formula. Also, note that the coefficients e, (1)
are often negative so the numerator is a polynomial with some negative coefficients. But
expanding the fraction as a power-series around zero gives a series with only positive
integer coefficients — all negative coefficients magically disappear!

EXAMPLE 3.12.3. Letn =4 and ¢ = % In this case, the numbers e; ;, (1) and c;
are:

HAA @4 @31 2,2 2,11 (1,1,1,1)
4) 10 0 0 0
3,1 0 1 0 0 0
2,2) —1 0 1 0 0
2,1,1) 0 O 0 1 0
(1,1,1,1) 1 0 -1 0 1
4 16
e 8 -4 2 I 12
If we define ch; () := (1 — t)4 -ch(L(})), then
16
cha 11 @) =1", ch,1,1y(t) =373,
4
Ch(zyz)(t)=2t2—l‘12, chi () =373,

chuy(r) =178 =202 4412,

When ¢ = ?T we get:

HAA @ G 2,2 2,1,H) (1,1,1,1)
4) 1 0 0 0 0
3,1 -1 1 0 0 0
(2,2) 0 0 1 0 0
2,1,1) 1 -1 0 1 0
(IL,LLY | =1 1 0 -1 1
23 5 13 31
¢ |77 2 2 % 7
and
31 1331
chi1,1,)@) =172, chp1,nH()=3r2 —t72,
2 5,133
chp o) (1) =217, cha n(t)=3t72-3t2 +t2,
_23 _35 13 31
chy(@®) =172 =3t72+3t2 —t2.
If &4 acts on ct by permuting the basis elements €1, .. ., €4, then we let h C C* be

the three-dimensional reflection representation, with basis {e€] — €3, €2 — €3, €3 —€4}.
One could also consider representations of H(h, ©4) instead of He(C*, G4). Since
C* = h @ C as a S4-module, the defining relations for He(C*, &4) make it clear
that we have a decomposition He(CH, &y) = H:(h, 64) ® D(C), which implies that
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Aca(A) = Ap(M) ® C[x] for each A 4. Then,
eh(Lea (1) = ﬁ ch(Ly(),
and hence chy (t) = (1 —1)3 -ch(Ly(A)). If we consider A = (4) with ¢ = % then notice

that

23 5 13 31
173 =3t 34313 —t2 t_223[1 — 319 4+ 3118 —r27}

a0 (1—1)3
23
=172 (3P 67 304 1),

This implies that L((4)) is finite-dimensional. Evaluating the above polynomial shows
that it actually has dimension 729.

3.13. Yvonne’s conjecture. We end the section by explaining how to (conjecturally)
generalise the picture for G,, to other complex reflection groups (this section is really
for those who have a firm grasp of the theory of rational Cherednik algebras, and
can be safely ignored if so desired). In many ways, the most interesting, and hence
most intensely studied, class of rational Cherednik algebras are those associated to the
complex reflection group
W=6,17=6,xZj,

the wreath product of the symmetric group with the cyclic group of order /. Fix ¢ a
primitive /-th root of unity. The reflection representation for S, :Z; is C"*. If y1, ..., yn
is the standard basis of C" then

Z}={gl |11<i<n, 0<j<I-1}
and )
¢y ifk=i,
Vi otherwise.
The symmetric group acts as o - y; = Y, (;)- This implies that

g{-yk={

08 =8o(i) 0
The conjugacy classes of reflections in W are
R={sijgig; 11<i<j<n), Si={gili<j=<n} 1<i<li-1

and we define ¢ by ¢(s; ;) =c, c(gi.) = ¢; so that the rational Cherednik algebra is
parametrized by ¢, ¢y, ..., c;—1. To relate category O to a certain Fock space, we
introduce new parameters h = (h, hq, ..., h;j_1), where

-1

c=2h, ¢ = Zg*if(hj —hjt1), forall1<i<[—1.

j=0
Note that the above equations do not uniquely specify hg, ..., h;_1; one can choose
ho+- - hj_1 freely. Finally, we define s = (sg, ..., 5j—1) € 7! and e e N by h = % and

Sj ]
hj=-L_Z
/ e d
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The irreducible representations of &, :Z; are labelled by [-multipartitions of n, where
A=W a0y is an [-multipartition of n if it consists of an [-tuple of partitions

2.4 guch that
l
Z D =n.
i=1

The set of all [-multipartitions is denoted P’ and the subset of all /-multipartitions of
n is denoted Pfl. Thus, the simple modules in category O are L(XL), for A € 77,11. Itis
actually quite easy to construct the simple W-modules A once one has constructed all
representations of the symmetric group.

Uglov defined, foreach/>1and s € 7! , alevel [ Fock space ]-'611 [s] with multicharge s.

This is again a representation of the quantum affine algebra U, (-/5\[,), this time with
Q(g)-basis |L) given by [-multipartitions. The action of the operators Fj, E; and K;
have a similar combinatorial flavour as for / = 1. The space ]-'é [s] is also equipped
with a Q-linear involution.

THEOREM 3.13.1. There exists a unique Q(q)-basis G(A) of}'é [s] such that
(1) G =GQ).
2) G —r €@, p1 QlglIw) iFAFn.

Therefore, for A, u € 73,’1, we define dy 4 (q) by

Gw) =Y dru(@).
AP,

The following conjecture, originally due to Yvonne, but in the generality stated here is
due to Rouquier, relates the multiplicities of simple modules inside standard modules
for He (&, 1 Zy) to the polynomials dy y(q).

CONJECTURE 3.13.2. For all A, p € P, we have
[AQ) : L] =dy+ 1 (1).
Iifa=@WM, .., 20) is an m-multipartition then
AT =@y, a0,
where (1))’ is the usual transpose of the partition A,
3.14. Exercises.

EXERCISE 3.14.1. Let A = (6,6, 3,1, 1) and r = 4. Calculate the action of F;, E4
and K on |A). Hint: draw a picture!

EXERCISE 3.14.2. Write a computer program that calculates the action of the
operators K;, F;, E; on F.

EXERCISE 3.14.3. Prove Lemma 3.9.1.
EXERCISE 3.14.4. For r =2, describe G(A) for all AF+4 and A - 5.
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EXERCISE 3.14.5 (harder). Write a program that calculates the polynomials ey, ;,(¢).

EXERCISE 3.14.6. (1) Forc = %, compute the character of all the simple mod-
ules of category O for H.(Ss).
(2) Forc = %, compute the character of all the simple modules of category O for
Hc(64)~
(3) What are the blocks of O for G5 at ¢ = %? at ¢ = % oratc= 25—9? Hint: It is
known that two partitions are in the same block of the g-Schur algebra if and
only if they have the same r-core.

EXERCISE 3.14.7. Since the action of eu on a module M € © commutes with the
action of W, the multiplicity space of a representation A € Irr(W) is a eu-module.
Therefore, one can refine the character ch to

chy (M) =) " ch(M (),
A
where M = D, cprw) M (A) ® 1 as a W-module. Given 1, 1 € Irr(W), we define the
generalised fake polynomial f;, ,(t) by

L@ =Y [CIHIY @2 : i,
i€Z
a Laurent polynomial. See Sections 5.5 and 5.7 for an explanation of the terms appearing
in the definition of f3 ,(t). What is the G4-graded character of the simple modules,
expressed in terms of generalised fake polynomials, in O when ¢ = %?

3.15. Additional remarks.

Theorem 3.6.1 is given in [196, Theorem 6.11]. Its proof is based on the uniqueness
of quasihereditary covers of the Hecke algebra, as shown in [196].

Theorem 3.13.1, due to Uglov, is Theorem 2.5 of [226].

Yvonne’s conjecture was originally stated in [248, Conjecture 2.13]. The refined
version, given in Section 3.13, is due to Rouquier, [196, Section 6.5]

4. The KZ functor

Beilinson and Bernstein, in proving their incredible localization theorem for semisim-
ple Lie algebras and hence confirming the Kazhdan—Lusztig conjecture, have shown
that it is often very fruitfully to try and understand the representation theory of certain
algebras by translating representation theoretic problems into topological problems via
D-modules and the Riemann—Hilbert correspondence. This is the motivation behind
the Knizhnik—Zamolodchikov (KZ) functor.

In the case of rational Cherednik algebras, the obvious way to try and relate them
to D-modules is to use the Dunkl embedding. Recall from Section 1 that this is the
embedding He (W) < D(hreg) X W, which becomes an isomorphism

He(W)[87'T =5 D(byreg) x W

after localization. Given a module M in category O, its localization M[8~!] becomes
a D(hreg) x W-module. We can understand D(hreg) ¥ W-modules as D-modules
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on Breg that are W-equivariant. Since W acts freely on breg, this is the same as
considering a D-module on byeg/ W. Finally, using the powerful Riemann—Hilbert
correspondence we can think of such a D-module as a local system on hree/ W. That
is, it become a representation of the fundamental group 7 (hreg/ W) of breg/ W. This
is a purely topological object. The process of passing from a module in category O to
a representation of 71 (hreg/ W) is exactly what the KZ-functor does. The goal of this
section is to try and describe in some geometric way the image of category O under
this procedure. Remarkably, what one gets in the end is a functor

KZ: O —> Hy(W)-mod,

from category O to the category of finitely generated modules over the Hecke algebra
Hq (W) associated to W.

In the case of semisimple Lie algebras, the Beilinson—Bernstein localization result
gave us a proof of the Kazhdan—Lusztig conjecture. What does the KZ-functor give us
for rational Cherednik algebras? It allows us to play off the representation theory of
the rational Cherednik algebra against the representation theory of the Hecke algebra.
Via the KZ-functor, the Hecke algebra becomes crucial in proving deep results about
the existence of finite-dimensional representations of H.(W), [32] and [119] (which
in turn confirmed a conjecture of Haiman’s in algebraic combinatorics), Rouquier’s
equivalence Theorem 3.6.1, and on the properties of restriction and induction functors
for rational Cherednik algebras [199]. Conversely, the rational Cherednik algebra has
been used to prove highly nontrivial results about Hecke algebras, e.g., Section 6 of
[113] and the article [69].

4.1. Integrable connections. A D(heg)-module which is finitely generated as a
C[bregl-module is called an integrable connection. It is a classical result that every
integrable connection is actually free as a C[hreg]-module, see [134, Theorem 1.4.10].
Therefore, if N is an integrable connection,

k
N~ @ (C[hreg]”i
i=1

for some u; € N. If we fix coordinates xi, ..., x, such that C[h] = C[xy, ..., x,] and
let 9; = 9/0x;, then the action of D(hre) on N is then completely encoded in the
equations

k
o ui=y_ fuj. (4.A)
j=1

for some polynomials10 flki € Clbyeg]. The integer k is called the rank of N.
A natural approach to studying integrable connections is to look at their space of
solutions. Since very few differential equations have polynomial solutions, this approach

only makes sense in the analytic topology. So we’ll write b‘r’gg for the same space, but

10The condition [07, 3m] = O needs to be satisfied, which implies that one cannot choose arbitrary
polynomials fij i
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now equipped with the analytic topology, and C[b;g, ] denotes the ring of holomorphic

functions on hig,. Since D(hidy) = Clhig,] ®C(pyeq] P (Breg), we have a natural functor

D(breg) X W-mod — D(his,) x W-mod, M = M*" := C[hje] ®C[breg] M-

reg

Since C[ sgg] is faithfully flat over C[byeg], this is exact and conservative, i.e., M*" =0

implies that M = 0. On any simply connected open subset U of bﬁ‘eng, the vector space
an
HomD(blé}élg)(N s (C[U])

is k-dimensional because it is the space of solutions of a k x k matrix of first order
linear differential equations. These spaces of local solutions glue together to give a rank
k local system Sol(N) on Byeg, i.e., a locally constant sheaf of C-vector spaces such
that each fibre has dimension k; see Figure 5 for an illustration. The reader should have
in mind the idea of analytic continuation of a locally defined holomorphic function to
a globally defined multivalued function, coming from complex analysis, of which the
notion of local system is a generalisation.

4.2. Regular singularities. Assume now that dimb = 1, so that h = C, breg = C*
and C[breg] = Clx, x~!]. Then, we say that N is a regular connection (or has regular

singularities) if, with respect to some (C[b?é‘g]-basis of N Equation (4.A) becomes

k
a
Boui=2%u]~, a,-,je(C. (4.B)
j=1

When dim b > 1, we say that N has regular singularities if the restriction N|c of N
to any smooth curve C C breg has, after a suitable change of basis, the form (4.B).
The category of integrable connections with regular singularities on breg is denoted
Conn"(hreg). Similarly, let’s write Loc(hreg) for the category of finite-dimensional
local systems on bg,. There are two natural functors from Conn™#(hyreg) to local

systems on ha%

reg- Firstly, there is a solutions functor

N — Sol(N) := HomDh?é’g (N, O;?eg ,

and secondly the de Rham functor

N +— DR(N) := Hom@h?gg (Og?eg, N,

There are natural duality (i.e., they are contravariant equivalences whose square is the
identity) functors

D : Conn"®(freg) => Conn™E(hreg) and D' :Loc(hreg) => Loc(Breg),

on integrable connections (preserving regular singularities) and local systems respec-
tively. These duality functors intertwine the solutions and de Rham functors:

D'ocDR=DRoD=Sol, andhence D' oSol=SoloD =DR; 4.0)
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an )
NP, s

Figure 4. The generator T of the braid group 71 (C*), and nontrivial element y in
71 (C\{p1. p2, P2}, ®)-

see [134, Chapter 7] for details. Sticking with conventions, we’ll work with the de Rham
functor. There is a natural identification

DR(N)={ne N* |9 -n=0,Vi} =NV,

where NV is usually referred to as the subsheaf of horizontal sections of N®. The
fundamental group 71 (breg) Of breg is the group of loops in hreg from a fixed point xg
to itself, considered up to homotopy. Following a local system L along a given loop
y based at x( defines an invertible endomorphism y; : Ly, — Ly, of the stalk of L at
xo. The map y, only depends on the homotopy class of y, i.e., only on the object
defined by y in 71 (breg). In this way, the stalk L, becomes a representation of the
group 71 (hreg). The following is a well-know result in algebraic topology:

PROPOSITION 4.2.1. Assume that Hreg is connected. The functor
Loc(breg) — 71 (breg)-mod, L= Ly,
is an equivalence.
See I, Corollaire 1.4 of [80] for a proof of this equivalence.

4.3. Viathe equivalence of Proposition 4.2.1, we may (and will) think of DR and Sol as
functors from Conn"# (heg) to 71 (hreg)-mod. Deligne’s version of the Riemann—Hilbert
correspondence, [80], says that:

THEOREM 4.3.1. The de Rham and solutions functors
DR, Sol : Conn"®8(hreg) — 71 (hreg)-mod
are equivalences.

Why is the notion of regular connection crucial in Deligne’s version of the Riemann—
Hilbert correspondence? A complete answer to this question is beyond the authors
understanding. But one important point is that there are, in general, many nonisomorphic
integrable connections that will give rise to the same local system. So what Deligne
showed is that, for a given local system L, the notion of regular connection gives one a
canonical representative in the set of all connections whose solutions are L.
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Figure 5. The locally constant sheaf (local system) L on C*. On each open set, the
local system L; is constant, and on overlaps we have L; >~ L;; ;. Composing these
isomorphisms defines an automorphism L = L, which is the action of the path y on
the stalk of L at 1.

4.4. Equivariance. Recall that the group W acts freely on the open set breg. This
implies that the quotient map 7 : breg — breg/ W is a finite covering map. In particular,
its differential dy 7 : Tybreg = T (x)(Dreg/ W) is an isomorphism for all x € breg.

PROPOSITION 4.4.1. There is a natural isomorphism D(breg)w >~ D(breg/ W).

PROOF. Since D(hreg) acts on Clbyeg], the algebra D(hreg)w acts on (C[E)reg]w =
Clbreg/ W]. One can check from the definition of differential operators that this defines
a map 'D(hreg)w — D(Breg/ W). Since D(hreg)w is a simple ring, this map must be
injective. Therefore it suffices to show that it is surjective.

Let xq,...,x, be a basis of h* so that C[h] = C[xq, ..., x,]. By the Chevalley—
Shephard-Todd theorem, Theorem 1.1.4, C[h]" is also a polynomial ring with homo-

geneous, algebraically independent generators u1, ..., u, say. Moreover, C[f)reg]W =
Cluy, ..., uny][67"] for some r > 0. Thus,
D(hreg/ W) =C ul,...,u,,,i,...,i [67"1
8u1 8un

and to show surjectivity it suffices to show that each d/du; belongs to D(hreg)w. That
is, we need to find some f; ; € C[hreg] such that v; := Z?:] fi,j0/0x; € D(hreg)w
and v; (ug) = &; . Let A(u) be the n by n matrix with (i, j)-th entry du; /dx;. Then,
since v; (uy) = Z’}zl fi,j 0ug/0xj, we really need to find a matrix F' = (f; ;) such that
F - A(u) is the n x n identity matrix. In other words, F must be the inverse to A(u).
Clearly, F exists if and only if det A(u) is invertible in C[breg]. But, for each ¢ € byeg,
det A(u)|x=; is just the determinant of the differential d; 7 : T breg — T (1) (Breg/ W).
As noted above, the linear map d; 7 is always an isomorphism. Thus, since C[heg] is a
domain, the Nullstellensatz implies that det A(u) is invertible in C[byeg].
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The final thing to check is that if F = A(u)_1 then each v; is W-invariant. Let
w € W and consider the derivation vlf = w(v;) —v;. It is clear from the definition of v;
that vlf acts as zero on all u; and hence on the whole of (C[f)reg]W. Geometrically vtf is
a vector field on freg and defines a linear functional on m/mz, for each maximal ideal
m of Clbyeg]. If vlf # 0 then there is some point x € breg, With corresponding maximal
ideal m, such that vlf iS nonzero on m/mz. Letn=mnN C[breg]w be the maximal ideal
defining 7 (x). Then dxn(v; ) is the linear functional on n/n? given by the composite

/

vl
n/n’> - m/m> -5 C.

Since dy is an isomorphism, this functional is nonzero. But this contradicts the fact
that v; acts trivially on C[breg]w. Thus, w(v;) = v;. O

REMARK 4.4.2. The polynomial det A(u) plays an important role in the theory of
complex reflection groups, and is closely related to our §; see [220].

COROLLARY 4.4.3. The functor M — M"Y defines an equivalence between the
category of W-equivariant D-modules on b (i.e., the category of D (hreg) x W-modules)
and the category of D(breg/ W)-modules.

PROOF. Let e be the trivial idempotent in CW. We can identify D(hreg)w with
e(D(breg) x W)e. Hence by Proposition 4.4.1, D(breg/ W) > e(D(breg) 3 W)e. Then
the proof of the corollary is identical to the proof of Corollary 1.6.3. We just need to
show that if MW = eM is zero then M is zero. But, since W acts freely on Breg, it is
already clear for C[heg] x W-modules that M W=0 implies M = 0 (see for instance
the proof of Theorem 5.1.3). O

One often says that the D(breg) X W-module M descends to the D-module M W on
breg/ W the terminology coming from descent theory in algebraic geometry.

We are finally in a position to define the KZ-functor. The functor is a composition of
four(!) functors, so we’ll go through it one step at a time. Recall that we’re starting with
amodule M in category O and we eventually want a representation of the fundamental
group 71 (hreg/ W). First off, we localize and use the Dunkl embedding: M — M[§ _1].
This gives us a D(hreg) x W-module M[8~!]. By Corollary 4.4.3, (M[s~ )W is a D-
module on beg/ W. Before going further we need to know what sort of D-module we’ve
ended up with. It’s shown in [113] that in fact (M[6 71])W is an integrable connection
on breg/ W with regular singularities. Thus, we can apply Deligne’s equivalence. The
deRham functor DR(M [8_1]W) applied to (M [6_1])W gives us a representation of
71 (Breg/ W). Thus, we may define the KZ-functor KZ : O — 7 (hreg/ W)-mod by

KZ(M) :=DRM[s~ V) = ((m[s~ W)V,
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The following diagram should help the reader unpack the definition of the KZ-functor.

rs—!
o (=671

D(Hreg) ¥ W-mod

()"

an

D(hreg/ W)-mod

D (b2, / W)-mod

=)V

nl(hreg/ W)-mod (4.D)
4.5. A change of parameters. In order to relate, in the next subsection, the rational
Cherednik algebra H.(W), via the KZ-functor, with the cyclotomic Hecke algebra
Hq (W), we need to change the way we parametrize H (W) (this is just some technical
annoyance and you can skip this section unless you plan some hard core calculations
using the KZ-functor). Each complex reflection s € S defines a reflecting hyperplane
H =kerag C bh. Let A denote the set of all hyperplanes arising this way. For a given
H € A, the subgroup Wy ={w € W | w(H) C H} of W is cyclic. Let W}, = Wy \{1}.
Then
S=J wj.
HeA

We may, without loss of generality, assume that
ap =y =ay, o i=a) =ay, for all 5, 5" € Wj.

Then the original relations (1.B) in the definition of the rational Cherednik algebra
become

[y, 1= (v, %) — Z(y,am(ozx,x)( > c(s)s), Vxeb*,yeh (4B

k*
HeA seWp

Let ny; = [Wgy| and let

> (detw)w, 0<i=<ny—1,
weWgy

1
€H,i = —
My
be the primitive idempotents in CWy. For H € Aand 0 <i <ny — 1, define ky; € C
by

ny—1
> e@)s=ny Y (ki1 —kmideni and kpo= ki n, =0.
seWy i=0
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Note that this forces ky ; = ky(g),; for all w € W and H € A. Thus, the parameters
kp ;i are W-invariant. This implies that

nH—l
()= Y (dets) (kppit1 — ki),
i=0
and the relation (4.E) becomes 1
H
[y. x1=(. )= Y (v.am)@f. xng Y (kpivi—kp.ideni. Yxeb*, yeh. (4F)
HeA i=0

Therefore He (W) = Hi (W), where
k={kgi|HeA, 0<i<ny—1kpyo :kH,nH =0and kg ; =kym),Yw, H,i}.

4.6. The cyclotomic Hecke algebra. The braid group 7 (hreg/ W) has generators {7 |
s € S}, where T is an s-generator of the monodromy around H; see [47, Section 4.C]
for the precise definition. The 7y satisfy certain “braid relations”. Fix ¢ = {gp; € C* |
HeA 0<i< ny — 1}. The cyclotomic Hecke algebra Hq4(W) is the quotient of the
group algebra Crrq (hreg/ W) by the two-sided ideal generated by

—1
[] @ —auni. Vvses.
i=0

where H is the hyperplane defined by s.

EXAMPLE 4.6.1. In type A the Hecke algebra is the algebra generated by 77, ...,
T,—1, satisfying the braid relations

LT =T;T;, it 1i—jl> 1,
LTiaTi =T TiTisr. if 1<i<n-—2,

and the additional relation
(i —q)(Ti+1) =0, if I<i<n-1

For each H € A, fix a generator sy of Wy . Given a parameter k for the rational
Cherednik algebra, define g by

qH. = (detsH)_i exp(2r v/ —1lky ;).

Based on [47, Theorem 4.12], the following key result was proved in [113, Theo-
rem 5.13].

THEOREM 4.6.2. The KZ-functor factors through Hq(W)-mod.

Since each of the functors appearing in diagram (4.D) is exact, the KZ-functor is
an exact functor. Therefore, by Watt’s theorem, [193, Theorem 5.50], there exists a
projective module Pkz € O such that

KZ(—) ~ Homp,w)(Pkz, —).- (4.G)
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Then, Theorem 4.6.2 implies that Pkz is a (H¢(W), Hg(W))-bimodule and the action
of Hq(W) on the right of Pkz defines an algebra morphism

¢ : Hg(W) —> Endy, (w)(Pxz)” .
LEMMA 4.6.3. We have a decomposition

Pcz= P @mKZ(LG)))PM).
Lelrr(W)

PROOF. By definition of projective cover, we have
dim Homp,w) (P (), L(1)) = 8-

Therefore, if Pkz = ;. cre(w) P(M)®", then ny, = dim Homy,(w) (Pkz. L(1)). But,
by definition,
Homyy, () (Pkz. L(})) = KZ(L(})). 0

LEMMA 4.6.4. Let A be an abelian, Artinian category and A’ a full subcategory,
closed under quotients. Let F : A' — A be the inclusion functor. Define ~F : A— A’ by
setting -~ F (M) to be the largest quotient of M contained in A'. Then - F is left adjoint
to F and the adjunction n:id 4 — F o (- F) is surjective.

PROOF. We begin by showing that - F is well-defined. We need to show that, for
each M € A, there is a unique maximal quotient N of M contained in A’. Let

K={N CM|M/N eA).

Note that if N{ and N belong to K then N| N N} belongs to K. Therefore, if N| € K
is not contained in all other N’ € K, we choose N’ € K such that N{ ¢ N’ and
set N, = N'N N C N;. Continuing this way we construct a descending chain of
submodules Nj 2 Né 2 --- of M. Since A is assumed to be Artinian, this chain must
eventually stop. Hence, there is a unique minimal element under inclusion in K. It is
clear that - F is left adjoint to F and the adjunction 7 just sends M to the maximal
quotient of M in A’, hence is surjective. (]

THEOREM 4.6.5 (double centralizer theorem). We have an isomorphism
¢ : Hg(W) => Endu,(w)(Pkz)” -

PROOF. Let A denote the image of the KZ functor in Hg(W)-mod. It is a full
subcategory of H4(W)-mod. It is also closed under quotients. To see this, notice that it
suffices to show that the image of O under the localization functor (—)[d _1] is closed
under quotients. If N is a nonzero quotient of M[8~!] for some M € O, then it is easy
to check that the preimage N’ of M under M — M[8~1] — N is nonzero and generates
N. The claim follows. Then, Lemma 4.6.4 implies that ¢ is surjective. Hence to show
that it is an isomorphism, it suffices to calculate the dimension of Endy,(w)(Pkz). By
Lemma 4.6.3,

Pxz = @ dim KZ(L(L)P(1).
relrr(W)
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For any module M € O, we have dim Homy,,(w) (P (), M) =[M : L(A)], the multiplicity
of L(A) in a composition series for M. This can be proved by induction on the length
of M, using the fact that dim Homy,w)(P(A), L()) = 85 ,. Hence, using BGG
reciprocity, we have

dim Endp,(w)(Pkz) = @ dim KZ(L (%)) dim KZ(L(n)) Homp, (w) (P (1), P(1))
A
= @ dim KZ(L (X)) dim KZ(L())[P () : L(A)]
A

- @ dim KZ(L (%)) dim KZ(L(w)[P (1) : AMIAW) : L(V)]
A L,V

- @ dim KZ(L (%)) dim KZ(L(w)[AW) : L)AW) : L(V)]
AL,V

= P dimKZ(Aw)))*.

Since A(v) is a free C[h]-module of rank dim(v), its localization A(v)[§~!] is an
integrable connection of rank dim(v). Hence, dim KZ(A(v)) = dim(v) and thus
dim Endy, (w)(Pkz) = |W|. 1

Let Oyor be the Serre subcategory of O consisting of all modules that are torsion
with respect to the Ore set {8y ~NeN- The torsion submodule Mo of M € O is the set
{(meM|3IN>0s.t 8V -m=0}. Then, M is torsion if Mo = M.

COROLLARY 4.6.6. The KZ-functor is a quotient functor with kernel Oyqy, i.e.,
KZ: O/Owr = Hq(W)-mod.
PROOF. Notice that, of all the functors in diagram (4.D), only the first,
M M[s™ Y]

is not an equivalence. We have M [8_1] = 0 if and only if M is torsion. Therefore,
KZ(M) =0 if and only if M € Oior. Thus, we just need to show that KZ is essentially
surjective; that is, for each N € H4(W)-mod there exists some M € O such that
KZ(M) ~ N. We fix N to be some finite-dimensional Hg4(W)-module. Recall that
Pgz € Ois a (H (W), Hq(W))-bimodule. Therefore, Homy,(w) (P z, He(W)) is a
(Hq (W), He(W))-bimodule and

M = Homyy, (w)(Homp, (w)(Pg z, He(W)), N)
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is a module in category O. Applying (4.G) and the double centralizer theorem, Theorem
4.6.5, we have
KZ(M) = Homy,w)(Pxz, M)
= Homy, (w) (Pk z, Homyy, (w)(Homy, (w) (Pk z, He (W), N))
~ Homyy, (wy (Homp, (w)(Pk z, He (W) ®H.(w) Pkz. N)
~ Homyy, (w) (Endy,(w)(Pk z), N)
~ Homq.[q(W)(’Hq(W), N)=N
where we have used [22, Proposition 4.4(b)] in the third line. U

4.7. Example. Let’s take W = Zj,. In this case the Hecke algebra H4(Zj) is generated
by a single element 7 := 77 and satisfies the defining relation

H(T q;") =

Unlike examples of higher rank, the algebra Hy(Z,) is commutative. Let { € C* be
defined by s(x) = ¢x. We fix oy = +/2x and &) = +/2y, which implies that A; = ¢.
Let A(i) = C[x] ® ¢; be the standard module associated to the simple Z,-module e;,
where s -¢; =¢ iei. The module A(i) is free as a C[x]-module and the action of y is
uniquely defined by y - (1 ® ¢;) = 0. Since
m—1
y=oc— ) 261

i=1

under the Dunkl embedding, we have A(i )81 = Clx, x '] ® ¢; with connection
defined by
a;
ox e = —e,
where X
m—1

cj(1—¢)
a; .—ZZ ]l—g“/ .

It is clear that this connection is regular The horizontal sections sheaf of A(i)[§ -
(i.e., DR(A®G)[S™ ])) on reg is dual to the sheaf of multivalued solutions C - x4 =
Sol(A(i)[8~ 1)) of the differential equation xdy — a; = 0. But this is not what we want.
We first want to descend the D(C*) x Z,-module to the D(hreg)z’Z = D(breg/Zn)-
module (AG)[87'])%n. Then KZ(A(i)) is defined to be the horizontal sections of
(A8~ 1)%n. Let z = x" so that Clbreg/Zn] =Clz, z~1]. Then, an easy calculation
shows that 9, = M%ax (check this!). Since

(AGBY =Clz.z7 - " ®ei) = Clz. 271wy,
we see that
n—i+a;

1
0 - (xn l®et)— ax (xn l®€l)——“i-
nx" nz
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Hence, by Equation (4.C), KZ(A(7)) is the duality functor I’ applied to the local system

of solutions C - z% = Sol((A()[§~'1)%n), where
by = n—i+a; .

n

At this level, the duality functor I simply sends the local system C - z% to the
local system C-z~%. The generator 7' of 71 (Breg/Zn) is represented by the loop
t > exp(2m+/—1t). Therefore

T 7270 = exp(—=2m~/—1b;)z 7"
It turns out that, in the rank one case, L(i)[§~'] =0 if L(i) # A(i). Thus,

{KZ(A(i)) if L(i) = AQ@),

KZ(L(@)) = otherwise

4.8. Application. As an application of the double centralizer theorem, Theorem 4.6.5,
we mention the following very useful result due to Vale [227].
THEOREM 4.8.1. The following are equivalent:

(1) Hi (W) is a simple ring.
(2) Category O is semisimple.
(3) The cyclotomic Hecke algebra Hy (W) is semisimple.

4.9. The KZ functor for Z,. In this section we’ll try to describe what the KZ functor
does to modules in category O when W = Z,, our favourite example. The Hecke algebra
Hq(Zy) is the algebra generated by T :=T7 and satisfying the relation (T —1)(7T —¢) =0.
The defining relation for H.(Zy) is

[y,x]=1-—2cs,

see Example 1.2.2. We have g = det(s) exp(er\/—_lc) =— exp(Zn«/—_lc). We will
calculate KZ(P(p1)), assuming that ¢ = % +m for some m € Zx¢. For this calculation,
we will use the explicit description of P(p1) given in Section 2.10. Recall that P(p;)
is the H¢(Zy)-module Clx] ® p; @ Clx] ® pg with

x-(1®p)=x@p1+1®pp, x-(1®pp)=x® po,
y-(1®p1) =x>"® po, y-(1®p9)=0.
This implies that
1 1 1
—-(1®p)==-®p1—— ®po.
X X X
If we write P(p)[8 '] =C[x*!]-a; ® C[xE!]-ag, where a; = 1 ® p; and ag = 1 ® po,
then
c 2¢
xrap=\y+-(0=s))-ar=y-a1+—-ar.
X X
Now,

y-ar=x*" @ py=x*" - ap;
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hence 9, - a; = (2¢/x) - a; + x¥" - ag. Also, 9y -ap = 0. A free C[z*!]-basis of
P(po)[8~11%2 is given by u| = x -a; and ug = ag. Therefore

1+ 2c¢ 1 m+1 1

uy +=7"ug = ul—}—zzmuo

2

0;-up =

and 9, - ug = 0, where we used the fact that ¢ = % +m. Hence KZ(P(p1)) is given by
the connection

Two linearly independent solutions of this equation are

_ 7~ (m+1) _ 0
gl(z)—< %ln(z) ) 82(2) = <1)

If, in a small, simply connected neighbourhood of 1, we choose the branch of In(z)
such that In(1) =0, then y(0) =0 and y (1) =27 +/—1, where

y:10,11— C, y () =In(exprv/—11)).

Therefore KZ(P(py)) is the two-dimensional representation of H4(Z) given by

T 1 0
2r/—1 1)°
This is isomorphic to the left regular representation of Hg(Z>).

4.10. Exercises.

EXERCISE 4.10.1. Let hreg = C*. For each o € C, write My, for the D(C*)-module
D(C*)/D(C*)(xd — @). Show that My >~ M, for all @. Describe a multivalued
holomorphic function which is a section of the one-dimensional local system Sol(M)
(notice that in general, the function is genuinely multivalued and hence not well-defined
on the whole of C*. This corresponds to the fact that the local system Sol(My) has no
global sections in general). Finally, the local system Sol(M,,) defines a one-dimensional
representation of the fundamental group 71 (C*) = Z. What is this representation?

EXERCISE 4.10.2. By considering the case of Z,, show that the natural map
D)W — D(h/ W) is not an isomorphism. Which of injectivity or surjectivity fails?
Hint: for complete rigour, consider the associated graded map

gr DY — gr D/ W).

EXERCISE 4.10.3. Assume that W = Z,, as in Section 4.9. For all ¢, (1) describe
KZ(A(X)) as a Hq(Zp)-module, and (2) describe Pkz.

4.11. Additional remarks.

Most of the results of this section first appeared in [113] and our exposition is based
mainly on this paper.

Further details on the KZ-functor are also contained in [194].
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5. Symplectic reflection algebras at t =0

Recall from Section 1 that we used the Satake isomorphism to show that

e the algebra Z(Hg (G)) is isomorphic to eHg (G)e and Hp ((G) is a finite
Z(Ho,¢(G))-module, and
e the centre of Hy (G) equals C.

In this section we’ll consider symplectic reflection algebras “at + = 0” and, in
particular, the geometry of Z;(G) := Z(Hp,¢(G)).

DEFINITION 5.0.1. The generalised Calogero—Moser space X.(G) is defined to be
the affine variety Spec Z.(G).

The (classical) Calogero—Moser space was introduced by Kazhdan, Kostant and
Sternberg [149] and studied further by Wilson in the wonderful paper [243]. Calogero
[60] studied the integrable system describing the motion of n massless particles on
the real line with a repulsive force between each pair of particles, proportional to the
square of the distance between them. In [149], Kazhdan, Kostant and Sternberg give a
description of the corresponding phase space in terms of Hamiltonian reduction. By
considering the real line as being the imaginary axis sitting in the complex plane, Wilson
interprets the Calogero—Moser phase space as an affine variety

Cp= {(X, Y; u, v) € Mat, (C) x Mat, (C) x C" x (C"*|[X, Y]+ 1, =v-u }// GL, (C).

(5.A)
He showed, [243, Section 1], that C, is a smooth, irreducible, symplectic affine variety.
For further reading see [95]. The relation to rational Cherednik algebras comes from
an isomorphism by Etingof and Ginzburg between the affine variety X._1(&,) =
Spec Z,—1(Sy), and the Calogero—Moser space Cy:

Yn @ Xe=1(Gy) = Cy.

It is an isomorphism of affine symplectic varieties and implies that X.(S;) is smooth
when ¢ # 0.

The filtration on Hg .(G) induces, by restriction, a filtration on Z.(G). Since the
associated graded of Z.(G) is C[V1°, X.(G) is reduced and irreducible.

EXAMPLE 5.0.2. When G = Z, acts on C2, the centre of H¢(Z,) is generated by
A ::xz, B:=xy—csand C = y2. Thus,
CIA, B, C]

Xe(Zp) ~ (AC — (B+¢)(B—c¢))

is the affine cone over P!  P? when ¢ = 0, but is a smooth affine surface for all ¢ # 0,
see Figure 1.

5.1. Representation theory. Key point: much of the geometry of the generalised
Calogero—Moser space is encoded in the representation theory of the corresponding
symplectic reflection algebra (a consequence of the double centralizer property!). In
particular, a closed point of X, is singular if and only if there is a “small” simple
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module supported at that point— this statement is made precise in Proposition 5.1.4
below.

The fact that Hp (G) is a finite module over its centre implies that it is an example
of a PI. (polynomial identity) ring. This is a very important class of rings in classical
ring theory and can be thought of as rings that are “close to being commutative”. We
won’t recall the definition of a P.I. ring here, but refer the reader to Appendix I.13 of
the excellent book [50].

LEMMA 5.1.1. There exists some N > 0 such that dim L < N for all simple Ho (G)-
modules L.

PROOF. It is a consequence of Kaplansky’s theorem, [172, Theorem 13.3.8], that
every simple Hp .(G)-module is a finite-dimensional vector space over C. More
precisely, to every prime P.I. ring is associated its PI. degree. Then, Kaplansky’s
theorem implies that if L is a simple Hy (G)-module then

dim L < PI degree (Hp,c(G)) and Ho(G)/ Anny, () L >~ Mat, (C). U

Schur’s lemma says that the elements of the centre Z.(G) of Hy ((G) act as scalars
on any simple Hp .-module L. Therefore, the simple module L defines a character
XL : ZLe(G) — C and the kernel of 7 is a maximal ideal in Z.(G). Thus, the character
X1 corresponds to a closed point in X¢(G). Without loss of generality, we will refer to
this point as x; and denote by Z.(G),, the localization of Z.(G) at the maximal ideal
Ker ;.. We denote by Hy (G)y the central localization Hy (G) ®z,(G) Zc(G) . The
Azumaya locus of Hp .(G) over Z;(G) is defined to be

A :=1{x € Xc(W) | Hp (W), is Azumaya over Z(W),}.
As shown in [50, Theorem III1.1.7], A, is a nonempty, open subset of X.(W).

REMARK 5.1.2. If you are not familiar with the (slightly technical) definition of
Azumaya locus, as given in [49, Section 3], then it suffices to note that it is a consequence
of the Artin—Procesi theorem [172, Theorem 13.7.14] that the following are equivalent:

(1) x € A
(2) dim L = PI. degree (Ho,¢(G)) for all simple modules L such that x; = x;
(3) there exists a unique simple module L such that x; = x.

In fact, one can say a great deal more about these simple modules of maximal
dimension. The following result strengthens Lemma 5.1.1.

THEOREM 5.1.3. Let L be a simple Hy ((G)-module. Then dim L < |G| and dim L =
|G| implies that L ~ CG as a G-module.

PROOF. We will prove the theorem when Hy (G) is a rational Cherednik algebra,
by using the Dunkl embedding. The proof for arbitrary symplectic reflection algebras
is much harder.

By the theory of prime P.I. rings and their Azumaya loci, as described above, it
suffices to show that there is some dense open subset U of X.(W) such that L >~ CG for
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all simple modules L supported on U. Recall that the Dunkl embedding at = 0 gives
us an identification Hy ¢(G)[6 "]~ C[hreg X h*] x G, where r > 0 such that §" € (C[b]G.
Then it suffices to show that every simple Cl[breg x h*] x G-module is isomorphic to
CG as a G-module. The centre of C[hreg x h*] % G (which is just the centre of Hy ((G)
localized at §") equals C[breg < h*19. For each maximal ideal m < Clbreg x h*19, we
will construct a module L(m) such that m- L(m) =0 and L(m) >~ CG as G-modules.
Finally, we show that L(m) is the unique, up to isomorphism, simple module such that
m-L(m)=0.

So fix a maximal ideal m in C[byeg x H*19 and let n<IClhreg x h*] be a maximal ideal
such that n N C[hreg x h*19 =m (geometrically, we have a finite map p : hreg x b* —
(breg x b™)/G and we’re choosing some point in the preimage of m). If C,, is the
one-dimensional C[heg % h*]-module on which n acts trivially, then define

L(m) = (Clbreg X h*] X G) ®C[pyeq x5 Cn-

The fact that p~! (m) consists of a single free G-orbit implies that L(m) ~ CG as a
G-module. In particular, dim L(m) = |G|. To see that it is simple, let N be a nonzero
submodule. Then N = @peG-n Np as a C[breg x h*]-module, where N, ={n € N |
nll‘, -n=0some k>0 }. Since N # 0, there exists some p such that N, # 0. But then
multiplication by g € G defines an isomorphism of vector spaces Ny — Ng(p). Since
the G-orbit G - n is free, this implies that dim N > |G|. Hence N = L(m).

Finally, let M be a simple module such that m- M = 0. Arguing as above, this implies
that My, # 0. Hence there is a nonzero map L(m) — M induced by the embedding
Cy = M,,. Since M is assumed to be simple, M >~ L(m). O

THEOREM 5.1.4. Let L be a simple H;(G)-module then dim L = |G| if and only if
X1 is a nonsingular point of X¢(G).

OUTLINE OF PROOF. By Theorem 5.1.3, the dimension of a generic simple module
is |W|. Since the Azumaya locus A, is dense in X, it follows that

PI. degree (Hp (G)) = |G]|.

The proposition will then follow from the equality A, = X¢(G)gm, where X¢(G)sm
is the smooth locus of X¢(G). As noted in Corollary 1.3.2, Hy (G) has finite global
dimension. It is known, [50, Lemma II1.1.8], that this implies that A, € (X¢)sm. The
opposite inclusion is an application of a result by Brown and Goodearl [49, Theorem 3.8].
Their theorem says that (X¢)sm € A¢ (in fact that we have equality) if Hy .(G) has
particularly nice homological properties — it must be Auslander-regular and Cohen—
Macaulay, and the complement of A, has codimension at least two in X.. The fact
that Hp_+(G) is Auslander-regular and Cohen—Macaulay can be deduced from the fact
that its associated graded, the skew group ring, has these properties (the results that are
required to show this are listed in the proof of [48, Theorem 4.4]). The fact that the
complement of A, has co-dimension at least two in X, is harder to show. It follows
from the fact that X is a symplectic variety, Theorem 5.4.5, and that the “representation
theory of Hy  is constant along orbits”, Theorem 5.4.6. O
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Proposition 5.1.4 implies that to answer the question
QUESTION 5.1.5. Is the generalised Calogero—Moser space smooth?

It suffices to compute the dimension of simple H.(G)-modules. Unfortunately, this
turns out to be rather difficult to do.

5.2. Poisson algebras. The extra parameter ¢ in H; (G) gives us a canonical quan-
tization of the space X.(G). As a consequence, this implies that X.(G) is a Poisson
variety. Recall:

DEFINITION 5.2.1. A Poisson algebra (A, {—, —}) is a commutative algebra with a
bracket {—, —} : A® A — A such that
(1) the pair (A, {—, —}) is a Lie algebra;
(2) {a,—}: A— Ais aderivation for all a € A, i.e.,

{a, bc} ={a, b}c+bfa,c}, Va,b,ce€A.

An ideal [ in the Poisson algebra A is called Poisson if {I, A} C I. As shown in
Exercise 5.9.1, if I is a Poisson ideal in the Poisson algebra A then A/ is natural a
Poisson algebra.

Hayashi’s construction [129]: We may think of ¢ as a variable so that Hy .(G) =
H: c(G)/t -H; ¢(G). For z1, 20 € Z¢(G) define

I, .
{z1, 22} = <?[Z1, Z2]> mod 7H; ¢(G),
where 21, Zp are arbitrary lifts of z1, zp in H; ¢(G).

PROPOSITION 5.2.2. Since Ho (W) is flat over C[t], {—, —} is a well-defined Poisson
bracket on Z.(G).

PROOF. Write p : H; ¢(G) — Ho (G) for the quotient map. Let us first check that
the binary operation is well-defined. Let Z1, Z» be arbitrary lifts of z1, zo € Z¢(G). Then
p([21,22]) =[p(Z1), p(Z2)] = 0. Therefore, there exists some 23 € H; ((G) such that
[Z1,22] =t - z3. Since ¢ is a nonzero divisor, Z3 is uniquely define. The claim is that
p(23) € Ze(G): let h € Hy (G) and h an arbitrary lift of & in H; ¢(G). Then

Uh, pGa)1=p(lh, 23 = ([ 11, 221]) == (5 2, Th, 2111) = p (12, T, 201).

Since Z; and z; are lifts of central elements, the expressions [Z7, [ﬁ, Z111 and [Z7, [fz, z111
are in t2H,,c(G). Hence [k, p(z3)] = 0. Therefore, the expression {z, z} is well-
defined. The fact that p([t - 21, Z2]1/t) = [0(Z1), p(Z2)] = 0 implies that the bracket is
independent of choice of lifts. The fact that the bracket makes Z.(G) into a Lie algebra
and satisfies the derivation property is a consequence of the fact that the commutator
bracket of an algebra also has these properties. O

REMARK 5.2.3. The same construction makes eHg .(G)e into a Poisson algebra
such that the Satake isomorphism is an isomorphism of Poisson algebras.
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X3

x1 X2 X4

Figure 6. Flow along integral curves in a symplectic leaf. The vectors at x; indicate a
Hamiltonian vector field and the curve through x; is the corresponding integral curve.

5.3. Symplectic leaves. In the algebraic world there are several different definitions
of symplectic leaves, which can be shown to agree in “good” cases. We will define two
of them here. First, assume that X.(G) is smooth. Then X.(G) may be considered
as a complex analytic manifold equipped with the analytic topology. In this case, the
symplectic leaf through m € X.(G) is the maximal connected analytic submanifold
L(m) of X.(G) which contains m and on which {—, —} is nondegenerate. An equivalent
definition is to say that £(m) is the set of all points that can be reached from m by
travelling along integral curves corresponding to the Hamiltonian vector fields {z, —}
for z € Z.(G).

Let us explain in more detail what is meant by this. Let v be a vector field on
a complex analytic manifold X, i.e., v is a holomorphic map X — T X such that
v(x) € Ty X for all x € X (v is assigning, in a continuous manner, a tangent vector
to each point of x). An integral curve for v through x is a holomorphic function
D,y 1 Be(0) - X, where B¢(0) is a closed ball of radius € around O in C, such
that (do®x.»)(1) = v(x), i.e., the derivative of &, ;, at 0 maps the basis element 1 of
ToC = C to the tangent vector field v(x). The existence and uniqueness of holomorphic
solutions to ordinary differential equations implies that &, , exists, and is unique, for
each choice of v and x.

Now assume that v = {a, —} is a Hamiltonian vector field, and fix x € X. Then,
the image of ®, (, _) is, by definition, contained in the symplectic leaf £, through x.
Picking another point y € @, 4, —}(B¢(0)) and another Hamiltonian vector field {b, —},
we again calculate the integral curve ®y (5 ) and its image is again, by definition,
contained in £,. Continuing in this way for as long as possible, £, is the set of all
points one can reach from x by “flowing along Hamiltonian vector fields”.

In particular, this defines a stratification of X.(G). If, on the other hand, X.(G)
is not smooth, then we first stratify the smooth locus of X.(G). The singular locus
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X¢(G)sing of X¢(G) is a Poisson subvariety. Therefore, the smooth locus of X¢(G)sing
is again a Poisson manifold and has a stratification by symplectic leaves. We can
continue by considering the “the singular locus of the singular locus” of X.(G) and
repeating the argument. .. This way we get a stratification of the whole of X.(G) by
symplectic leaves.

5.4. Symplectic cores. Let p be a prime ideal in Z.(G). Then there is a (necessarily
unique) largest Poisson ideal P(p) contained in p. Define an equivalence relation ~ on
X¢(G) by saying

p~aqe Pp)=P@.

The symplectic cores of X (G) are the equivalence classes defined by ~. We write

Cp) ={g€ Xc(G) [ P(p) =P}

Then, each symplectic core C(p) is a locally closed subvariety of X.(G) and C(p) =
V(P(p)). The set of all symplectic cores is a partition of X.(G) into locally closed
subvarieties. As one can see from the examples below, a Poisson variety X will typically
have an infinite number of symplectic leaves and an infinite number of symplectic cores.

DEFINITION 5.4.1. We say that the Poisson bracket on X is algebraic if X has only
finitely many symplectic leaves.

Proposition 3.7 of [51] says:

PROPOSITION 5.4.2. [f the Poisson bracket on X is algebraic then the symplectic
leaves are locally closed algebraic sets and that the stratification by symplectic leaves
equals the stratification by symplectic cores.

That is, £(m) = C(m) for all maximal ideals m € X.

EXAMPLE 5.4.3. We consider the Poisson bracket on CZ = Spec C[x, y] given by
{x,y} =y, and try to describe the symplectic leaves in C2. From the definition of a
Poisson algebra, it follows that each function f € C[x, y] defines a vector field { f, —}
on C2. For the generators x, y, these vector fields are {x, —} = ydy, {y, —} = —yox
respectively. In order to calculate the symplectic leaves we need to calculate the integral
curve through a point (p, ¢) € C2 for each of these vector fields. Then the leaf through
(p, g) will be the submanifold traced out by all these curves. We begin with ydy. The
corresponding integral curve is a = (a1 (), a>(t)) : B¢ (0) — C? such that a(0) = (p,q)
and

d'(t) = (y0y)a@. V1 € Be(0).
Thus, a} (1) =0 and @) (1) = ap(t) which means a = (p, ge'). Similarly, if b = (b1, b2)
is the integral curve through (p, g) for —ydy then b = (—qt + p, q). Therefore, there
are only two symplectic leaves, {0} and (CZ\{O}.

EXAMPLE 5.4.4. For each finite-dimensional Lie algebra g, there is a natural Poisson
bracket on C[g*] = Sym(g), uniquely defined by {X, Y} =[X, Y] forall X, Y € g. Recall
that slp = C{E, F, H} with [E, Fl=H, [H, E]=2FE and [H, F]= —2F. As in the
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previous example, we will calculate the symplectic leaves of sI3. The Hamiltonian vector
fields of the generators E, F, H of the polynomial ring C[sl;] are X = Hop —2E 0y,
Xr=—HO0g+2Fdg and Xg =2Edg —2F0F. Leta = (ag(t),ar(t),ag(t)) be an
integral curve through (p, ¢, r) for a vector field X.

e For Xg, a(t) = (p, —pt2 +rt+q,—=2pt+r).

e For Xf, a(t) = (—qt> —rt + p, q,2qt +r).

e For Xy, a(t) = (pexp(2t), g exp(—2t),r).
Thus, for all (p,q,r) # (0,0,0), Xg, XF, XF span a two-dimensional subspace of
Tp.q, r)ﬁ[; Also, one can check that the expression

ag(Oar (1) + jap(0® = pq + 3r°
is independent of ¢ for each of the three integral curves above, e.g., for X r we have
(—qt> —rt+p)g + 12qr +1)? = pg + 1.

Therefore, for s 20, V(EF —i—%H 2— s) is a smooth, two-dimensional Poisson subvariety
on which the symplectic form is everywhere nondegenerate. This implies that it is a
symplectic leaf.

The nullcone N is defined to be V(EF + %H 2), i.e., we take s = 0. If we consider
U = N\{(0, 0, 0)}, then this is also smooth and the symplectic form is everywhere
nondegenerate. Thus, it is certainly contained in a symplectic leaf of /. However, the
whole of A/ cannot be a leaf because it is singular. Therefore, the symplectic leaves of
N are U and {(0, 0, 0)}.

In the case of symplectic reflection algebras, we have:

THEOREM 5.4.5. The symplectic leaves of the Poisson variety X (W) are precisely
the symplectic cores of X¢(W). In particular, they are finite in number, hence the bracket
{—, =} is algebraic.

Remarkably, the representation theory of symplectic reflection algebras is “constant
along symplectic leaves”, in the following precise sense. For each x € X (G), let
H, .c(G) be the finite-dimensional quotient Hp (G)/myHp (G), where m, is the
kernel of x. If x € A¢ = X¢(G)sm then

Hy ¢(G) =~ Mat||(C), dimH, (G)= |G|%.
This is not true if x € X¢(G)sing.
THEOREM 5.4.6. Let x1, x2 be two points in L, a symplectic leaf of X¢(G). Then,
Hy ,e(G) = Hy, ¢(G).

EXAMPLE 5.4.7. Let’s consider again our favourite example W = Z;. When c is
nonzero, one can check, as in the right-hand side of Figure 1, that X.(Z;) is smooth.
Therefore, it has only one symplectic leaf, i.e., it is a symplectic manifold. Over
each closed point of X.(Z;) there is exactly one simple Hy (Z;)-module, which is
isomorphic to CZ, as a Zp-module. If, on the other hand, ¢ = 0 so that Hy o(Z2) =
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Ly >~ Ce
L ~Ce;

L~CZy

Figure 7. The leaves and simple modules of Hp o(Z).

Clx, y] % Zj, then there is one singular point and hence two symplectic leaves — the
singular point and its compliment. On each closed point of the smooth locus, there
is exactly one simple C[x, y] X Z;-module, which is again isomorphic to CZ; as a
Zs-module. However, above the singular point there are two simple, one-dimensional,
modules, isomorphic to Cey and Ce; as CZjp-modules. See Figure 7.

5.5. Restricted rational Cherednik algebras. In order to be able to say more about
the simple modules for Hy ((G), e.g., to describe their possible dimensions, we restrict
ourselves to considering rational Cherednik algebras. Therefore, in this subsection, we
let W be a complex reflection group and Hop (W) the associated rational Cherednik
algebra, as defined in Example 1.5. In the case of Coxeter groups, the following was
proved in [99, Proposition 4.15], and the general case is due to [118, Proposition 3.6].

PROPOSITION 5.5.1. Let Ho (W) be a rational Cherednik algebra associated to the
complex reflection group W.
(1) The subalgebra C[H]1W @ C[h*1WV of Ho,e¢ (W) is contained in Z.(W).
(2) The centre Zo(W) of Hy (W) is a free Crh1Y @ C16*1Y -module of rank |W|.

The inclusion of algebras A := CH1" @ Cro*1Y < Z.(W) allows us to define the
restricted rational Cherednik algebra HC(W) as

He (W)
Ay He(W)'
where A denotes the ideal in A of elements with zero constant term. This algebra was
originally introduced, and extensively studied, in the paper [118]. The PBW theorem
implies that

He(W) =

He W) =1V @ Cw @ Clp*o W
as vector spaces. Here
crp1c" = crn1/crn?)
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is the coinvariant algebra. Since W is a complex reflection group, C[H]°" has
dimension |W| and is isomorphic to the regular representation as a W-module. Thus,
dim HC(W) = |W|3. Denote by Irr(W) a set of complete, nonisomorphic simple W-
modules.

DEFINITION 5.5.2. Let A € Irr(W). The baby Verma module of HC(W), associated
to A, is
Z()u) = HC(W) ®(C[h*]C°W>< W )h

where C[h*]{° W acts on A as zero.

The rational Cherednik algebra is Z-graded (no such grading exists for general
symplectic reflection algebras). The grading is defined by deg(x) = 1, deg(y) = —1
and deg(w) =0 for x € h*, y e h and w € W. At ¢ = 1, this is just the natural grading
coming from the Euler operator, Section 2.4. Since the restricted rational Cherednik
algebra is a quotient of H.(W) by an ideal generated by homogeneous elements, it is
also a graded algebra. This means that the representation theory of He (W) has a rich
combinatorial structure and one can use some of the combinatorics to better describe
the modules L (1). In particular, since C[H*]° WxWwisa graded subalgebra of HC(W),
the baby Verma module A\ s a graded HC(W)—module, where 1 ® A sits in degree
zero. By studying quotients of baby Verma modules, it is possible to completely classify
the simple HC(W)-module.

PROPOSITION 5.5.3. Let A, u € Irr(W).

(1) The baby Verma module A() has a simple head, L(\). Hence A()) is inde-
composable.

(2) L()\) is isomorphic to L(w) if and only if . >~ 1.

(3) The set {L(}) | A € Irr(W)} is a complete set of pairwise nonisomorphic simple
HC(W)—modules.

PROOF. We first recall some elementary facts from the representation theory of
finite-dimensional algebras. The radical radR of a ring R is the intersection of all
maximal left ideals. When R is a finite-dimensional algebra, radR is also the union of
all nilpotent ideals in R and is itself a nilpotent ideal; see [22, Proposition 3.1].

CLAIM 5.5.4. If R is Z-graded, finite-dimensional, then radR is a homogeneous
ideal.

PROOF. By a homogeneous ideal we mean that if a € I and a = ) ;.7 a; is the
decomposition of a into homogeneous pieces, then every a; belongs to 1. If I is an
ideal, let hom(/) denote the ideal in R generated by all homogeneous parts of all
elements in /, i.e., hom(/) is the smallest homogeneous ideal in R containing /. It
suffices to show that if 7, J are ideals in R such that /J =0, then hom(/)hom(J) = 0.
In fact, we just need to show that hom(7)J = 0. Let the length of a € I be the number
of integers n such that a, # 0. Then, an easy induction on length shows that a,J =0
for all n. Since I is finite-dimensional, this implies that hom(/)J = 0 as required. [J
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It is a classical (but difficult) result by G. Bergman that the hypothesis that R is
finite-dimensional in the above claim is not necessary.

If M is a finitely generated HC(W)-module, then the radical of M is defined to be the
intersection of all maximal submodules of M. It is known, e.g., [22, Section 1.3], that
the radical of M equals (radH¢(W))M and that the quotient M /radM (which is defined
to be the head of M) is semisimple. Therefore, Claim 5.5.4 implies that if M is graded,
then its radical is a graded submodule and equals the intersection of all maximal graded
submodules of M. In particular, if M contains a unique maximal graded submodule,
then the head of M is a simple, graded module.

Thus, we need to show that A(A) has a unique maximal graded submodule. The way
we have graded A()), we have A(L), =0 for n <0 and A(L)g =1 ®A. Let M be the
sum of all graded submodules M’ of A(%) such that M, = 0. Clearly, M C radA(}).
If this is a proper inclusion then (radA (X))o # 0. But 4 is an irreducible W-module,
hence (radA (L))o = A. Since A(}) is generated by A this implies that rad A(L) = A(L);
a contradiction. Thus, M =radA(}). By the same argument, it is clear that A(1)/M is
simple. This proves Part (1).

Part (2): For each He(W)-module L, we define Sing(L) ={l € L | h -1 = 0}. Notice
that Sing(L) is a (graded if L is graded) W-submodule and if A C Sing(L) then there
exists a unique morphism A (L) — L extending the inclusion map A < Sing(L). Since
L (1) is simple, Sing(L (X)) = L(A)g = A. Hence L(A) =~ L(n) implies A >~ u.

Part (3): It suffices to show that if L is a simple He(W)-module, then L ~ L(})
for some A € Irr(W). It is well-known that the simple modules of a graded finite-
dimensional algebra can be equipped with a (nonunique) grading. So we may assume
that L is graded. Since L is finite-dimensional and h-L, C L,_1, Sing(L) # 0. Choose
some A C Sing(L). Then there is a nonzero map A(A) — L. Hence L ~ L(}). This
concludes the proof of Proposition 5.5.3. O

5.6. The Calogero-Moser partition. Since the algebra H.(W) is finite-dimensional,
it will decompose into a direct sum of blocks:

where B; is a block if it is indecomposable as an algebra. If b; is the identity element
of B; then the identity element 1 of He(W) is the sum 1 = by + - - - + by of the b;. For
each simple He(W)-module L, there exists a unique i such that b; - L # 0. In this case
we say that L belongs to the block B;. By Proposition 5.5.3, we can (and will) identify
Irr He (W) with Irr (W). We define the Calogero—Moser partition of Irr (W) to be the
set of equivalence classes of Irr (W) under the equivalence relation A ~ w if and only if
L()) and L(w) belong to the same block.

To aid intuition it is a good idea to have a geometric interpretation of the Calogero—
Moser partition. The image of the natural map Z,/A4 -Z, — ﬁc(W) is clearly contained
in the centre of He(W). In general it does not equal the centre of He (W) (though one can
use the Satake isomorphism to show that it is injective). However, it is a consequence
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of a theorem by Miiller, see [52, Corollary 2.7], that the primitive central idempotents
of He(W) (the b;’s) are precisely the images of the primitive idempotents of Z¢ /A - Ze.
Geometrically, this can be interpreted as follows. The inclusion A < Z.(W) defines a
finite, surjective morphism

T : Xc(G) — h/W xb*/W,

where h/W x h*/W = Spec A. Miiller’s theorem is saying that the natural map
lrr(W) — Tfl(O), A+ Supp (L(A)) = xL(»), factors through the Calogero-Moser
partition (here Y~1(0) is considered as the set theoretic pull-back):

lrr(W)

CM(W) > Y=10)

Using this fact, one can show that the geometry of X.(W) is related to Calogero—
Moser partitions in the following way.

THEOREM 5.6.1. The following are equivalent:

o The generalised Calogero—Moser space X (W) is smooth.
e The Calogero—Moser partition of Irr(W') is trivial for all parabolic subgroup
W’ of W.

Here W' is a parabolic subgroup of W if there exists some v € f such that W' =
Staby (v). It is a remarkable theorem by Steinberg [221, Theorem 1.5] that all parabolic
subgroups of W are again complex reflection groups.

5.7. Graded characters. In some cases it is possible to use the Z-grading on He (W)
to calculate the graded character of the simple modules L(A).

LEMMA 5.7.1. Zhe element ). € Irr(W) defines a block {A} of the restricted rational
Cherednik algebra He (W) if and only if dim L(\) = |W| if and only if L(L) ~CW as a
W-module.

PROOF. Recall that Miiller’s theorem from Section 5.6 says that the primitive
central idempotents of HC(W) (the b;’s) are the images of the primitive idempotents of
Z¢/ AL - Zc under the natural map Z./A, - Ze — He(W). The primitive idempotents
of R:=7Z,/Ay -Z, are in bijection with the maximal ideals in this ring: given a
maximal ideal m in R there is a unique primitive idempotent b whose image in R/m
is nonzero. Under this correspondence, the simple module belonging to the block of
H¢(W) corresponding to b are precisely those simple modules supported at m. Thus,
the block b has just one simple module if and only if there is a unique simple module
of H¢ (W) supported at m. But, by the Artin—Procesi Theorem, Remark 5.1.2(3), there
is a unique simple module supported at m if and only if m is in the Azumaya locus of
Xc(W). As noted in the proof of Proposition 5.1.4, the smooth locus of X.(W) equals
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the Azumaya locus. Thus, to summarise, the module L(A) is on its own in a block if
and only if its support is contained in the smooth locus. Then, the conclusions of the
lemma follow from Theorem 5.1.3 and Proposition 5.1.4. O

When A satisfies the conditions of Lemma 5.7.1, we say that X is in a block on its
own. Recall that (C[b]COW, the coinvariant ring of W, is defined to be the quotient
Crvl/ ((C[h]_vf). It is a graded W-module. Therefore, we can define the fake degree of
A € Irr(W) to be the polynomial

AOED WG TIAEPATE
ieZ
where C[h]7° W is the part of C[H]°W of degree i and [C[hIF° W A]is the multiplicity
of A in (C[h]l.COW. For each A € Irr(W), we define b, to be the degree of smallest
monomial appearing in f3 (1), e.g., if fi(t) = 2t* — O+ higher terms, then b; = 4.
Given a finite-dimensional, graded vector space M, the Poincaré polynomial of M is
defined to be
P(M,1)="_dimM;t'.
ieZ

LEMMA 5.7.2. Assume that X is in a block on its own. Then the Poincaré polynomial

of L()\) is given by

(dim 1)t P(CLh1° WV, 1)
Sox(@) '

PROOF. By Proposition 5.5.3, the baby Verma module A(}) is indecomposable.
This implies that all its composition factors belong to the same block. We know that
L(A) is one of these composition factors. But, by assumption, L(A) is on its own in
a block. Therefore every composition factor is isomorphic to L(1). So let’s try and
calculate the graded multiplicities of L(A) in A(A). In the graded Grothendieck group
of HC(W), we must have

[AG)] =L+ - - - + [LW)]Le], (5.B)

where [L(A)][k] denotes the class of L(A), shifted in degree by k. By Lemma 5.7.1,
dim L(%) = |W| and it is easy to see that dim A(A) = |W|dimA. Thus, £ = dim A.
Since L(A) is a graded quotient of A(L) we may also assume that i1 = 0. Recall that
C[h1¢°W is isomorphic to the regular representation as a W-module. Therefore, the
fact that [u ® A : triv] # 0 if and only if u >~ A* (in which case it is one) implies
that the multiplicity space of the trivial representation in A(A) is (dim A)-dimensional.
The Poincaré polynomial of this multiplicity space is precisely the fake polynomial
fox(t). On the other hand, the trivial representation only occurs once in L(}) since it is
isomorphic to the regular representation. Therefore, comparing graded multiplicities of
the trivial representation on both sides of (5.B) implies that, up to a shift, f e ple =
fox(t). What is the shift? Well, the lowest degree11 occurring in t'1 4+ - - 41 is i} =0.

P(L(), 1) =

lllt is not complete obvious that 0 is the lowest degree in £ + tie , see [118, Lemma 4.4].
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But the lowest degree in f; () is byx. Thus, t11 4+ - - +1¢ =t ~2* £,4(¢). This implies
that _
th* P(A(L), 1)
fax (@)
Clearly, P(A(%), 1) = (dim 1) P(C[h1°W  1). O

P(L(A), 1) =

The module L(}) is finite-dimensional. Therefore P(L(A), t) is a Laurent polyno-
mial. However, one can often find representations A for which f;x(¢#) does not divide
P(C[h]<° L& t). In such cases the above calculation show that A is never in a block on
its own.

5.8. Symplectic resolutions. Now we return to the original question posed at the start
of Section 1: How singular is the space V/G? The usual way of answering this question
is to look at resolutions of singularities of V/G.

DEFINITION 5.8.1. A (projective) resolution of singularities is a birational morphism
Y — V/G from a smooth variety Y, projective over V/G, such that the restriction
of  to nfl((V/G)Sm) is an isomorphism.

If Vieg is the open subset of V on which G acts freely, then Vieg/G C V/G is the
smooth locus and it inherits a symplectic structure from V, i.e., Vieg/ G is a symplectic
manifold.

DEFINITION 5.8.2. A projective resolution of singularities 7 : ¥ — V/G is said to
be symplectic if Y is a symplectic manifold and the restriction of 7 to 7~ ((V/G)sm)
is an isomorphism of symplectic manifolds.

The existence of a symplectic resolution for V/G is a very strong condition and
implies that the map 7 has some very good properties, e.g., 7w is semismall. Therefore,
as one might expect, symplectic resolutions exist only for very special groups.

THEOREM 5.8.3. Let (V, w, G) be an irreducible symplectic reflection group.
o The quotient singularity V/G admits a symplectic resolution if and only it admits
a smooth Poisson deformation.
e The quotient singularity V/G admits a smooth Poisson deformation if and only
if X¢(G) is smooth for generic parameters c.

The irreducible symplectic reflection groups have been classified by Cohen, [71].
Using the above theorem, work of several people (Verbitsky [238], Ginzburg and
Kaledin [114], Gordon [118], Bellamy [27], Bellamy and Schedler [29]) means that
the classification of quotient singularities admitting symplectic resolutions is (almost)
complete.

EXAMPLE 5.8.4. Let G C SL,(C) be a finite group. Since dim C2/G =2, there is
a minimal resolution C2/G of C2/G through which all other resolutions factor. This
resolution can be explicitly constructed as a series of blowups. Moreover, C2/G is a
symplectic manifold and hence provides a symplectic resolution of C2/G. The corre-
sponding generalised Calogero—Moser space X.(G) is smooth for generic parameters
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y
>

Figure 8. A representation of the resolution of the D4 Kleinian singularity.

T

¢. The corresponding symplectic reflection algebras are closely related to deformed
preprojective algebras [75].
5.9. Exercises.

EXERCISE 5.9.1. Let I be a Poisson ideal in the Poisson algebra A. Show that A//
naturally inherits a Poisson bracket from A, making it a Poisson algebra.

EXERCISE 5.9.2. The character table of the Weyl group G5 is given by

Class | 1 2 3 4 5 6
Size 1 1 3 3 2 2
Order | 1 2 2 2 3 6
T 1 1 1 1 1 1
S 1 1 -1 —1 1 1
Vi 1 — 1 -1 1 -1
Vs 1 -1 -1 1 1 -1
b1 2 0O 0 -1 -1
ho 2 2 0 0 -1 1

The fake polynomials are

frin=1, fu0 =0 fo0) =1+,
fs=1° fr,)=0 fi,)=1+7.
Is X(G»p) ever smooth?
EXERCISE 5.9.3 (harder). For this exercise you’ll need to have GAP 3, together
with the package “CHEVIE” installed. Using the code fake. gap,12 show that there is
(at most one) exceptional complex reflection group W for which the space X.(W) can

ever hope to be smooth. Which exceptional group is this? For help with this exercise,
read [27].

12 Available from maths. gla.ac.uk/~gbellamy/MSRI.html.
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5.10. Additional remarks.

Theorem 5.1.3 is proven in [99, Theorem 1.7].

The fact that X.(W) has finitely many symplectic leaves, Theorem 5.4.5, is [51,
Theorem 7.8].

The beautiful result that the representation theory of symplectic reflection algebras is
constant along leaves, Theorem 5.4.6, is due to Brown and Gordon, [51, Theorem 4.2].

Proposition 5.5.3 is Proposition 4.3 of [118]. It is based on the general results of
[133], applied to the restricted rational Cherednik algebra.

The Calogero—Moser partition was first defined in [122].

Theorem 5.6.1 is stated for rational Cherednik algebras at = 1 in positive charac-
teristic in [28, Theorem 1.3]. However, the proof given there applies word for word to
rational Cherednik algebras at = 0 in characteristic zero.

Theorem 5.8.3 follows from the results in [114] and [176].



CHAPTER 1V

Noncommutative resolutions

Michael Wemyss

Introduction

The notion of a noncommutative crepant resolution (NCCR) was introduced by
Van den Bergh [231], following his interpretation [230] of work of Bridgeland [42]
and Bridgeland, King and Reid [44]. Since then, NCCRs have appeared prominently
in both the mathematics and physics literature as a general homological structure that
underpins many topics currently of interest, for example moduli spaces, dimer models,
curve counting Donaldson—Thomas invariants, spherical-type twists, the minimal model
program and mirror symmetry.

My purpose in writing these notes is to give an example based approach to some
of the ideas and constructions for NCCRs, with latter sections focussing more on the
explicit geometry and restricting mainly to dimensions two and three, rather than simply
presenting results in full generality. The participants at the MSRI Summer School
had a wonderful mix of diverse backgrounds, so the content and presentation of these
notes reflect this. There are exercises scattered throughout the text, at various levels of
sophistication, and also computer exercises that hopefully add to the intuition.

The following is a brief outline of the content of the notes. In Section 1 we begin
by outlining some of the motivation and natural questions for NCCRs through the
simple example of the Z3 surface singularity. We then progress to the setting of two-
dimensional Gorenstein quotient singularities for simplicity, although most things work
much more generally. We introduce the notion of Auslander algebras, and link to the
idea of finite CM type. We then introduce skew group rings and use this to show that a
certain endomorphism ring in the running example has finite global dimension.

Section 2 begins with the formal definitions of Gorenstein and CM rings, depth
and CM modules, before giving the definition of a noncommutative crepant resolution
(NCCR). This comes in two parts, and the second part is motivated using some classical
commutative algebra. We then deal with uniqueness issues, showing that in dimension
two NCCRs are unique up to Morita equivalence, whereas in dimension three they are
unique up to derived equivalence. We give examples to show that these results are
the best possible. Along the way, the three key technical results of the depth lemma,
reflexive equivalence and the Auslander—Buchsbaum formula are formulated.

239
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Section 3 breaks free of the algebraic shackles imposed in the previous two sections,
by giving a brief overview of quiver GIT. This allows us to extract geometry from
NCCRs, and we illustrate this in examples of increasing complexity.

In Section 4 we go homological so as to give a language in which to compare the
geometry to NCCRs. We sketch some aspects of derived categories, and give an outline
of tilting theory. We then illustrate tilting explicitly in the examples from Section 3. In
a purely homological section we then relate the crepancy of birational morphisms to the
condition Endg (M) € CM R. The section then considers CY categories and algebras,
and we prove that NCCRs are d-CY. We formulate singular derived categories as a
mechanism to relate the constructions involving CM modules to the CY property, and
also as an excuse to introduce AR duality, which links questions from Section 1 to AR
sequences, which appear in Section 5.

Section 5 begins by overviewing the McKay correspondence in dimension two. It
starts with the classical combinatorial version, before giving the Auslander version
using AR sequences and the category of CM modules. We then upgrade this and give
the derived version, which homologically relates minimal resolutions to NCCRs for
ADE surface singularities. The last, and main, section gives the three-dimensional
version, which is the original motivation for introducing NCCRs. We sketch the proof.

A short appendix (see p. 297) gives very basic background on quiver representations,
and sets the notation that is used in the examples and exercises.
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their questions, and for making the course such fun to teach. In addition, thanks go to
Pieter Belmans, Kosmas Diveris, Will Donovan, Martin Kalck, Joe Karmazyn, Boris
Lerner and Alice Rizzardo for their many comments on previous drafts of these notes.

1. Motivation and first examples

1.1. The basic idea. The classical method for resolving singularities is to somehow
associate to the singularity X = Spec R an ideal /. This becomes the centre of the
blowup and we hope to resolve the singularity via the picture

Bl (X)

T

w"l

Spec R

Although this is entirely inside the world of commutative algebra, we hope to obtain
a better understanding of this process by introducing noncommutative methods. Instead
of finding an ideal 7, we want to, without referring to a resolution (i.e., the answer),
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produce a noncommutative ring A from which we can extract resolution(s) of X.

M

%ﬂ“ A (1.A)
,\/"JJ

Spec R

Just as there are many different ideal sheaves which give the same blowup, there are in
general many different noncommutative rings that can be used to resolve the singularity
and so the subtlety comes through asking for the “best” one — for a noncommutative
ring to be called a noncommutative resolution it needs to satisfy some extra conditions.

The purpose of these lectures is to explain how to go about constructing such
an A, and they will also outline some of the methods that are used to extract the
geometry. There are both algebraic and geometric consequences. The main benefit of
this noncommutative approach is that we equip the geometry with extra structure in
the form of tautological bundles, which can then be used in various homological (and
explicit) constructions.

1.2. Motivation and questions. Here we input a finite subgroup G of SL(2, C). Then
G acts on C2, so it acts on C[[x, y] via inverse transpose. We define R := Cl[[x, y]]G
and consider the quotient germ C? /G = Spec R.

EXAMPLE 1.2.1. The running example will be

G=11,2:= <g = (803 e0§>>

where €3 is a primitive third root of unity. Here g sends x to e%x and y to 3y, so it is
clear that x3 , XY, y3 are all invariants. In fact they generate the invariant ring, so

R =ClLx, y132 = CIx3, y3, xy1 = Clla, b, c1/(ab — ¢3).

SETTING 1.2.2. Throughout the remainder of this section, R will always denote
Cllx, y]]G for some G < SL(2,C). We remark that experts can instead take their
favourite complete local Gorenstein ring R with dim R = 2, as all results remain true.
Indeed most results still hold when R is a complete local CM normal ring of dimension
two, provided that R has a canonical module. Note that dropping the “complete local”
is possible, but at the expense of making the language a bit more technical, and the
proofs much more so.

Recall that if M is a finitely generated R-module (written M € mod R), there exists
a surjection R" — M for some n € N, and the kernel is denoted QM. This is called the
syzygy of M.

TEMPORARY DEFINITION 1.2.3. M € mod R is called a Cohen—Macaulay (CM)
module if M = Q(22X) for some X € mod R. We denote the category of CM modules
by CM R.
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We remark that the definition should be treated with caution, as assumptions are
needed (which are satisfied in setting 1.2.2 above) for it to be equivalent to the more stan-
dard definition that will be explained later (Definition 2.0.6). Note that Definition 1.2.3
ensures that R € CM R.

EXAMPLE 1.2.4. Let
1 o €3 0
G =3, 2) = << 0 e%))

where €3 is a primitive third root of unity. In this situation R = Clix3, y3, xy] =
Clla, b, cll/(ab — c3). We claim that R, together with the ideals M| := (a, c) and
M> = (a, cz), are all CM R-modules. In fact, the situation is particularly nice since
the calculation below shows that QM| = M, and QM, = M, hence Q2M1 = M; and
QZMy = M,.

For the calculation, just note that we have a short exact sequence
(=G inc) 5 (0)

0— (a,cz) R? 2, (a,c) — 0, (1.B)

where the second map sends (71, rp) — ria + rac, and the first map sends ra +s5c? >
((ra +sc2)(—§), ra-+ scz) =(—rc—sb,ra+ scz). In a similar way, we have an exact
sequence

(-5 in)) (&

0— (a,c) R? - (a,c?) — 0. (1.C)

Notice that with our Definition 1.2.3, the above example shows that CM modules
are in fact quite easy to produce —just find a module, then syzygy twice. Note at this
stage it is not clear how many other CM modules there are in Example 1.2.4, never
mind what this has to do with Section 1.1 and the relationship to the geometry.

EXAMPLE 1.2.5. Continuing the above example, in the spirit of discovery let’s
compute Endg (R® (a, ¢) ® (a, ). Why we do this will only become clear afterwards.
We write each indecomposable module as a vertex

(a,c)

R (a,c®)

Clearly we have the inclusions (a, c2) C (a, ¢) € R and so we have morphisms

w inc
2

(a’c )

(a,c)

inc (
R
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If we multiply an element of R by ¢ we get an element of (a, c¢), and similarly if we
multiply an element of (a, ¢) by ¢ we get an element of (a, ¢2). Thus we add in

(a,c)
/ N\
C C
/ \
R (a,cz)

We can multiply an element of R by a to get an element of (a, ¢2) and so obtain

(a,c)
(/\
(ac

a
It is possible to multiply an element of R by a and get an element of (a, c), but we
don’t draw it since this map is just the composition of the arrow a with the arrow
inc, so it is already taken care of. The only morphism which is not so obvious is the
map (a, ) >R given by (as in (1.B)), thus this means that we have guessed the
following morphisms between the modules:

(a,c)
“(/ )
RH* (ac

a

It turns out that these are in fact all necessary morphisms, in that any other must be a
linear combination of compositions of these. This can be shown directly, but at this
stage it is not entirely clear. Is this algebra familiar?

The above simple example already illustrates some interesting phenomenon that
later we will put on a more firm theoretical basis. Indeed, the following five questions
emerge naturally, and motivate much of the content of these notes.

Ql. Is there a systematic way of computing the quiver? We just guessed.

Q2. Are the three CM R-modules we guessed in Example 1.2.4 all the indecom-
posable CM R-modules up to isomorphism?

Q3. Is it a coincidence that Q% = Id on the CM modules?

Q4. Why are we only considering noncommutative rings that look like Endg (M)?
It seems that Section 1.1 allows for almost arbitrary rings.

Q5. How do we extract the geometry from these noncommutative rings, as in (1.A)?

In short, the answers are:

Al. Yes. This is one of the things that Auslander—Reiten (AR) theory does.
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A2. Yes. The proof, using Auslander algebras, is remarkably simple. This will lead
to our main definition of noncommutative crepant resolutions (NCCRs).

A3. No. This is a special case of matrix factorizations, which appear for any
hypersurface. Amongst other things, this leads to connections with Mirror
Symmetry.

A4. Mainly for derived category reasons. See Section 4 and remarks there.

AS. We use quiver GIT. See Section 3.

The remainder of Section 1 will focus on Q2.

1.3. Auslander algebras and finite type. This section is purely algebraic, and show-
cases Auslander’s philosophy that endomorphism rings of finite global dimension are
important from a representation—theoretic viewpoint. In algebraic geometry commu-
tative rings with finite global dimension correspond precisely to nonsingular varieties
(see Section 2.2), so Auslander’s philosophy will guide us forward.

THEOREM 1.3.1 (Auslander). Let R be as in setting 1.2.2, and let C be a finite set of
indecomposable CM R-modules, such that R € C. Then the following are equivalent:

(1) gl.dimEndg (@Cec C) <2.
(2) C contains all indecomposable CM R-modules (up to isomorphism).

In fact, as the proof below shows, (1) = (2) holds in arbitrary dimension, whereas
(2) = (1) needs dim R = 2. To prove Theorem 1.3.1 will require two facts. The first is
quite easy to prove, the second requires a little more technology. Recall if M € mod R
we denote add M to be the collection of all direct summands of all finite direct sums of
M. If A is aring, then proj A :=add A, the category of projective A-modules.

FAacTs 1.3.2. Let the notation be as above.

(1) If M € mod R contains R as a summand, then the functor
Hompg(M, —) : mod R — mod Endy (M)

is fully faithful, restricting to an equivalence add M = proj Endg (M).
(2) Since R is Gorenstein (or normal CM), CM R-modules are always reflexive,
i.e., the natural map X — X** = Homg (Homg (X, R), R) is an isomorphism.

With these facts, the proof of (1) =>(2) is quite straightforward. The proof (2) = (1)
uses the depth lemma, which will be explained in Section 2.

PROOF OF THEOREM 1.3.1. Denote M := @ .- C and A :=Endg(M).

(1)=(2) Suppose that gl.dim A <2 and let X € CM R. Consider a projective resolution
R’ - R? — X* — 0, then dualizing via (—)* = Homg(—, R) and using Fact 1.3.2(2)
gives an exact sequence 0 - X — R — RY. Applying Homg (M, —) then gives an
exact sequence

0 — Homg (M, X) — Homg(M, R?) — Homg (M, RY).
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Both Homg (M, R%) and HomR(M,Rb) are projective A-modules by Fact 1.3.2(1), so
since by assumption gl.dim A <2 it follows that Homg (M, X) is a projective A-module.
One last application of Fact 1.3.2(1) shows that X € add M.

(2) = (1) Suppose that dim R = 2, and that C contains all indecomposable CM R-
modules up to isomorphism. Let Y € mod A, and consider the initial terms in a

projective resolution Pi— Py — ¥ — 0. By Fact 1.3.2(1) there exists a morphism
Ml—g>M0 in add M such that

(P, 5 Py) = (Homg(M, My) -5 Homg (M, My)).

Put X :=Ker g. Since dim R = 2, by the depth lemma (see Lemma 2.0.7 in the next
section) we have X € CM R, so by assumption X € C. Hence we have an exact sequence

0— X —> M| — My,
with each term in add M. Simply applying Homg (M, —) gives an exact sequence
0 — Homg (M, X) — Homg(M, M) — Homg (M, My) — Y — 0.

Thus we have proj.dim o Y < 2. Since this holds for all Y, gl.dimEndg(M) <2. In
fact, since Endg (M) has finite length modules, a global dimension of less than 2 would
contradict the depth lemma. (]

Thus to answer Q2, by Theorem 1.3.1 we show that
gl.dimEndg (R ® (a. ¢) ® (a, ¢?)) <2.

It is possible just to do this directly, using the calculation in Example 1.2.5, but the
next subsection gives a non-explicit proof.

1.4. Skew group rings. Recall our setting G < SL(2, C) and R = C[[x, y]°. Since R
is defined as a quotient of the smooth space Spec C[[x, y] by G, the basic idea is that
we should use the module theory of CG, together with the module theory of C[[x, y]l,
to encode some of the geometry of the quotient. The (false in general) slogan is that
‘G-equivariant sheaves on C[[V] encode the geometry of the resolution of V/G’.

EXAMPLE 1.4.1. Let G = %(1, 2) = (g) as in Example 1.2.4. Consider the one-
dimensional representations pg, p1 and pp of G, and denote their bases by e, e; and e;.
Our convention is that g acts on e¢; with weight sé. Recall g acts on the polynomial ring
via x 83_1x and y — &3y, hence G acts on both side of the tensor C[[x, y]®c p; and
so we can consider the invariants (C[[x, y]] ®c 0i)C. Note that since G acts trivially on
po, we have that R = C[[x, y]|° = (Cllx, yl®c o). Denote N := (C[[x, y1®c p1)¢
and Ny := (C[lx, yI ®c p2)°.

Note that x ® e; belongs to Ny since under the action of G,

X ®eq I—>8;1x®83€1 =xQ®ej.

Similarly y2®el € Ni. In fact x®e; and y2®e | generate N as an R-module. Similarly
x2 ®ey and y ® ey generate Ny as an R-module. In fact, Np = M| and N| = M, where
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the M; are as in Example 1.2.4, and in these new coordinates, dropping tensors we have

N
i \Nx
Endg(R® M| & M) =ZEndgr(R® N2 ® Ny) = / \
\\/

R <—Y— N

X

DEFINITION 1.4.2. For a C-algebra A and a finite group G together with a group
homomorphism G — Autc_ag(A), we define the skew group ring A#G as follows: as
a vector space it is A ®c CG, with multiplication defined as

(1®@8D(2®82) :=(f1-81(f2) ®g182,
for any fi, f» € A and g1, g2 € G, extended by linearity.
In these notes we will always use Definition 1.4.2 in the setting where A is a power

series (or polynomial) ring in finitely many variables, and G is a finite subgroup of
GL(n, C). The following theorem is due to Auslander.

THEOREM 1.4.3 (Auslander). Let G < SL(n, C) be a finite subgroup and denote
S:=Clx1,...,xslland R :=Cl[[xy, ..., x, 1. Then

S#G;EndR< D ((S@p)c)$dimcp).
pelr G

We remark that the theorem also holds if G is a subgroup of GL(n, C) which
contains no complex reflections (in the sense of Definition 1.1.3 in Chapter III) except
the identity.

By Theorem 1.4.3, in the running Example 1.4.1 we have an isomorphism

Endg(R® (a. ¢) ® (a, ¢?)) = Cllx, y[#1 (1, 2).

Thus, via Theorem 1.3.1, to show that {R, (a, ¢), (a, 02)} are all the indecomposable
CM R-modules, it suffices to prove that gl.dim C[[x, y]]#%(l, 2) <2.

Now if M, N € mod S#G then G acts on Homg(M, N) by (gf)(m) :=g-f(g_1m)
forall g € G, f e Homg(M, N) and m € M. It is easy to check that

Homgug (M, N) = Homg(M, N)°.

Further, since taking G-invariants is exact (since G is finite, and we are working over
C), this induces a functorial isomorphism

Extly (M, N) = Extg (M, N)¢

for all i > 0. In particular, gl.dim S#G < gl.dim S holds, and so in our setting we have
gl.dim C[[x, y]]#%(l, 2) < gl.dim C[[x, y]l = 2, as required.

REMARK 1.4.4. The above can be strengthened to show that
gl.dim S#G = gl.dim S.
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Credits: The material in this section is now quite classical. The ideas around Theorem
1.3.1 were originally developed for representation dimension of Artin algebras [16],
but they came across to CM modules following Auslander’s version of the McKay
correspondence [19]. These ideas were pursued later by Iyama in his higher-dimensional
AR theory [138], who first observed the link to NCCRs. See also the paper by Leuschke
[163]. Fact 1.3.2(1) is known as “projectivization” (see [22, I1.2.1], for example) and
Fact 1.3.2(2) can be found in most commutative algebra textbooks. Skew group rings
are also a classical topic. There are now many proofs of Theorem 1.4.3; see for example
[99, 170, 140]. Auslander’s original proof is outlined in [247].

1.5. Exercises.
EXERCISE 1.5.1. Let R be a commutative ring and let M be an R-module. Define
Endp(M) :={f: M — M| f is an R-module homomorphism}.

(1) Verity that Endg (M) is indeed a ring, and has the structure of an R-module.

(2) Give an example of R and M for which Endg (M) is a commutative ring, and give
an example for which Endg (M) is noncommutative. Roughly speaking, given an R
and M how often is the resulting endomorphism ring Endg (M) commutative?

(3) We say that M is a simple R-module if the only submodules of M are {0} and M.

Prove that if R is any ring and M is a simple R-module then Endg (M) is a division
ring.

EXERCISE 1.5.2. As in Section 1, consider the group

1 e 0
ol (i )

where ¢, is a primitive r-th root of unity. We assume that » and a are coprime, and
denote the representations of G by pg, ..., pr—1.
(1) Show that S; := (Cllx, yl ® p))¢ Z {f e Cllx, vyl | g- f = 8f,f}. (The exact
superscript on ¢ will depend on conventions).
(2) Suppose a =r — 1 (i.e., the group G is inside SL(2, C)).

(a) Determine R = S, and find generators for the R-modules S;.

. . . —1
(b) Hence or otherwise, determine the quiver of Endg (@;:O S,-).

(3) (This will be helpful for counterexamples later.) Consider in turn G = %(l, 1) and
1(1,2).
(a) For each of these cases, determine R = Sy, and find generators for the R-
modules S;. This should be quite different from (2)(a).
(b) Hence or otherwise, determine the quiver of Endg (@l:é S,-).
(c) Consider only the modules in (3)(a) that have two generators. Sum them
together, along with R. Determine the quiver of the resulting endomorphism
ring.
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Computer exercises.

EXERCISE 1.5.3 (When is a ring CM?). Consider the ring R :=k[[a, b, c]]/(ab—c3)
from Section 1, where k has characteristic zero. We code this into Singular as
> LIBhomolog.1lib”;
> LIBsing.1ib”;
>ring S=0,(a,b,c),ds;
The first two commands loads libraries that we will use. The last command defines the
power series rings S :=kl[[a, b, c]| (this is the ds; use dp for the polynomial ring) in the
variables a, b, c. Now
> ideal 1i=ab—c3;
> dim_slocus(std(i));
The first command specifies the ideal i (for more than one generator, separate with
commas; e.g., > ideal 1i=ab—c3, a4 —Db2;). The second command asks for the
dimension of the singular locus of the variety cut out by the ideal i. Here the answer
given is zero, which means it is an isolated singularity.

> qring R =std(i);
This specifies our ring R to be the factor S/I. We now define the free rank one
R-module F := Rp
> module F =[0];

and ask whether it is CM via
> depth(F);

> dim(F);

If these two numbers agree, then the ring is CM. Using a similar procedure, calculate
whether the following are CM rings.

(1) (Whitney umbrella.) C[lu, v, x]/(uv? — x2).

(2) The ring of invariants of }‘(1, 1),1i.e., (C[[x4, x3y, x2y2, xy3, y4]]. This is isomorphic
to Clla, b, ¢, d, €] factored by the 2 x 2 minors of

a b ¢ d
b ¢ d e)’

3) (C[[x“, x3y, xy3, y4]]. This is isomorphic to C[la, b, d, ¢]] factored by the 2 x 2

minors of
a b®> be d
b ad d* e)’

(4) (C[[M, v, X, )’]]/(Mv_f(xa y)) where f(-x» )’) GC[[-X9 )’]]

(5) Try experimenting with other commutative rings. Roughly, how often are they CM?

EXERCISE 1.5.4 (When is a module CM?). The procedure to determine whether
a module is CM is similar to the above. Singular encodes modules as factors of free
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modules, so for example the ideal M := (a, ¢) in the ring R = k[[a, b, c]l/(ab — c3),
i.e.,

¢ —b
R2 (7a (:2) R2 (Cl C)

is coded using the columns of the matrix as

(a,c) =0,

> module M=|[c, —a],[—b, c2];

Alternatively, to automatically work out the relations between a and ¢, code
> module Na=a],|[c];
> module N = syz(Na);
since the first line codes the factor R/(a, b), and the second takes the kernel of the

natural map R — R/(a, b), hence giving (a, b). Now endomorphism rings are also
easy to code, for example

> module E = Hom(N, N);

The procedure for checking the depth and dimension of a module is exactly the same
as in the previous example, namely,

> depth(N);

> dim(N);

> depth(E);

> dim(E);

(1) E7 surface singularity C[[x, y, zIl/ ()c3 —l—)cy3 +z2). Determine whether the following
are CM modules, and whether their endomorphism rings are CM.
(a) The quotient field k = R/m, i.e.,

R3 (x ¥y 2)

R — k— 0.

(b) The module k.
(c) The module $2k.
(d) The module given by

-z yz 0 x

Xy z —x20

0
R 2 YR M.

(2) The ring C[lu, v, x, y]I/(uv—xy). Determine whether the following are CM modules,
and whether their endomorphism rings are CM.

(a) The quotient field k = R/m, i.e.,

RUY XD p k.

(b) The module k.
(c) The module $2k.
(d) The module 3.
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(e) The modules (u, x), (u, y), and (uz, ux, xz).
(3) As (2), but with C[lu, v, x, y]I/(uv — xzy).
Note that provided R is CM of dimension d, Q49X is CM for all X € mod R, so Singular

can be used to produce many CM modules. If d > 3, if Y € CM R then it is quite rare
that Endz (Y) e CM R.

EXERCISE 1.5.5 (When is a ring Gorenstein?). If (R, m) is local of dimension d and
k = R/m, then Ext/tl(k, R)=0 implies that R is Gorenstein. This can be coded using
the techniques from above. For each ring in Exercise 1.5.3 and Exercise 1.5.4 above,
check whether it is Gorenstein. Try also some other commutative rings. Roughly, how
often are they Gorenstein?

2. NCCRs and uniqueness issues

In the last section we started with a ring R := Cl[a, b, c]l/(ab — c3), and guessed a
CM module M := R® (a, c) & (a, cz) such that gl.dim Endr (M) = 2. To go further
requires more technology. The following is the homological definition of depth, and
the usual definition of a CM module.

DEFINITION 2.0.6. If (R, m) is a local ring and M € mod R, we define the depth of
M to be
depthg M :=min{i >0 | Ext’R(R/m, M) #0}.
For M € mod R it is always true that
depth M < dim M < dim R < dimg /y m/m? < c0.

We say that M is a (maximal) CM module if depth M = dim R, and in this case we
write M € CM R. We say that R is a CM ring if Rg € CM R, and we say that R is
Gorenstein if it is CM and further inj.dim R < co.

The definition is stated to make it clear that Gorenstein rings are a special class of
CM rings. It turns out that in fact inj.dim R < oo implies that R is CM, so the above
definition can be simplified. When R is not necessarily local, we define M € mod R to
be CM by reducing to the local case, namely M is defined to be CM if My, € CM Ry,
for all m € Max R.

To show that Definition 2.0.6 is equivalent to the temporary definition from the last
section (at least in the setting there) will require the following easy lemma, which will
turn out to be one of our main tools.

LEMMA 2.0.7 (the depth lemma). Suppose that (R, m) is a local ring and let 0 —
A — B — C — 0 be a short exact sequence of finitely generated R-modules. Then:
(1) If depth B > depth C then depth A = depth C + 1.
(2) depth A > min{depth B, depth C}.

PROOF. This just follows by applying Homg (R/m, —) and applying the definition
of depth to the resulting long exact sequence. O
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LEMMA 2.0.8. Suppose that R is a local Gorenstein (or local normal CM) ring of
dimension 2. Then CM R = {€2X | X € mod R}.

PROOF. (C) Let X € CM R. By Fact 1.3.2(2), X is reflexive. Take a projective
resolution R? — R? — X* — 0, then dualizing via (—)* = Homg(—, R) and using
the fact that X is reflexive gives an exact sequence 0 — X — R — R". This shows
that X is a second syzygy.

(D) If X is a second syzygy, we have short exact sequences

0—-X—>R'—>C—0, (2.A)
0—>C—>R > D0 (2.B)

We know that depth R = 2, and 0 < depth D < dim R =2. We go through each of the
three cases:

e If depth D = 0, then the depth lemma applied to (2.B) shows that depth C = 1.

The depth lemma applied to (2.A) then shows that depth X =2, so X e CM R.

e If depth D = 1, then the depth lemma applied to (2.B) shows that depth C = 2.

The depth lemma applied to (2.A) then shows that depth X =2, so X e CM R.

e If depth D = 2, then the depth lemma applied to (2.B) shows that depth C = 2.

The depth lemma applied to (2.A) then shows that depth X =2, so X e CM R.

In all cases, we deduce that X € CM R. O

LEMMA 2.0.9. If R = C[la, b, c]l/(ab — ¢3) and M := R & (a, ¢) ® (a, c) (our
running example, 1.2.5), we have Endg(M) € CM R.

PROOF. Just take a projective resolution R* — R! — M — 0, and apply Homg (—, M)
to obtain an exact sequence

0 — Endg (M) — Homg (R, M)’ — Hompg (R, M)'.

This is just 0 — Endg(M) — M® — M". Since M € CM R, both M* and M' have
depth 2. Repeating the argument in the proof of Lemma 2.0.8, using the depth lemma,
shows that depth Endg (M) =2 = dim R. [l

2.1. Definition of NCCRs. The upshot so far is that in our running example R =
Cla, b, c]]/(ab—c3) and M :=R®(a, c)®(a, cz), we have discovered that Endg (M) €
CM R and further gl.dim Endg (M) = dim R.

DEFINITION 2.1.1. Let R be a (equicodimensional normal) CM ring. A noncommu-
tative crepant resolution (NCCR) of R is by definition a ring of the form Endg (M) for
some M € ref R, such that

(1) Endp(M) e CMR,
(2) gl.dimEndg (M) =dim R.

The first important remark is that although the definition is made in the CM setting,
to get any relationship with the geometry it turns out to be necessary to require that R
is Gorenstein. So, although we can always do algebra in the CM setting, when we turn
to geometry we will restrict to Gorenstein rings.
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In the definition of NCCR, the first condition Endz (M) € CM R turns out to cor-
respond to the geometric property of crepancy (a map f: X — Y is called crepant
if f*wx = wy), but it is hard to explain this without the derived category, so we
postpone explanation until Section 4. The second condition gl.dim Endg (M) = dim R
is explained below.

2.2. Global dimension, krull dimension and smoothness. As motivation, suppose
that V is an irreducible variety and that C[V] denotes its coordinate ring. By the
work of Auslander—Buchsbaum and Serre in the 1950s, it is known that for (R, m) a
commutative noetherian local ring, R is a regular local ring if and only if gl.dim R < co.
In fact,

V is nonsingular <= gl.dimC[V] < o0 <= gl.dimC[V]=dim C[V].

Thus as soon as the global dimension is finite, necessarily it is equal to dim C[V].
When asking for the noncommutative analogue of smoothness, it is natural to hope
that something similar happens. However, as the exercises should demonstrate, the
noncommutative world is not so well behaved.

REMARK 2.2.1. Suppose that R is a CM ring, and M € CM R. Then it is possible
that gl.dim Endg (M) < oo without gl.dim Endg (M) = dim R (see Exercise 2.5.3).

Thus in the noncommutative situation we have to make a choice, either we use
gl.dimEndg (M) < oo or gl.dimEndg (M) = dim R. Which to choose? To motivate,
consider the resolution of the cone singularity

Imagine an ant standing at some point on the cooling tower. It wouldn’t know precisely
which point it is at, since each point is indistinguishable from every other point. Since
points correspond (locally) to simple modules, every simple module should thus be
expected to behave in the same way.

Now if we have A :=Endg (M) € CM R, by the depth lemma necessarily any simple
A-module S has proj.dim, S > dim R. We don’t want erratic behaviour like the pro-
jective dimension jumping (as in Exercise 2.5.3), so we choose the gl.dim Endg (M) =
dim R definition to ensure homogeneity.

REMARK 2.2.2. When R is Gorenstein, M € ref R such that Endg (M) € CM R
(which is satisfied in the geometric setting in Section 4), by Lemma 2.3.3 below
gl.dimEndg(M) < 00 <= gl.dimEndg(M) = dim R. Thus in the main geometric
setting of interest, homogeneity of the projective dimension of the simples is not an
extra condition.



IV.2. NCCRS AND UNIQUENESS ISSUES 253

2.3. NCCRs are Morita equivalent in dimension 2. In the algebraic geometric theory
of surfaces, there exists a minimal resolution through which all others factor. This is
unique up to isomorphism. We can naively ask whether the same is true for NCCRs. It
is not, for stupid reasons:

EXAMPLE 2.3.1. Consider the ring R = C[x, y]. Then both Endg(R) = R and
M>(R) ZEndg (R @ R) are NCCRs of R. They are clearly not isomorphic.

It is well known (see also the exercises) that R and M;(R) are Morita equivalent,
meaning that mod R >~ mod M, (R) as categories. Thus, even in dimension two, the
best we can hope for is that NCCRs are unique up to Morita equivalence.

Recall that if R is a domain with field of fractions F, then a € F is called integral
over R if it is the root of a monic polynomial in R[X]. Clearly we have R C {a €
F | a is integral over R}. We say that R is normal if equality holds. The key reason
we are going to assume that R is normal is Fact 2.3.2(1) below, which will act as
the replacement for our previous Fact 1.3.2(1) (note that Fact 1.3.2(1) required that
R € add M).

In the following there is a condition on the existence of a canonical module, which
is needed for various technical commutative algebra reasons. In all the geometric
situations we will be interested in (or when R is Gorenstein) a canonical module does
exist.

FACTS 2.3.2. Suppose that (R, m) is a local CM normal domain of dimension d
with a canonical module, and let M € ref R.

(1) (Reflexive equivalence) M induces equivalences of categories

Hompg(M,—)
ref R — refg Endg (M)
J Hompg (M,—) . J
add M — proj Endg (M)

where refg Endr (M) denotes the category of those Endg (M) modules which
are reflexive when considered as R-modules.
(2) (The Auslander—Buchsbaum formula)
(a) If A :=Endr(M) is a NCCR, then for all X € mod A we have
depthp X + proj.dim, X =dim R.
(b) If R is Gorenstein and A := Endgr(M) € CM R, then for all X € mod A
with proj.dim, M < oo we have

depthp X + proj.dim, X =dim R.

The special case M = R in (2)(b), namely A :=Endg(R) = R, gives the classical
Auslander—Buchsbaum formula. As a first application, we have:
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LEMMA 2.3.3. Suppose that R is a local Gorenstein normal domain, M € CM R with
Endg (M) e CM R. Then gl.dimEndg (M) < oo if and only if gl.dim Endg (M) = dim R.

PROOF. Global dimension can be computed as the supremum of the Endg (M)-
modules that have finite length as R-modules.

(=) Suppose that gl.dimEndg (M) < oo. Each finite length End (M)-module has
depth zero, and by assumption has finite projective dimension. Hence by Auslander—
Buchsbaum, each finite length module has projective dimension equal to dim R, so
gl.dim Endg (M) = dim R. U

The second application of Auslander—Buchsbaum is our first uniqueness theorem.

THEOREM 2.3.4. Let (R, m) be a local CM normal domain of dimension 2 with a
canonical module. If R has a NCCR, then all NCCRs of R are Morita equivalent.

PROOF. Let Endg(M) and Endr(N) be NCCRs. Consider X € refgr Endg(M).
We know that depth X > 2 by the depth lemma (exactly as in the proof of Lemma
2.0.8). By Auslander—Buchsbaum (Fact 2.3.2(2)) we conclude that X is a projective
Endp (M)-module. This shows that refg Endg (M) = proj Endg (M). By Fact 2.3.2(1),
this in turn implies that ref R = add M.

Repeating the argument with Endg (N) shows that ref R = add N, so combining we
see that add M = add N. From here it is standard that Endg (M) and Endg(N) are
Morita equivalent, via the progenerator Hompg (M, N). U

We remark that all these theorems hold in the nonlocal setting, provided that we
additionally assume that R is equicodimensional (i.e., dim Ry = dim R for all m €
Max R). This assumption allows us to reduce to the local case without the dimension
dropping, and so the global-local arguments work nicely.

REMARK 2.3.5. Theorem 2.3.4 only gives uniqueness, it does not give existence.
Indeed, NCCRs do not exist for all local CM normal domain of dimension 2, since as
a consequence of Theorem 1.3.1 if such an R admits an NCCR, necessarily it must
have finite CM type. If we work over C, another theorem of Auslander (see [247,
Section 11]) says that the only such R are the two-dimensional quotient singularities.

2.4. NCCRs are derived equivalent in dimension 3. In dimension three, the situation
is more complicated, but can still be controlled. In algebraic geometry, when passing
from surfaces to 3-folds we (often) replace the idea of a minimal resolution by a crepant
resolution, and these are definitely not unique up to isomorphism. However, by a
result of Bridgeland, all crepant resolutions of a given Spec R are unique up to derived
equivalence. Using this as motivation, we thus ask whether all NCCRs for a given R
are derived equivalent.

As a first remark, this is the best that we can hope for. In contrast to the previous
subsection, NCCRs are definitely not unique up to Morita equivalence in dimension
three, as the next example demonstrates.
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EXAMPLE 2.4.1. Consider the ring R = C[[u, v, x, y]|/(uv —x>y?). In this example,
although it might not be immediately obvious, Endg (R® (u, x)® (u, xy) D (u, xyz)) and
Endg(R® (u, x) D (u, xy) P (u, xzy)) are both NCCRs. This can be proved in a variety
of ways, for example using dimers and toric geometry [175], arguing directly with
tilting bundles [143, Section 5], or by commutative algebra and Calabi—Yau reduction
[144]. Regardless, the two NCCRs above can be presented as

inc X inc
¥ N V) PR
(u, x) —Y—> (u, xy) (u, x) —y-> (u,xy)
inc l j inc and inc l I inc
R <y~ (u,xy?) R <3~ (u.x%y)
()
y u u

respectively, and they are not Morita equivalent (for example, examine the Ext groups
of the vertex simples).

As in the previous subsection, the following theorem holds in the more general setting
where R is equicodimensional, but the proof is given in the local case for simplicity.

THEOREM 2.4.2. Suppose that (R, m) is a normal CM domain with a canonical
module, such that dim R = 3. Then all NCCRs of R are derived equivalent.

The proof has very little to do with derived categories, and can be understood without
even knowing the definition, given the knowledge that classical tilting modules induce
derived equivalences.

DEFINITION 2.4.3. Let A be aring. Then T € mod A is called a classical partial
tilting module if proj.dim, 7 <1 and Ext}\(T, T) = 0. If further there exists an exact
sequence

0O—>A—>Ty—>T,—0

with each T; € add T', we say that T is a classical tilting module.

If T is a classical tilting A-module, it is standard that there is a derived equivalence
between A and Endp (7). Using only this and the facts we have already, we can now
prove Theorem 2.4.2.

PROOF. Suppose that Endg (M) and Endg(N) are NCCRs of R. Our strategy is
to prove that 7 := Homg (M, N) is a tilting A := Endg(M)-module. By the remark
above, this then shows that Endg (M) and Endgq, (a) (T) are derived equivalent. Since
Endgnd m)(T) = Endg (N) by Fact 2.3.2(1), this will then show that Endg (M) and
Endp (N) are derived equivalent.

(1) We first show proj.dim, 7 < 1. This is really just Auslander—-Buchsbaum. Take
R — RP - M — 0 and apply Hompg (—, N) to obtain

0 — T — Homg (R, N)? — Homg (R, N). (2.0)



256 CHAPTER IV — WEMYSS: NONCOMMUTATIVE RESOLUTIONS

Since depth N > 2 (since N is reflexive), by the depth lemma applied to (2.C) we have
depth 7 > 2. Hence, by Auslander—Buchsbaum (Fact 2.3.2(2)), proj.dim, 7 < 1.

(2) We next show that Ext}\(T, T) = 0. This is really just the depth lemma, and using
localization to induct. For all primes p with htp =2, T, € CM Ry, (since Ty € ref Ry,
but for Gorenstein surfaces ref Ry = CM Ry, as in Section 1). Hence by Auslander—
Buchsbaum applied to Ay, it follows that 7}, is a projective Ap-module for all such
primes. This in turn shows that R-module Ext}\ (T, T) is supported only on the maximal
ideal, hence has finite length. In particular, provided that Ext}\ (T, T) is nonzero, there
is an injection R/m — Ext}\(T, T) and so by the definition of depth, necessarily
depthExt}\(T, T) = 0. But on the other hand End (7)) = Endg(N) € CM R (the
isomorphism is as above, by Fact 2.3.2(1)) and so the depth lemma applied to

0 — Hom (T, T) = Endg(N)
— Homp (A?, T) — Homp (QT, T) — Ext}\(T, T)—0
forces depth Ext}\(T, T) > 0. This is a contradiction, unless Extj\(T, T)=0.

(3) We lastly show that there is an exact sequence 0 - A — Ty — T1 — 0 with each
T; € add T. This involves a duality trick. Denote (—)* := Hompg(—, R), then certainly
I :=Endg(N*) is also a NCCR.

. L . v
Consider a projective I'-module P surjecting as P — FM*, where F =Hompg(N*, —).
By reflexive equivalence, we know that P = IFN(’)‘ for some N(’)k € add N*, and further
Y =T f for some f: Nj — M*. Taking the kernel of f, this all means that we have

an exact sequence

O—>K—>N6‘—f>M*,

such that
0—>IFK—>]FN6"—>IFM*—>0 (2.D)

is exact. By the depth lemma FK € CM R and so by Auslander—Buchsbaum FK is a
projective I'-module. Thus K € add N* by reflexive equivalence; say K = N}

Now ExtlL (FM*, FM*) = 0 by applying the argument in (2) to I". Thus applying
Homp (—, FM*) to (2.D) gives us the commutative diagram

0 — Homp (FM*, FM*) — Homp (FNJ, FM*) — Homp (FN;', FM*) — 0

0 — Homp (M*, M*) —— Hompg (N, M*) —— Homp (N, M*) — 0
where the top row is exact. Hence the bottom row is exact. Since
(—)*:ref R — ref R
is a duality, this means that
0 — Hompg (M, M) — Homg (M, Ny) — Homg (M, N;) — O
is exact. But this is simply

0O—>A—->Ty—>T1—0
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with each T; € add T. Hence T is a tilting A-module. U

Credits: The material on depth and maximal CM modules is well-known and can
be found in most commutative algebra books. The definition of an NCCR is due to
Van den Bergh [231], modelled both on the skew group ring and also on his interpretation
[230] of the flops paper of Bridgeland [42]. The idea that finite global dimension is
not enough and we need homogeneity appears in the “homologically homogeneous”
rings of Brown—Hajarnavis [53], and also as “nonsingular orders” in the language of
Auslander [17, 18].

Reflexive equivalence is also well-known, it appears in Reiten—Van den Bergh [182].
The Auslander—-Buchsbaum formula in the commutative setting is much more general
than the version presented here, and first appeared in [20]. The proof can be found
in most commutative algebra or homological algebra books. The noncommutative
version of the Auslander—Buchsbaum formula for NCCRs in Fact 2.3.2(2)(a) was first
established by Iyama and Reiten [139], whereas the version presented in Fact 2.3.2(2)(b),
which is valid in the infinite global dimension case, is taken from [141]. The “correct”
setting is that of a Gorenstein R-order.

Lemma 2.3.3 appears in [231], but it is also explained by Iyama and Reiten [139]
and Dao and Huneke [76]. The fact that NCCRs are unique in dimension two was
well-known to experts, but is only written down in [142]. The fact that NCCRs are
all derived equivalent in dimension three when the base ring R is Gorenstein is due to
Iyama and Reiten [139], but presented here is the simplified proof from [142] since it
holds in the more general CM setting.

2.5. Exercises.

EXERCISE 2.5.1 (common examples and counterexamples for surfaces). Consider
the following quivers with relations (Q, R):

a a ézs
S, e e e
Sy T N T u
atb = bta at = bs asb = bsa at = bs
ta =sb sbt =tbs au = bt
at = (bs)2 ta=sb
ta = (sh)* ua =tb

For each A :=kQ/R:

(1) Determine the centre Z(A). Is it CM? Is it Gorenstein? Is it smooth?

(2) Is A =Endza)(M) for some M € Z(A)? If so, is M € CM Z(A)?

3) s AeCMZ(A)?

(4) What are the projective dimension of the vertex simples?

(5) In the situation when the vertex simples have infinite projective dimension, is
there anything remarkable about their projective resolutions?

(6) Using (2) and (4), compute gl.dim A.
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(7) Using (2) and (6), which A are NCCRs over Z(A)?
(8) (harder) To which spaces are the A derived equivalent? (Aside: does this
explain (5)?)

EXERCISE 2.5.2 (example of a nonlocal NCCR in dimension two). Consider (Q, R)
given by

ar
e —C(C)—> e Ccrap) —ajc) = 1
c3az —azcy =0
ai CT] c3 |az 343 22
l cqaq —azcz = —1
o <«—Cp— o cia; —agcq4 =0
as

Set A :=kQ/R and Z := Clu, v, x]/(uv —xz(x — 1)2). Note that Z has only two
singular points, which locally are just the %(1, 1) surface singularity.
(1) Show that kQ/R=Endz(Z& (u,x — 1) ® (u, x(x — 1)) & (u, x2(x —1))).
(2) Using (1), deduce that A is a NCCR.
(3) Find some algebras that are Morita equivalent to A.

EXERCISE 2.5.3 (Left and right modules can matter). Consider the algebra A given
by

2
L]
“1// i\az ciar =azky  crezky = azc3
( (4] 2 ) cray =ajc; kjcjep = c3a3
/ ki \

° k1a3 =dajyc)

This should be familiar from Exercise 1.5.2. Denote the vertex simples by Sy, Sz, S3.
(1) Show that as left A-modules proj.dim S| = proj.dim S, = 2 whilst proj.dim S3 = 3.
(2) Show that as right A-modules proj.dim S1 =3 whilst proj.dim S, = proj.dim S3 =2.
(3) In this example A =Endza)(M), where Z(A) is a CM ring, and M € CM Z(A).

Why does this not contradict Auslander—Buchsbaum?

EXERCISE 2.5.4 (common examples for 3-folds). Consider the following quivers
with relations (Q, R):

P S /b\ " /b\
[ ] [ ]

———— \S—/ \S—/
\t/

asb = bsa va =aw va =aw
atb = bta vb =bw vb =bw

sat =tas ws = sv ws = sV

sbt =tbs wt =tv wt = tv

at = bs v2 =at —bs
2

ta =sb w° =ta—sb
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A

3
ex—)V3—— e
~—z3—

XiYit1 = ViXit1
XiZi+1 = ZiXi+]
ViZi+1 =ZiYi+1

where in the last example the relations are taken over all 1 <i < 3, with the subscripts
taken mod 3 if necessary. For each A =kQ/R:

(1) Check that the relations can be packaged as a superpotential.

(2) Determine the centre Z(A). It should be a three-dimensional Gorenstein ring
(if necessary, check using Singular).

(3) (harder) Show that A is an NCCR over Z(A).

(4) (much harder) To which space(s) are the A derived equivalent? (aside: the first
three examples capture a certain geometric phenomenon regarding curves in
3-folds. Which phenomenon?)

Computer exercises.

EXERCISE 2.5.5 (CM via Ext groups). Let M, N € CM R, where R is a CM ring. This
exercise will explore whether the property Homg (M, N) € CM R can be characterised
in terms of Ext groups. To calculate the depth of Ext}e (M, N) and Ext%e (M, N), use

> depth(Ext(1, M, M));
> depth(Ext(2, M, N));

(1) We restrict to dim R = 3 with the assumption that R is CM, with an isolated
singularity.
(a) Let R = C[u, v, x, y]I/(uv — xy). Consider the modules R, (u, x), (u, y),
R® (u,x), R® (u,y) and R® (u, x) ® (u, y). Check they are all CM. For
each M, compute whether Endp (M) € CM R, and compute Ext}e (M, M).
(b) Let R =Cllu, v, x, yll/(uv — (x + y)(x +2y)(x + 3y)). To ease notation set
w = x +ay. Consider the modules R, (u, f1), (u, f>), (u, f3), (u, f1f>),
(u, f113), (u, fr f3) and all direct sum combinations. All are CM. For each M,
compute whether Endg (M) € CM R, and compute Ext}e (M, M).
(2) Now dim R =3 with R CM, but the singular locus is no longer isolated (for example
check using Singular).
(a) Let R = C[lu, v, x, yI/(uv — xzy). Consider the modules R, (u, x), (u, y),
(u, x2), (u, xy) and all direct sum combinations. All are CM. For each M,
compute whether Endg (M) € CM R, and compute Ext}e(M L, M).
(3)Is there a pattern from (1) and (2)? Prove this relationship — it should really only
involve the depth lemma.
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EXERCISE 2.5.6 (how to determine invariant rings). Computing invariant rings is
generally quite a grim task. This exercise will show how to get a computer to (i)
compute the generators of the invariant ring (ii) compute all the relations between them.

(1) Consider G = (g = (_(1) _?)) The invariants are calculated using the code

> LIBfinvar.1ib”;

>ring S = complex, (x,y), dp;

> matrixA[2][2] = —1,0,0, —1;

> 1list L =group_reynolds(A);

>matrix T = invariant_algebra_reynolds(L[1], 1);
> print(T);

The output should be y2, xy, x2, which we know generate. To calculate this in terms
of generators and relations, we code

> string newring =E”;

> orbit_variety(T, newring);

> print(G);

> basering;

The output is y(2)"2 — y(1) * y(3), which is the equation we already know. Using this
presentation, we can now plug it into Exercises 1.5.3 and 1.5.5 and ask whether the
invariant ring is CM, or even Gorenstein.

(2) The next group is
BDg:=((5 7). (7o)
To code two generators requires
> LIBfinvar.l1ib”;
> ring S = complex, (x,y),dp;
>matrix A[2][2] =1, 0,0, —1i;
>matrix B[2][2]=0,1,1,0;
> 1list L =group_reynolds(A,B);
>matrix T = invariant_algebra_reynolds(L[1], 1);
> print(T);
By using the same method as in (1), find the generators and relations. Try to prove this
without using the computer.

(3) Try the same question with the following groups.

@ 30, D ={(57))

i0 0
(b) 1(1,1,2) :=<<ol- 0>>
00 —1
-1 00 1 0 0
(©) ZzXZQI=<< 0—10),(0—1 0)>
0 01 0 0-1

Is there a pattern as to when the invariant ring is Gorenstein, and when it is CM?
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3. From algebra to geometry: quiver GIT

Sections 1 and 2 contain only algebra, and use geometry only to motivate some of
the results. In this section the process begins to reverse, and we will begin extracting
geometry (and obtain geometric theorems) starting from NCCRs.

The setup is that Z is a Gorenstein normal domain, and we continue our original
motivation of trying to resolve Spec Z via the picture

M

e

A

wﬂf

Spec Z

The first arrow is the process of associating to Z an NCCR A :=Endz(M). We have
changed notation to Z (from R), since it is always the centre of A. We remark that
NCCRs do not exist in general, even for easy examples like C[[u, v, x, y]/(uv —x(x2 +
y7)). The content of this section is to explain the second arrow in the above diagram,
i.e., how to extract the geometry from the noncommutative ring A.

To simplify the exposition, although it is not strictly necessary, we will assume that
we have written A as a quiver with relations A =k Q/R (see the Appendix on page 297
for a brief overview). We are going to define various moduli spaces of finite-dimensional
representations, and to do this requires geometric invariant theory (GIT).

For a fixed dimension vector @ we may consider all representations of A =kQ/R
with dimension vector «, namely

R :=Rep(A, o) = {representations of A of dimension «}.

This is an affine variety, so denote the coordinate ring by k[R]. The variety, and
hence the coordinate ring, carries a natural action of G :=[]; €0 GL(«;, k), where
Qg denotes the set of vertices and GL(«;, k) denotes the group of invertible o; X o;
matrices with entries in k. The action is via conjugation; g acts on an arrow a as
g-a= gt_(;)agh(a). It is actually an action by PGL, since the diagonal one-parameter
subgroup A = {(A1,---, A1) : A € k*} acts trivially. By linear algebra the isomorphism
classes of representations of A =k(Q/R are in natural one-to-one correspondence with
the orbits of this action.

To understand the space of isomorphism classes is normally an impossible problem
(for example, the algebra might have wild representation type), so we want to throw
away some representations and take what is known as a GIT quotient. The key point is
that to make a GIT quotient requires an addition piece of data in the form of a character
x of G.

The characters x of G =]
determinants

icQ GL(v;, k) are known to be just the powers of the

x(@) =[] det(gn?,

i€eQq
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for some collection of integers 6; € 720, Since such a x determines and is determined
by the 6;, we usually denote x by xg. We now consider the map

0 :fdmodA — Z, M > Z 6; dimM;,
i€eQ

which is additive on short exact sequences and so induces a map Ko(fdmodA) — Z.

We assume that our character satisfies xg(A) = {1} (for experts — this is needed to
use Mumford’s numerical criterion in [153, Proposition 2.5]). It not too hard to see that
this condition translates into ZieQ 0 0;a; =0 and so for these g, (M) = 0 whenever
M has dimension vector «.

We arrive at a key definition introduced by King [153, Definition 1.1].

DEFINITION 3.0.7. Let A be an abelian category, and 6 : Ky(A) — Z an additive
function. We call 6 a character of A. An object M € A is called 0-semistable if
6(M) =0 and every subobject M’ C M satisfies #(M') > 0. Such an object M is called
0-stable if the only subobjects M" with §(M’) =0 are M and 0. We call § generic if
every M which is 0-semistable is actually 6-stable.

For A=kQ/R as before, we are interested in this definition for the case A = fdmodA.
We shall see how this works in practice in the next section. The reason King gave the
above definition is that it is equivalent to the other notion of stability from GIT, which
we now describe.

As stated above, R is an affine variety with an action of a linearly reductive group
G =[l;ep, GL(ci. k). Since G is reductive, we have a quotient

R — R//G = Speck[R]°,

which is dual to the inclusion k[R]G — k[R]. The reductiveness of the group ensures
that k[R]9 is a finitely generated k-algebra, and so Spec k[R]° is a variety, not just a
scheme.

To make a GIT quotient we have to add to this picture the extra data of x, some
character of G.

DEFINITION 3.0.8. f € k[R] is a semi-invariant of weight x if f(g-x) = x(g)f(x)
for all g € G and all x € R. We write the set of such f as k[R]%X. We define

R/, G :=Proj (@ k[R]G’Xn)
n>0

DEFINITION 3.0.9. (1) x € R is called x-semistable (in the sense of GIT) if
there exists some semi-invariant f of weight x” with n > 0 such that f(x) #0,
otherwise x € R is called unstable.

(2) x € R is called x-stable (in the sense of GIT) if it is x-semistable, the G orbit
containing x is closed in R*® and further the stabilizer of x is finite.
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The set of semistable points R*® forms an open subset of R; in fact we have a
morphism
q:R" —R/,G,

which is a good quotient. In fact g is a geometric quotient on the stable locus R?,
meaning that R* //, G really is an orbit space.

The point in the above discussion is the following result, which says that the two
notions coincide.

THEOREM 3.0.10 (King). Let M € Rep(A, o) =R, choose 6 as in Definition 3.0.7.
Then M is 0-semistable (in the categorical sense of Definition 3.0.7) if and only if M is
Xo-semistable (in the sense of GIT). The same holds replacing semistability with stability.
If 0 is generic, then R [, G parametrises the 6-stable modules up to isomorphism.

Thus we use the machinery from the GIT side to define for quivers the following:

DEFINITION 3.0.11. For A = kQ/R choose dimension vector « and character 0
satisfying ZieQO «;0; = 0. Denote Rep(A,®) =R and G = HieQO GL(w;, k). We
define

zS(A, o) = R//XG G := Proj (@ k[R]Gan> 7

n>0

and call it the moduli space of f-semistable representations of dimension vector «.

This is by definition projective over the ordinary quotient R//G = Speck[R]C.
Hence for example if kK[R]¢ = k then M (A, @) is a projective variety, but in our
setting this will not be the case.

REMARK 3.0.12. If Spec Z is a singularity that we would like to resolve, ideally we
would like the zeroth piece k[R]C to be Z, since then the moduli space is projective
over Spec Z. However, even in cases where we use NCCRs to resolve singularities,
k[R1¢ might not be Z (see Exercise 3.2.4).

Note that My* (A, o) may be empty, and in fact it is often very difficult to determine
whether this is true or not. In our NCCR setting, this won’t be a problem since by
choice of dimension vector later it will always contain the Azumaya locus. Even when
My’ (A, ) is not empty, computing it explicitly can often be hard.

We remark that Mj* (A, @) is a moduli space in the strict sense that it represents a
functor. This functorial viewpoint is very important, but in these notes we gloss over it,
and the other related technical issues.

3.1. Examples. We want to input an NCCR, and by studying the moduli we hope to
output some crepant resolution. The problem is that so far we have no evidence that
this is going to work (!), so in this section we will explicitly compute some moduli
spaces to check that this strategy is not entirely unreasonable.

We assume that we have already presented our NCCR as A = kQ/R. We follow the
exposition from King:
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“To specify such a moduli space we must give a dimension vector
o and a weight vector (or “character”) 0 satisfying ), €0 O;a; = 0.
The moduli space of 8-stable A-modules of dimension vector « is
then the parameter space for those A-modules which have no proper
submodules with any dimension vector B for which ) ; e, tiBi =07

Even though two choices are needed to create a moduli space, namely « and 6, for
NCCRs the « is given naturally by the ranks of the reflexive modules that we have
summed together to create the NCCR (see Section 5.4).

Before computing examples with NCCRs, we begin with something easier.

EXAMPLE 3.1.1. Consider the quiver

—_

L —

with no relations. Choose « = (1,1) and 6 = (—1, 1). With these choices, since
> 6;a; =0 we can form the moduli space. Now a representation of dimension vector
a = (1, 1) is O-semistable by definition if (M’) > 0 for all subobjects M’. But the only
possible subobjects in this example are of dimension vector (0, 0), (0, 1) and (1, 0),
and 0 is > 0 on all but the last (in fact its easy to see that 6 is generic in this example).
Thus a representation of dimension vector (1, 1) is #-semistable if and only if it has
no submodules of dimension vector (1, 0). Now take an arbitrary representation M of
dimension vector (1, 1)
M= CZ{3C .

Notice that M has a submodule of dimension vector (1, 0) if and only if a = b =0,
since the diagram

C==
=t fo
C=0Z0

must commute. Thus by our choice of stability 0,
M is f-semistable <= M has no submodule of dim vector (1, 0) <= a#0orb #0,

and so we see that the semistable objects parametrise P! via the ratio (a : b), so
the moduli space is just P!. Another way to see this: we have two open sets, one
corresponding to a # 0 and the other to b # 0. After changing basis we can set them to
be the identity, and so we have

Up={ C=)ZC |beC} Uy={ CZY=C laeC}.
Now the gluing is given by, whenever Uy > b # 0
Upsb= C=)3C = Cbisc =b"'eUy,
which is evidently just P!,

Although the following is not an NCCR, it has already appeared on the example
sheets (Exercise 2.5.1). Whenever resolving singularities, it is traditional to begin by
blowing up the origin of C2.
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EXAMPLE 3.1.2. Consider the quiver with relations

a
™
-{f)- atb = bta,
and again choose the dimension vector to be (1, 1) and the stability 6y = (—1, 1).
Exactly as above, if
Zh
M= C ~— C
then

M is 0-semistable <= M has no submodule of dim vector (1, 0) <= a #0or b #0.

For the first open set in the moduli Uy (when a # 0): after changing basis so that a =1
we see that the open set is parametrized by the two scalars b and ¢ subject to the single
relation (substituting a = 1 into the quiver relations) b = bt. But this always holds,
thus the open set Uy is just C? with coordinates b, . We write this as (Cl%’ ;- Similarly
for the other open set:

b —i
c_,>Cc c_c

Up=C3, U =C2,

Now the gluing is given by, whenever b # 0,

P b1 _
UWab.n= c,>c = c_/Zc =0 mel,

and so we see that this is just the blowup of the origin of C?.

With the two above examples in hand, we can now compute an example where an
NCCR gives a crepant resolution. There are many more examples in the exercises. We
begin in dimension two.

EXAMPLE 3.1.3. We return to the running example from Sections 1 and 2, namely
R :=Cla, b, c]/(ab— ). We now know that Endg (R @ (a, ¢) ® (a, ¢?)) is a NCCR,
and we can believe (from Example 1.2.5) that it is presented as

L]
al(/ \A@ cla; =azcs
/ \ \. car =ajc

e «—C

N S c3a3 = axcr

as

We consider the dimension vector (1, 1, 1) (corresponding to the ranks of the CM
modules that we have summed), and stability (—2, 1, 1), where the —2 sits at the
bottom left vertex. As above, for a module to be 6-stable corresponds to there being,
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for every vertex i, a nonzero path from the bottom left vertex to i. Thus we have three
open sets, corresponding to the following pictures

1 1

Accounting for the relations, these open sets are parametrized by

AR

b l 1

The first, Uy, is just affine space A? with coordinates a, b (written Az b) whilst the
second and third are U, = A2 cqand Uz = Az’ ¥ respectively. We nnmedlately see that
our moduli space is smooth, since it is covered by three affine opens, each of which is
smooth.

Now we ask how these open sets glue. Visually, it is clear that U; and U, glue if
and only if the arrow b in Uy is not equal to zero (in which case we can base change to
make it the identity, and hence land in Uj). Similarly U, and U3 glue if and only if the
arrow d in U, is nonzero. In principle there could also be a glue between U and Us,
but for these to glue certainly the arrows b and ab in U; must be nonzero, hence the
glue between U; and Uj is already covered by the previous two glues. Explicitly, the

two glues are
ab (/ \\ a7 mabz
~ ¥/ N\ 1 2

2 - 2
Aa’ba(a,b)z o<—a—o = .@;. :(b ,ab)EAC’d
b 1
and
RN
Azd B(C,d): .Lcd—o oecd—o Z(d_l,CdZ)EAg’j

1 l

The upshot is that the moduli space looks (very roughly) like the followmg
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where the black dots correspond to the origins of the coordinate charts, and the two
curved lines joining them give two P's.

It is instructive to see explicitly why the two P!s form the exceptional divisor. By
the nature of the Proj construction, there is a natural map from the moduli space to
Spec (C[R]G. What is this map? First notice that C[R] is, by definition, the commutative
ring Clcy, ¢2, ¢3, a1, az, az]/(cia; = crapy = c3az) where we have just taken the arrows
and relations and made everything commute. Now since the dimension vector is
a= (1,1, 1), the group G is precisely GL(1, C) x GL(1, C) x GL(1, C) = C* x C* x C*.
The action is by base change g -a = g[_(al)agh(a), which means

(A1, A2, A3) -cp = )»flCMz,

(A1, A2, 23) - cp = )»2_162?%,

(M. 22, 23) - e3:= A3 'e3hy,

(M1, A2, 23) a1 =y larh,

(M. A2, 23) @z =25 lagha,

(M. A2, 23) a3 = 2] lazhs.
For a product to be invariant under this action the A’s must cancel, and visually these
correspond to cycles in the quiver. Here, the invariants are generated by A := cicac3,
B := ajaraz and C := cja; = cpar = c3a3. Note that AB = C3, so C[R]¢ =
C[A, B,C]/(AB — C3), which is our base singularity.

Using this information, the natural map takes a stable representation to the point
(c1cac3, ajazas, crayp) of Spec C[R]%, which in the case of the three open sets gives

O 7Y 7

b 1 1
(a,a’b3, ab) (c2d, cd?, cd) @12, f,ef)

Now we look above the singular point (0, 0, 0), and in Uy we see {(0, b) | b € C}, in
U, we see {(c,d) | cd =0}, and in Uz we see {(e, 0) | e € C}. Thus, the curved lines in
the rough picture at the bottom of the previous page constitute the exceptional locus,
and they are the union of two Pls. The space is smooth, and is in fact the minimal
resolution of our original motivating singularity.

REMARK 3.1.4. There is a pattern evident in the previous examples. If we consider
dimension vector (1, 1,..., 1) and stability condition (—n, 1, ..., 1), where the —n
corresponds to a vertex %, then a module M of dimension vector (1, 1, ..., 1) is f-stable
if and only if for every vertex in the quiver representation of M, there is a nonzero
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path from « to that vertex. This is quite a pleasant combinatorial exercise (see Exercise
3.2.5).

EXAMPLE 3.1.5 (the suspended pinch point). This example illustrates the phenome-
non of nonisomorphic crepant resolutions in dimension three. The example to consider
is R :=Clu, v, x, y]/(uv — xzy). This has a 1-dimensional singular locus, namely the
y-axisu =v=x=0.

Here Endg (R & (u, x) & (u, x2)) is a NCCR, and in fact it can be presented as

z
7€y = CpC3a3

Za)p = ajascs

L]
Cl %) arz = c3azay
/N 20y = arey
L]

«~—C
O\\?’/ azascy) = cijagajs
asz €3C1da1 = aze2c3

Since this is a NCCR, we pick the dimension vector corresponding to the ranks of the
CM modules, which in this case is (1, 1, 1). By a similar calculation as in Example
3.1.3 (but bearing in mind Remark 3.1.4), computing the moduli space for the stability
(=2, 1, 1) then looking above the y-axis (=the singular locus) we see

—

where the curves indicate the two P's that are above the origin. However, if taking the
stability (—1, 2, —1) (where the 2 is on the top vertex) and looking above the y-axis
gives the picture

=

This is recommended as an instructive exercise in quiver GIT (Exercise 3.2.3 is similar).
The left hand curve in our original picture has been flopped into the exceptional gray
surface. These two moduli spaces are both smooth (in fact, they are crepant resolutions
of Spec R), but they are not isomorphic.

In the language of toric geometry, the two crepant resolutions above correspond to
the following pictures
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Since in toric geometry crepant resolutions correspond to subdividing the cone, there is
one further crepant resolution. This too can be obtained using quiver GIT (in a similar
way to Exercise 3.2.3).

Credits: All the material on quiver GIT is based on the original paper of King [153], and
also on the lecture course he gave in Bath in 2006. Examples 3.1.1 and 3.1.2 were two
of the motivating examples for the theory. The example of the Z3 singularity has been
studied by so many people that it is hard to properly credit each; certainly it appears in the
work of Kronheimer [158] and Cassens—Slodowy [61], and is used (and expanded) in the
work of Craw-Ishii [73] and many others. The fact that C[R]° =Cla, b, c] /(ab — )
in Example 3.1.3 is a general theorem for Kleinian singularities, but also appears in
this special case in the lectures of Le Bruyn [160]. The suspended pinch point is the
name given by physicists to the singularity uv = x2y. The geometry is toric and so
well-known. The NCCRs in this case can be found in either Van den Bergh [231,
Section 8], Nagao [175, Section 1.4], or [143], but also in many papers by various
physicists.

3.2. Exercises.

EXERCISE 3.2.1. Consider the examples in Exercise 2.5.1. For each, consider the
dimension vector (1, 1). There are essentially only two generic stability conditions,
namely (—1, 1) and (1, —1). For each of the above examples, compute the spaces given
by these two stabilities. Each of the examples should illustrate a different phenomenon.

EXERCISE 3.2.2. Consider some of the examples in Exercise 2.5.4, namely,

(G \D v f@
\S/
va = aw va = aw
asb = bsa vb = bw vb = bw
atb = bta ws = sv ws = sv
sat =tas wt =tv wt = tv
sbt =tbs at = bs v2 =at —bs
ta=sb w? =ta—sb

In each of the these, compute the spaces given by the two generic stabilities for the
dimension vector (1, 1). Are the spaces isomorphic? Are you sure?

EXERCISE 3.2.3. Consider the ring R := Clu, v, x, y]/(uv — xzy). In this example
Endr(R & (u, x) & (u, xy)) is a NCCR, and in fact it can be presented as

yep =cieaz

yasz =aszazcy
C1 02 3y = axcacs
ayy = capag

cla] =ases

arajcy) = czaza
y a3 2d1¢] 3d3d3
cpc3dzy = ajcicep
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(the relations can in fact be packaged as a superpotential). Consider the dimension
vector (1, 1, 1). For this example there are essentially six generic stability conditions.
Compute each. How many nonisomorphic crepant resolutions are obtained?

EXERCISE 3.2.4. (Shows that Rep / GL might not be what you want) Consider
(0, R) given by

va =aw
vbh = bw
.;zs. " ws = sV
= wt =tv
at = bs
ta =sb

and set A :=kQ/R. We know from Exercise 2.5.4 that this is a NCCR over Z(A).
Show that Rep(kQ, (1, 1))/ GL is not isomorphic to Z(A).

EXERCISE 3.2.5. Prove Remark 3.1.4.

4. Into derived categories

We retain the setup that R is a commutative noetherian Gorenstein normal domain,
and assume that A = Endz (M) is a NCCR. In this section, we begin to relate this
homologically to geometric crepant resolutions ¥ — Spec R.

4.1. Derived categories: motivation and definition. Let A and B denote abelian
categories. In our case A =mod A and 5 =cohY. It is very unlikely that A >~ B since
usually coh ¥ does not have enough projectives, whereas mod A always does. But we
still want to homologically relate Y and A. The derived category D(A) solves this
issue since it carries many of the invariants that we care about, whilst at the same time
allowing the flexibility of D(A) >~ D(B) even when A 2 B.

Now to create the derived category, we observe that we can take a projective resolution
of M € mod A and view it as a commutative diagram

P Py Py 0
0 0 M 0

We write this P, 2, M. This map has the property that cohomology H () : H (P,) —
H'(M) is an isomorphism for all i € Z.

DEFINITION 4.1.1. For any abelian category A, we define the category of chain
complexes, denoted C(A), as follows. Objects are chain complexes, i.e.,

d_ doy dj dy
. C_1 Co Cq
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with each C; € A, such that d;d; | =0 for all i € Z, and the morphisms Cy — D, are
collections of morphisms in 4 such that

C_1 Co Cq
D_, Dy Dy

commutes. A map of chain complexes f : Co — D, is called a quasi-isomorphism
(qis) if cohomology H(f) : H! (C,) — H!(D,) is an isomorphism for all i € Z. The
derived category D(A), is defined to be C(.A)[{qis}_l], where we just formally invert
all quasi-isomorphisms. The bounded derived category DP(A) is defined to be the full
subcategory of D(A) consisting of complexes isomorphic (in the derived category) to
bounded complexes

> 0->C—>Ciyy—>--—>Ci>0—---

Thus in the derived category we just formally identify M and its projective resolution.
Now much of what we do on the abelian category level is very formal — the building
blocks of homological algebra are short exact sequences, and we have constructions
like kernels and cokernels. Often for many proofs (e.g., in Section 1 and Section 2) we
just need the fact that these constructions exist, rather than precise knowledge of the
form they take.

When passing from abelian categories to derived categories, the building blocks
are no longer short exact sequences, instead these are replaced by a weaker notion of
triangles. As in the abelian setting, many constructions and proofs follow formally
from the properties of triangles. The derived category is an example of a triangulated
category, which is defined as follows.

DEFINITION 4.1.2. A triangulated category is an additive category C together with
an additive autoequivalence [1]:C — C and a class of sequences

X—>Y—>Z— X[1]

called triangles, satisfying the following:

T1(a). Every sequence X’ — Y’ — Z’ — X’[1] isomorphic to a triangle is itself a
triangle.

T1(b). For every object X €C, 0 - X E) X — 0[1] is a triangle.

T1(c). Every map f: X — Y can completed to a triangle

xL vz X

T2 (Rotation). We have

—fm
xLyEzh xtyis a viangle = v 5 25 x111 =2 117 is a wiangle.
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T3. Given a commutative diagram

X Y 7 X[1]
X’ Y’ z’/ X'[1]

where the two rows are triangles, then there exists Z — Z’ such that the whole diagram
commutes.
T4 (Octahedral axiom). Given

A B All]

%\‘;\: /

" /”

B[1]

e
(1]

C

where (a, b, ¢), (d, g, h) and (ad, e, f) are triangles, there exists morphisms such that
C - E — F — C[1] is a triangle, and the whole diagram commutes.

The only fact needed for now is that short exact sequences of complexes give triangles
in the derived category.

4.2. Tilting. We now return to our setup. We are interested in possible equivalences
between DP(coh Y) and DP(mod A). How to achieve this? We first note that there are
two nice subcategories of Db (cohY) and Db (mod A).

DEFINITION 4.2.1. We define ‘Berj(Y) < DP(coh Y) to be all those complexes that
are (locally) quasiisomorphic to bounded complexes consisting of vector bundles of
finite rank. We denote K (proj A) € DP(mod A) to be all those complexes isomorphic
to bounded complexes of finitely generated projective A-modules.

From now on, to simplify matters we will always assume that our schemes are
quasiprojective over a commutative noetherian ring of finite type over C, since in our
NCCR quiver GIT setup, this will always be true. We could get by with less, but the
details become more technical.

Under these assumptions, Berf(¥) can be described as all those complexes that
are isomorphic (in the derived category) to bounded complexes consisting of vector
bundles of finite rank [179, Lemma 1.6 and Remark 1.7]. Furthermore, any equivalence
between DP (cohY) and Db (mod A) must restrict to an equivalence between Perf(Y)



IV.4. INTO DERIVED CATEGORIES 273

and K (proj A), since both can be characterized intrinsically as the homologically finite
complexes.

Now the point is that Kb(proj A) has a very special object 5 A, considered as a
complex in degree zero. For Db(coh Y)~ Db (mod A) we need Perf(Y) =~ Kb (proj A),
so we need ‘Berf(Y) to contain an object that behaves in the same way as A A does.
But what properties does A A have?

The first property is Hom-vanishing in the derived category.

FACT 4.2.2. If M and N are A-modules, thought of as complexes in degree zero, we
have .
Home(mOd A)(M, N[i]) = Ext) (M, N)

foralli € Z. In particular Home(mml A)(AA, AA[i]) =0 forall i #0.

Next, we have to develop some language to say that Kb(proj A) is “built” from A A.

DEFINITION 4.2.3. Let C be a triangulated category. A full subcategory D is called
a triangulated subcategory if (a) 0 € D (b) D is closed under finite sums (c) D is closed
under shifts (d) (2 out of 3 property) If X — Y — Z — X[1] is a triangle in C, then if
any two of {X, Y, Z} is in D, then so is the third. If further D is closed under direct
summands (i.e., X @Y € D implies that X, Y € D), then we say that D is thick.

NOTATION 4.2.4. Let C be a triangulated category, M € C. We denote by thick(M)
the smallest full thick triangulated subcategory containing M.

Using this, the second property that o A possesses is generation.

EXAMPLE 4.2.5. Consider 5 A € D’(mod A), considered as a complex in degree
zero. We claim that thick(, A) = KP (proj A). Since thick(a A) is closed under finite
sums, it contains all finitely generated free A-modules, and further since it is closed
under summands it contains all projective A-modules. It is closed under shifts, so it
contains P[i] for all finitely generated projectives P and all i € Z. Now consider a
2-term complex

0 P Py 0

with Py, Py € proj A. We have a commutative diagram

0 0 Py 0
0 Py Py 0
0 Py 0 0

which is a short exact sequence of complexes. But short exact sequences of complexes
give triangles in the derived category, so since the outer two terms belong to thick(a A),
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so does the middle (using the 2 out of 3 property). This shows that all 2-term complexes
of finitely generated projectives belong to thick(p A). By induction, we have that
all bounded complexes of finitely generated projectives belong to thick(p A), i.e.,
Kb(proj A) C thick(p A). But Kb(proj A) is a full thick triangulated subcategory
containing A A, so since thick( A) is the smallest such, we conclude that Kb(proj A) =
thick(p A).

Thus, combining Fact 4.2.2 and Example 4.2.5, a necessary condition for DP(coh ¥) ~
DP(mod A) is that there exists a complex V € Berf(Y) for which Hompp (coh ¥) WV, Vi)
vanishes for all i # 0, such that thick()) = Perf(Y). Tilting theory tells us that these
properties are in fact sufficient.

DEFINITION 4.2.6. We say that V € Berf(Y) is a tilting complex if
Hompp oo vy (V. VIID =0

for all i # 0, and further thick()) = Berf(Y). If further V is a vector bundle (not just a
complex), then we say that ) is a tilting bundle.

The following is stated for the case when V is a vector bundle (not a complex), since
in these notes this is all that is needed.

THEOREM 4.2.7. With our running hypothesis on Y (namely it is quasiprojective over
a commutative noetherian ring of finite type over C), assume that V is a tilting bundle.
(1) RHomy (V, —) induces an equivalence between DP(coh Y) and D (mod Endy (V).
(2) Y is smooth if and only if gl.dim Endy (V) < oo.

In practice, to check the Ext vanishing in the definition of a tilting bundle can be
quite mechanical, whereas establishing generation is more of an art. Below, we will
often use the following trick to simplify calculations.

PROPOSITION 4.2.8 (Neeman’s generation trick). Say Y has an ample line bundle L.
Pick V € Perf(Y). If (L~1)®" € thick(V) for all n > 1, then thick(V) = Perf(Y).

4.3. Tilting examples. We now illustrate tilting in the three examples from the previous
section on quiver GIT, namely P!, the blowup of A? at the origin, then our running Z3
example. This will explain where the algebras used in Section 3 arose.

EXAMPLE 4.3.1. Consider P!. We claim that V := Op1 © Opi(1) is a tilting bundle.
First, we have

Extl, (V, V) ZH (V' @ V) = H (Op1) @ H' (Op1 (1)) @ H' (Op1 (—1) @ H (Op1),

which is zero for all i > 0 by a Cech cohomology calculation in Hartshorne [128, II1.5].
Thus Ext, (V, V) =0 for all i > 0.

Now we use Neeman’s generation trick (Proposition 4.2.8). We know that Op (1) is
an ample line bundle on P!. Further, we have the Euler short exact sequence

0= Opi(=1) > OFF > Opi (1) - 0, (4.A)
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which gives a triangle in the derived category. Since the rightmost two terms both
belong to thick()), by the 2 out of 3 property we deduce that Opi(—1) € thick()).
Now twisting (4.A) we obtain another short exact sequence

0— Op1(=2) = Op1 (~1)®* — Op1 — 0. (4.B)
Again this gives a triangle in the derived category, and since the rightmost two terms
both belong to thick())), by the 2 out of 3 property we deduce that Op; (—2) € thick(V).
Continuing like this we deduce that Op; (—n) € thick(V) for all n > 1, and so thick(V) =
Perf(P!) by Proposition 4.2.8.

Thus V is a tilting bundle, so by Theorem 4.2.7 we deduce that DP(cohP') ~
DY (mod Endp1(V)). We now identify the endomorphism ring with an algebra with
which we are more familiar. We have

. Homy (O, O) Homp: (O, O(1))

Endpi (V) = Endp1 (O @ O(1)) = P P :

ndp1 (V) =Endp (O S O)) (Hompl (O(1),0)  Homyi (O(1), O(1))

which, again by the Cech cohomology calculation in Hartshorne, is isomorphic to

HY©O)  HYOW)) . (C C* .
HO(O(-1)) HY0) o c)” *—°

Thus DP(cohP!) ~ DP(mod e —3 ).

EXAMPLE 4.3.2. Consider now the blowup of A? at the origin.

|

Ta»

We constructed Y explicitly in Example 3.1.2, where we remarked that ¥ = Op1 (—1).
Being the total space of a line bundle over P!, in this example we have extra information
in the form of the diagram

Y:OEM(—I) z, P!
/|
AZ

Let V := Op1 @ Opi (1), as in the previous example, and set W := 7*(V). We claim
that WV is a tilting bundle on Y. To visualise this (we will need to in the next example),
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we denote W = Oy @ L and draw

Oy L1

Since 7. (Oy) = @pf() Opi (—DH®r = @Di>0 Op1 (k), the projection formula yields
e * (V) = @kzo V ®p1 Opi (k). Thus the Ext vanishing condition on W follows from
properties of adjoint functors, namely

Extl, W, W) = Extl, (7*(V), 7*(V))
= Exty, (V, mr* (V)

= @ ExtfF>l V.,V ®p1 Opi (k)),
k>0

which is zero for all i > 0 again by the Cech cohomology calculation in Hartshorne [128,
II1.5]. Generation also follows immediately from our previous example, since L is
ample and 7* is exact on short exact sequences of vector bundles. Thus W = Oy & £
is a tilting bundle, so by Theorem 4.2.7 Y and Endy (Oy @ L) are derived equivalent.
It is an instructive exercise (see Exercise 4.9.5) to show that

a
Endy Oy ® L) = <2+ atb = bra.

EXAMPLE 4.3.3. Consider the running example R :=Cla, b, c]/(ab— c3). We have,
by Example 3.1.3, the picture

l

Viab —c3) € A3 @

where the dot downstairs represents the singular point. We would like Y to be derived
equivalent to our original algebra Endg (R & (a, ¢) ® (a, ¢2)), so we need to find a
tilting bundle on Y with three summands. Which to choose? We have to construct
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bundles, and the natural candidates are

Oy Ly Lo

It turns out, but more technology is needed to prove it, that W:= Oy ® L1 D Ly is a
tilting bundle on ¥ with Endy (Oy @ £1 ® £>) = Endg(R & (a, ¢) & (a, c?)).

4.4. Derived categories and crepant resolutions. In this section we explain the
geometric origin of the condition Endg (M) € CM R, and also why we only consider
rings of the form Endg (M), answering Q4 from Section 1.

The key theorem is the following.

THEOREM 4.4.1. Suppose that f: Y — Spec R is a projective birational map, where
Y and R are both normal Gorenstein of dimension d. If Y is derived equivalent to a
ring A, then the following are equivalent.
(1) f is crepant (i.e., f*wr = wy).
2) AeCMR.

In this case A = Endg (M) for some M € ref R.

It follows that the only possible algebras derived equivalent to crepant partial resolu-
tions of d-dimensional Gorenstein singularities have the form Endg (M), and ultimately
this is the reason why we restrict to studying rings of this form. We outline the main
ingredients of the proof below.

REMARK 4.4.2. By Theorem 4.4.1 the condition Endg (M) € CM R corresponds
precisely to the geometric notion of crepancy, provided that we can actually find some
Y which is derived equivalent to Endg(M). This explains the first condition in the
definition of a NCCR.

REMARK 4.4.3. Suppose that Endg (M) is a NCCR. We remark that when d =
dim R > 4 there may be no scheme Y projective birational over Spec R for which
Y is derived equivalent to Endg(M). This is because NCCRs can exist even when
commutative crepant resolutions do not. A concrete example is invariants by the group
%(1, 1, 1, 1). Also, when d > 4 it is possible that a crepant resolution Y exists but there
is no algebra that is derived equivalent to Y. Thus the correspondence between NCCRs
and crepant resolutions breaks down completely, even when d = 4. Thus Theorem 4.4.1
is usually only used for analogies (or very specific situations) in high dimension.

Theorem 4.4.1 has the following important corollary.

COROLLARY 4.4.4. Suppose that Y — Spec R is a projective birational map between
d-dimensional Gorenstein normal varieties. If Y is derived equivalent to a ring A, then
the following are equivalent.
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(1) A isan NCCR.
(2) Y is a crepant resolution of Spec R.

PROOF. (1)=(2) If A is an NCCR then A has finite global dimension. This means
that KP (proj A) = Db (mod A) and so via the derived equivalence Perf(Y) >~ Db (cohY).
Hence Y is smooth. Further f is crepant by Theorem 4.4.1.

(2)=(1) Since f is crepant, A = Endg(M) € CM R by Theorem 4.4.1. Since Y is
smooth Perf(Y) ~ DP(coh Y) induces Kb(proj A) = D(mod A) and so every N €
mod A has proj.dim, N < co. By Auslander—Buchsbaum, necessarily proj.dim, N <
dim R and so A = Endg(M) is a NCCR. O

EXAMPLE 4.4.5. To make this a little more concrete, consider our running example
R :=Cla, b, c]/(ab —¢3). We know from Section 1 and Section 2 that A := Endg (R @
(a,¢)® (a,c?)) e CM R is a NCCR, and we constructed, using quiver GIT (3.1.3), a
space Y which we then showed (4.3.2) is derived equivalent to A. Since A € CM R, we
can deduce from Theorem 4.4.1 that Y is a crepant resolution. Alternatively, knowing
a bit of geometry, the two exceptional curves calculated in Example 3.1.3 are both
(—2)-curves, so it follows that ¥ — Spec R is crepant. Hence we could alternatively
use Corollary 4.4.4 to give another proof that A is a NCCR.

The main ingredient in the proof of Theorem 4.4.1 is Grothendieck duality and
relative Serre functors, which we now review.

4.5. Relative Serre functors. The following is based on [112, Definition 7.2.6].

DEFINITION 4.5.1. Suppose that Z — Spec T is a morphism where 7 is a CM ring
with a canonical module C7. We say that a functor S: Perf(Z) — Perf(Z) is a Serre
functor relative to Cr if there are functorial isomorphisms

RHom7 (RHomz(F, G), Cr) = RHomz (G, S(F))

in D(Mod T) for all F € Perf(Z), G € DP(coh Z). If A is a module-finite T -algebra,
we define a Serre functor S: KP(proj A) — KP(proj A) relative to C7 in a similar way.

The ability to consider different canonicals in the above definition is convenient when
comparing the geometry to the algebra. For example, when T is Gorenstein, there is a
geometrically—defined canonical module w7, but T itself is also a canonical module. It
turns out that from the NCCR perspective T is the most natural (see Theorem 4.6.3(1)),
whereas the notion of crepancy is defined with respect to w7.

LEMMA 4.5.2. Suppose that f: Z — Spec T is a projective morphism, where Z and
T are both Gorenstein varieties.

@))] f!(OT) = L[dim Z — dim T], where L is some line bundle on Z.
2) Sz = —®z f!(’)T: Perf(Z) — Perf(Z) is a Serre functor relative to the
canonical T.

PROOF. (1) Since T is Gorenstein, w7 is a line bundle and thus is a compact object
in D(Mod 7). Hence by [178, pp. 227-228] we have f'or = Lf*wr ®% f'Or =
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f*or ®z f'Or, and so
wz = flor[—dimZ +dim T = f*or @7 f'Or[—dim Z +dim T].
Since both wy and f*w7 are line bundles,
f'or = (ffor) ' @z wz[dim Z —dim T].

(2) Since f 'Or is a shift of a bundle by (1), it follows that tensoring gives a functor
—-®z ['Or: Perf(Z) — Perf(Z). The result then follows since

RHomz (G, F ®7 f'Or) = RHomz (RHomz(F. G), f'Or)
= RHom7 (RHomz(F, G), Or)

for all F € Perf(Z2), G € DP(coh Z), where the last isomorphism is sheafified Grothen-
dieck duality. O

We consider the Serre functor for NCCRs in the next section.

4.6. Calabi-Yau categories. Related to Serre functors are CY categories and algebras.
We retain our setup, namely R denotes an (equicodimensional) Gorenstein normal
domain of dimension d. To keep the technicalities to a minimum, in this section we
will assume that R is of finite type over an algebraically closed field &, but we could
get by with much less. In this section we show that NCCRs are d-CY.

DEFINITION 4.6.1. Suppose that C is a triangulated category in which the Hom
spaces are all k-vector spaces. We say that C is d-CY if there exists a functorial
isomorphism

Home (x, y[d]) ~ Home(y, x)* 4.0)

for all x, y € C, where (—)* denotes the k-dual.

For a k-algebra A, we naively ask whether Db (mod A) is d-CY. It is (almost) never
in the strict sense above, since then

* = Homp (A, A)* = Hompp (A, A)* = Hompp (A, Ald]) = Ext”[i\(A, A) =0,

whenever d # 0. Also, note that for k-duality to work well requires the Hom spaces to
be finite-dimensional. Hence, for an algebra to be CY, we must ask for (4.C) to be true
for only certain classes of objects x and y. This is done as follows.

DEFINITION 4.6.2. Let A be a module finite R-algebra, then for d € Z we call A
d-Calabi—Yau (d-CY) if there is a functorial isomorphism

HOmpyp (110g ) (6. Y1d1) = Hompp o ) (v %) (4.D)

for all x € DP(fl A), y e DP(mod A), where DP(fl A) denotes all complexes x for which
dimy, @iez H'(x) < oo. Similarly we call A singular d-Calabi—Yau (d-sCY) if (4.D)
holds for all x € DP(fl A) and y € KP(proj A).
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Since R is Gorenstein, and A is a module-finite R-algebra, there is a functor
Sa :=RHomg(A, R) ®% —: D™ (mod A) — D~ (mod A).
By [139, Proposition 3.5(2),(3)], there exists a functorial isomorphism
RHomy (a, S(b)) = RHomg (RHomy, (b, a), R) (4.E)

in D(R) for all a € D’(mod A) and all b € KP (proj A). This is not quite a Serre functor,
since we don’t yet know whether S, preserves KP (proj A).

THEOREM 4.6.3 (Iyama—Reiten). Let R an be equicodimensional Gorenstein normal
domain over an algebraically closed field k, and let A be an NCCR.

(1) SpA =1d, and so 1d is a Serre functor on A relative to the canonical R.
(2) A isd-CY, that is

Hompyp (04 4y (¥ yld]) = Hompp 04 4y (s x)*
forall x € DP(fl A) and yE Kb(proj A) =DP(mod A).

PROOF. (1) By definition of S, we just need to establish that RHompg (A, R) = A
as A-A bimodules. But by the definition of an NCCR, A € CM R and so Ext’IR(A, R) =
0 for all i > 0. This shows that RHomg(A, R) = Homg(A, R). The fact that
Hompg (A, R) = A as A-A bimodules follows from the fact that symmetric R-algebras
are closed under reflexive equivalences (this uses the fact that R is normal — see
Fact 2.3.2(1)). We conclude that Sy = Id, and this clearly preserves K®(proj A). Thus
(4.E) shows that Id is a Serre functor relative to the canonical R.

(2) This is in fact a consequence of (1), using local duality. See [139, Lemma 3.6 and
Theorem 3.7]. O

4.7. Singular derived categories. From before recall that Kb (proj R) C DP(mod R).

DEFINITION 4.7.1. We define the singular derived category (sometimes called the
triangulated category of singularities, or the singularity category) Dsg(R) to be the
quotient category DP(mod R)/ K (proj R).

Since K (proj R) is a full thick triangulated subcategory, for general abstract reasons
the quotient Dsg(R) is also triangulated. Also, being a localization, morphisms in
Dsg(R) are equivalence classes of morphisms in Db (mod R). But the derived category
is itself a localization, so the morphisms in Dsg (R) are equivalence classes of equivalence
classes. From this perspective, there is no reason to expect that this category should
behave well.

If R is a Gorenstein ring, it is thus remarkable that Dsg (R) can be described easily
by using CM R-modules. There is a natural functor

CMR DP(mod R) Dsg(R) = DP(mod R)/ K (proj R).
This is not an equivalence, since projective modules P are CM, and these get sent
to complexes which by definition are zero in Dsg(R). Hence we must “remove” the

projectives in CM R.
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How to do this is standard, and is known as taking the stable category CMR. By
definition the objects in CMR are just the same objects as in CM R, but morphism
spaces are defined as Homp (X, Y) := Homg (X, Y)/P(X,Y) where P(X,Y) is the
subspace of morphisms factoring through proj R. If P € proj R then idp clearly factors
through a projective and so idp = 0p in CMR. This shows that P ~ 0 in CMR for all
P € proj R, and consequently the above functor induces a functor

CMR —> Dgg(R) = D(mod R)/ KP(proj R).

When R is Gorenstein, the category CMR is actually triangulated, being the stable
category of a Frobenius category. The shift functor [1] is given by the inverse of the
syzygy functor.

THEOREM 4.7.2 (Buchweitz). Let R be a Gorenstein ring. Then the natural functor
F above is a triangle equivalence, so CMR >~ Dsg(R) as triangulated categories.

This shows, at least when R is Gorenstein, why the CM modules encode much of
the singular behaviour of R.

REMARK 4.7.3. When R is Gorenstein with only isolated singularities, the triangu-
lated category CMR is in fact (dim R — 1)-CY. This follows from Auslander—Reiten
(AR) duality in Theorem 4.8.1 below. The existence of AR duality links to NCCRs
via the CY property, it can be used to prove the existence of AR sequences (which in
turn answers the motivating Q1 from Section 1), and will appear again in the McKay
correspondence in Section 5.

REMARK 4.7.4. If R is a hypersurface, we have already seen in examples (and it is
true generally via matrix factorizations) that Q2 = Id, where € is the syzygy functor
introduced in Section 1. Consequently [1]2 =1d, so CMR can be 2-CY, 4-CY, etc. This
shows that the precise value of the CY property is not unique.

4.8. Auslander-Reiten duality.

THEOREM 4.8.1 (AR duality). Let R be a d-dimensional equicodimensional Goren-

stein ring, with only isolated singularities. Then there exists a functorial isomorphism
Homcmp (X, Y) = D(Homemp (Y, X[d — 11))
forall X,Y e CMR.

The proof is actually quite straightforward, using only fairly standard homologi-
cal constructions, given the following two commutative algebra facts. For a finitely
generated R-module M, we denote Er(M) to be the injective hull of M.

FACTS 4.8.2. Let R be a d-dimensional equi-codimensional Gorenstein ring.

(1) The minimal R-injective resolution of R has the form
0—>R— Ip:= EB ERR/p)— -+ — Iy = @ E(R/p) — 0. (4.F)
p:htp=0 p:ht p=d
In particular the Matlis dual is D = Hompg (—, Iy).
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(2) If W € mod R with dim W =0, then Homg(W, [;) =0 forall 0 <i <d — 1.

PROOF. (1) is one of Bass’s original equivalent characterizations of Gorenstein rings
[23]. For the more general CM version, see [54, Proposition 3.2.9, Theorem 3.3.10(b)].

(2) follows from (1), together with the knowledge that (i) Ass Er(R/p) = {p}, and (ii)
if X emod R and Y € Mod R satisfies Supp XNAss Y =&, then Homp (X, Y)=0. O

Set (—)* := Homg(—, R). For any X € mod R, consider the start of a projective
resolution

Py —f> Py— X — 0.
We define Tr X € mod R to be the cokernel of f*, that is
f*
0—X*"—> Py > P —>TrX —0.
This gives a duality
Tr: mod R = mod R

called the Auslander-Bridger transpose. We denote ©2: mod R — mod R to be the
syzygy functor. Combining these we define the Auslander—Reiten translation t to be

7(—) := Homg (% Tr(-), R) : CMR — CMR.
We let D := Hom(—, I;) denote Matlis duality.
LEMMA 4.8.3. Suppose that R is Gorenstein with d := dim R. Then v = Q24
PROOF. We have 92 Tr(—) = Homg(—, R). Thus
7 = Homg (Q? Tr(=), R) = Homg (¢~ 2 Homg(—, R), R)

=~ Q>4 Homg(Homg(—, R), R)
~ >, O

PROOF OF THEOREM 4.8.1. Set T :=Tr X. Since ¥ € CM R, Ext} (Y, R) = 0 for
all i > 0 and so applying Homg (Y, —) to (4.F) gives an exact sequence
0—r(Y,R)— r(Y, Io) > (Y, I}) > -+ = r(Y, Ig—1) > r(Y, Ig) > 0

of R-modules, which we split into short exact sequences as

0——r(Y,R) —— r(Y, ly)) —— r(Y, [y) —— r(Y, ) — - -~

N 7 N S
C Cy

oo == p(Y, Iy2) —— (Y, Iy—1) — (Y, Iy) — 0 .
Sy e
Ca-1
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Applying Homg (T, —) gives exact sequences

Exth (T, p(Y. I;_1)) — Exth(T, (Y. 1)) — Exth(T, Cq_1) —> Ext3(T, (Y. I;_1))
Ext% (T, g(Y, Ij—2)) —> Ext%(T, Cq—1) —> Exty(T, Cy_n) —> Exth(T, g(Y, Iz_2))

Bxty (T R(Y. 1)) — Bxty (T C2) —— Ext}(T. C1) —— Ext}(T. g(¥. I1))
Ext‘]‘;(T, r(Y, Ip) —— EXt‘IJQ(T’ Ccy) — Ext‘[ie‘*‘l(T, rY,R)) — Ext‘é‘*‘l(T, r(Y, Ip))

But whenever I is an injective R-module, we have a functorial isomorphism

Exth(4, p(B, I)) = Homg (TorR (4, B), I)

and so we may rewrite the above as

R(TorR (T, ¥), 14_1) — gp(TorR(T,Y), 1) — Exth(T, Cy_y) —> g(TorR(T.Y). I;_1)
R(TorR (T, ¥), 1;_) — Ext3(T, Cq—y) —> Exty(T, Cy_p) —> g(TorR(T.Y). I;_5)

R(Torf_ (T, ¥), 1) — Ext} 1T, C3) — Ext4(T. Cy) — g(Torf(T.¥). 1)
R(Tor® (T, ), Ig) —— Ext} (T, 1) — Ext4" (T, (Y, R)) — r(TorX (T, V), Iy)

Since R is an isolated singularity, and CM modules are free on regular local rings,
Xy € proj Ry and so T, € proj Ry for all non-maximals primes p. It follows that
TorlR(T, Y) all have finite length, so by Fact 4.8.2(2) all the terms in the dotted boxes
are zero. Thus the above reduces to

D(TorR(T, ¥)) Z Ext4(T, Cq_1) = -- - ZExt&T(T, r(Y, R)). (4.G)
But now
d+1 ~ 1wl rod ~ ol d N
Ext4™ (T, r(Y, R)) = Exth(QIT, g(Y, R)) S Exth(Y, (T, R)) = Exth (¥, 7X),
(4.H)

and so combining (4.G) and (4.H) gives
D(TorR(T, ¥)) = Exth (Y, 1X).

Thus the standard functorial isomorphism Tor{a (Tr X, Y) = Homcmp (X, Y) (see e.g.,
[247]) yields

D(Homcmpg(X, Y)) = Ext}e(Y, 7X) = Homgmg (2Y, TX) = Homemp (Y[—1], TX).
But now by Lemma 4.8.3 we have X = Qrdy = X[d —2], so

D(Homcmg (X, Y)) = Homempg (Y[—1], X[d —2]) = Homcmg (Y, X[d — 1)),
as required. (]

Credits: The derived category section is a very brief summary of a course given by
Jeremy Rickard in Bristol in 2005. Further information on derived categories can now
be found in many places, for example the notes of Keller [152] or Milicic [174]. Perfect
complexes originate from SGA6, but came to prominence first through the work of
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Thomason—Trobaugh [225], then by viewing them as compact objects via Neeman
[178]. Many of the technical results presented here can be found in Orlov [179, 180]
and Rouquier [195].

Tilting modules existed in the 1980s, but tilting complexes first appeared in Rickard’s
Morita theory for derived categories [185]. Tilting bundles at first were required to
have endomorphism rings with finite global dimension but this is not necessary; the
precise statement of Theorem 4.2.7 is taken from Hille-Van ben Bergh [131], based on
the tricks and ideas of Neeman [178].

Example 4.3.1 is originally due to Beilinson [24], who proved it by resolving the
diagonal. The example of the blowup of the origin and the Z3 singularity both follow
from Artin—Verdier [12], Esnault [94], and Wunram [244], but those papers do not
contain the modern derived category language. A much more general setting was
provided by Van den Bergh [230], which subsumes all these results.

Crepancy and the CM property in the smooth setting is used in [231], being somewhat
implicit in [44]. The proof here (in the singular setting) can be found in [143], based
on the ideas of relative Serre functors due to Ginzburg [112]. The fact that all such
algebras have the form Endg (M) is really just a result of Auslander—Goldman [21].
All the CY algebra section can be found in Iyama—Reiten [139, Section 3].

The singular derived category section is based on the very influential preprint of
Buchweitz [56]. The proof of Auslander—Reiten duality can be found in [19], and the
technical background on injective hulls can be found in commutative algebra textbooks,
e.g., [54].

4.9. Exercises.

EXERCISE 4.9.1 (torsion-free modules are not needed). Suppose that R is a normal
domain, and that M is a torsion-free R-module.
(1) Is Endg(M) = Endg(M**) true in general?
(2) Suppose further Endg (M) € ref R (e.g., if R is CM, this happens when
Endg (M) € CM R). In this case, show that Endg (M) = Endg (M™**). Since
M** € ref R, this is why in the definition of NCCR we don’t consider torsion-
free modules.

EXERCISE 4.9.2 (much harder, puts restrictions on the rings that can admit NCCRs).
Suppose that R is a d-dimensional CM domain admitting an NCCR A :=Endg(R® M).
Show:

(1) The Azumaya locus of A is equal to the nonsingular locus of R.
(2) The singular locus Sing(R) must be closed (!).
(3) If further (R, m) is local, the class group of R must be finitely generated.

EXERCISE 4.9.3. Give an example of a CM ring that is not equicodimensional.

EXERCISE 4.9.4 (NCCR characterization on the base, without finite global dimension
mentioned). Let R be a d-dimensional local Gorenstein ring. Then for any M € CM R
with R € add M, show that the following are equivalent:
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(1) addM ={X e CM R | Homg (M, X) € CM R}.

(2) addM ={X e CMR | Homg (X, M) € CM R}.

(3) Endg(M) is a NCCR.

(4) Endg(M)°P ZEndg(M™) is a NCCR.
(Hint: the proof should be similar to the Auslander gl.dim = 2 proof in Section 1. The
key, as always, is the Auslander—-Buchsbaum formula and the depth lemma.)

EXERCISE 4.9.5. With the setting as in Example 4.3.2, prove that

a
Endy(Oy L)% " arb=bra.

5. McKay and beyond

This section gives an overview of the McKay correspondence in dimension two,
in some of its various different forms. This then leads into dimension three, where
we sketch some results of Bridgeland—King—Reid [44] and Van den Bergh [231]. The
underlying message is that there is a very tight relationship between crepant resolutions
and NCCRs in low dimension.

5.1. McKay correspondence (surfaces). Let G < SL(2, C) be a finite subgroup, and
consider R := C[x, y]G. So far we know that R has a NCCR, since C[x, yJ#G =
Endp (@pemG(((C[x, y]1® p)¢)®dime ") by Auslander (Theorem 1.4.3), and we have
already observed that as a quiver algebra this NCCR has the form

Zy Z3

The first is in the exercises (Exercise 2.5.1), the second is our running example. There
is a pattern, and to describe it requires the concept of the dual graph, which can be
viewed as a simplified picture of the minimal resolution of Spec R.

DEFINITION 5.1.1. Denote by {E;} the exceptional set of P!s in the minimal
resolution ¥ — Spec R (i.e., those P's above the origin, as in Example 3.1.3). Define
the dual graph as follows: for every E; draw a dot, and join two dots if the corresponding
P!*s intersect.

EXAMPLE 5.1.2. For the Z4 singularity we obtain

/\‘\/\’\/\/—» .\.
\o

and so the dual graph is simply e

The finite subgroups of SL(2, C) are classified.
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THEOREM 5.1.3. Let G be a finite subgroup of SL(2, C). Then G is isomorphic to
one of the following groups:

Type Definition

Ay Yain—1) = ()
D, BDy, := (Kﬁzn, T)

Eg (Ya, T, M)
Ky (Ys, T, 1)
Eg (k, w, t)

Here

- 82 0 = 1 83‘—85 sg—sg
0 &2)° J5 sg — eg £5 — eg ’
where g; denotes a primitive t-th root of unity.

Now G <SL(22,C) so G acts on V := C2. In general, if G < GL(n, C) then the
resulting geometry of C"/G depends on two parameters, namely the group G and the
natural representation V = C". For example, if we fix the group Z,, then we could
consider Z, as a subgroup in many different ways, for example,

(Co D) {Co D)

The first gives invariants (C[x2, y], which is smooth, whilst the latter gives invariants
(C[x2, Xy, yz], which is singular.

Consequently the representation theory by itself will tell us nothing about the
geometry (since it only depends on one variable, namely the group G), so we must
enrich the representation theory with the action of G on V. In the following definition,
this is why we tensor with V.

DEFINITION 5.1.4. For a given finite group G acting on C? = V, the McKay quiver
is defined to be the quiver with vertices corresponding to the isomorphism classes
of indecomposable representations of G, and the number of arrows from p; to p> is
defined to be

dim¢c Homgg (01, 02 ® V),

i.e., the number of times p| appears in the decomposition of py ® V into irreducibles.

EXAMPLE 5.1.5. We return to our running Example 1.2.1 of the Z3 singularity.
Over C, the group Z3 has only three irreducible representations pg, p1, p2. The natural

representation is, by definition,
&3 0
0 &)/
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which splits as p; & p2. Thus pg ® V = p1 & p2, and so we conclude that there is
precisely one arrow from p; to pg, one arrow from p» to pg, and no arrows from pq to
po- Thus, so far we have

£1

00

02

Continuing the calculation, decomposing p1 ® V and p, ® V gives the McKay quiver

which coincides with the quiver from Example 1.2.5.

EXAMPLE 5.1.6. As a second example, consider the group BDg. Being non-
abelian of order 8, necessarily it must have four one-dimensional representations and
one irreducible two-dimensional representation. The natural representation V is the
irreducible two-dimensional representation. A calculation, using only character theory
(Exercise 5.5.2), shows that the McKay quiver is

1

J

1< 32 3

*

where * is the trivial representation. The numbers on the vertices correspond to the
dimension of the corresponding irreducible representations.

Given the character table, the McKay quiver is a combinatorial object which is easy
to construct.

THEOREM 5.1.7 (SL(2, C) McKay correspondence, combinatorial version). Let
G < SL(2, C) be a finite subgroup and let Y — C?/G = Spec R denote the minimal
resolution.

(1) There exist one-to-one correspondences

{exceptional curves} <— {nontrivial irreducible representations}
<«—> {nonfree indecomposable CM R-modules},

where the right hand sides are taken up to isomorphism.
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(2) The dual graph is an ADE Dynkin diagram, of type corresponding to A, D and E in
the classification of the possible groups.
(3) (McKay) There is a correspondence

{dual graph} > {McKay quiver}
To go from the McKay quiver to the dual graph, simply kill the trivial representation, then
merge every pair of arrows in opposite directions (to get an undirected graph). To go

from the dual graph to the McKay quiver, simply add a vertex to make the corresponding
extended Dynkin diagram, then double the resulting graph to get a quiver.

The last part of the theorem is illustrated by the picture

EXAMPLE 5.1.8. The correspondence for our running Z3 example is precisely
* —— | .
N

EXAMPLE 5.1.9. The correspondence for the previous Example 5.1.6 is precisely

1 °

This all takes place at a combinatorial level, to gain more we must add structure.

5.2. Auslander’s McKay correspondence (surfaces). In its simplest form, Auslan-
der’s version of the McKay correspondence states that the geometry of the minimal
resolution can be reconstructed using homological algebra on the category CM C[[x, y]°.
Reinterpreted, the CM modules on the singularity Spec C[[x, y] encode information
about the resolution.

For what follows we must use the completion C[[x, y]]G (not Clx, y]G) so that the
relevant categories are Krull-Schmidt. This is mainly just for technical simplification;
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with more work it is possible to phrase the results in the noncomplete setting. Throughout
this subsection, to simplify notation we set

R :=C[x, y]°.

DEFINITION 5.2.1. We say that a short exact sequence

0—>A—>B‘—f>C—>0

in the category CM R is an Auslander—Reiten sequence if every D — C in CM R which
is not a split epimorphism factors through f.

Since R is an isolated singularity (normal surface singularities are always isolated),
it is a consequence of AR duality (Section 4.8) that AR sequences exist in the category
CM R, see for example [247, Section 3]. Now given the existence of AR sequences,
we attach to the category CM R the AR quiver as follows.

DEFINITION 5.2.2. The AR quiver of the category CM R has as vertices the isomor-
phism classes of the indecomposable CM R-modules. As arrows, for each indecompos-
able M we consider the AR sequence ending at M

0—>T(M)—>E1>M—>O,

decompose E into indecomposable modules as E = 7_; Mi@ai and for each i draw
a; arrows from M; to M.

As a consequence of Section 1 (precisely Theorem 1.3.1 and Theorem 1.4.3) we
know that there are only finitely many CM R-modules up to isomorphism. Further, by
projectivization Fact 1.3.2(1) there is an equivalence of categories

CM R = proj C[[x, y]#G.
The quiver of the skew group ring is well-known.

LEMMA 5.2.3. Let G < GL(V) be a finite subgroup. Then the skew group ring
CLV#G is always Morita equivalent to the McKay quiver, modulo some relations.

The relations in Lemma 5.2.3 can be described, but are not needed below. Some
further work involving the Koszul complex gives the following.

THEOREM 5.2.4 ( Auslander McKay correspondence). Let G be a finite subgroup of
SL(2, C). Then the AR quiver of CMCl[x, y]| equals the McKay quiver of G, and so
there is a correspondence

{dual graph} > {AR quiver of CMC[x, y]°}.
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5.3. Derived McKay correspondence (surfaces). The Auslander McKay correspon-
dence upgraded the combinatorial version by considering CM modules over the com-
mutative ring R (to give more structure), and applied methods in homological algebra
to obtain the dual graph. The derived version of the McKay correspondence improves
this further, since it deals with not just the dual graph, which is a simplified version of
the minimal resolution, but with the minimal resolution itself. The upshot is that by
considering the NCCR given by the skew group ring (the Auslander algebra of Section
1) seriously as an object in its own right, we are in fact able to obtain the minimal
resolution as a quiver GIT, and thus obtain the geometry from the noncommutative
resolution without assuming that the geometry exists.

THEOREM 5.3.1 (derived SL(2, C) McKay correspondence). Let G < SL(2, C) be a
finite subgroup and let Y — C2/G = Spec R denote the minimal resolution. Then:

(1) D°(mod C[x, y]#G) ~ DP(coh Y).

(2) Considering Clx, yl#G as the McKay quiver subject to the preprojective rela-
tions, choose the dimension vector o corresponding to the dimensions of the
irreducible representations. Then for any generic stability condition 0, we have

(a) DP(coh M) ~ DP(mod C[x, yHG);
(b) M3 is the minimal resolution of Spec R.

There are now many different proofs of both (1) and (2), and some are mentioned in
the credits below. A sketch proof is given in the next section, which also covers the
dimension three situation.

REMARK 5.3.2. With regards to the choice of stability, once Theorem 5.3.1 has
been established for one generic 6, it actually follows that the theorem holds for all
generic stability conditions simply by tracking 6 through derived equivalences induced
by spherical twists and their inverses. This observation also has applications in higher
dimensions.

EXAMPLE 5.3.3. Returning to the running Z3 example, we computed in Example
3.1.3 the moduli space for a very specific generic parameter, remarked it was the
minimal resolution and showed in Example 4.3.2 that the NCCR and the minimal
resolution were derived equivalent. We know that NCCRs are unique up to Morita
equivalence in dimension two (Theorem 2.3.4), so this establishes the above theorem in
the special case G = Z3 and 6 = (—2, 1, 1). The theorem extends our result by saying
we could have taken any generic parameter, and in fact any group G.

5.4. From NCCRs to crepant resolutions. The main theorem in the notes, which
encapsulates both Gorenstein quotient singularities in dimension two and three, and
also many other situations, is the following. Everything in this section is finite type
over C, and by a point we mean a closed point.

THEOREM 5.4.1 (NCCRs give crepant resolutions in dimension < 3). Let R be a
Gorenstein normal domain with dim R = n, and suppose that there exists an NCCR
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A :=Endg(M). Choose the dimension vector corresponding to the ranks of the inde-
composable summands of M (in some decomposition of M into indecomposables), and
for any generic stability 0 consider the moduli space ./\/lé Let X1 be the locus of Spec R
where M is locally free, and define Uy to be the unique irreducible component of M;,
that maps onto X 1. Assume moreover that dim(Up x g Uy) <n+ 1.

(1) There is an equivalence of triangulated categories
DP(cohify) ~ DP(mod A).
(2) Uy is a crepant resolution of Spec R.

Part (2) is an immediate consequence of part (1) by Corollary 4.4.4, and note that
the assumption on the dimension of the product is automatically satisfied if n < 3. We
sketch the proof of Theorem 5.4.1 below. One of the key innovations in [44], adapted
from [45], is that the New Intersection Theorem from commutative algebra can be used
to establish regularity.

Recall that if E € DP(coh Y), then the support of E, denoted Supp E, is the closed
subset of Y obtained as the union of the support of its cohomology sheaves. On the
other hand, the homological dimension of E, denoted homdim E, is the smallest integer
i such that E is quasi-isomorphic to a complex of locally free sheaves of length i. Note
that by convention, a locally free sheaf considered as a complex in degree zero has
length 0. We need the following lemma due to Bridgeland—Maciocia [45, Lemma 5.3
and Proposition 5.4].

LEMMA 5.4.2. Let Z be a scheme of finite type over C, and take E € DP(coh Z).
(1) Fix a point z € Z. Then
z€Supp E <= Hompz)(E, O,[i]) #0 for somei.

(2) Suppose further that Z is quasi-projective. If there exists j € Z and s > 0 such
that for all points 7 € Z

Homp z)(E, O,[i]) =0 unless j <i < j +s,
then homdim E < s.

The next result is much deeper, and follows from the New Intersection Theorem in
commutative algebra [43, Corollary 1.2].

THEOREM 5.4.3. Let Z be an irreducible scheme of dimension n over C, and let E
be a nonzero object of D®(coh Z). Then:

(1) dim(Supp E) > dim Z — homdim E.
(2) Suppose there is a point 7' € Z such that the skyscraper O, is a direct summand
of HY(E), and further

Homp z)(E, O,[i]) =0 unless z = Zand0<i<n.

Then Z is nonsingular at 7' and E = HO(E) inD(Z).
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Recall that a set Q C Db(coh Y) is called a spanning class if (a) RHomy (a,c) =0
for all ¢ € Q implies a =0, and (b) RHomy (¢, a) = 0 for all ¢ € 2 implies a = 0.

LEMMA 5.4.4. Suppose that Z is a smooth variety of finite type over C, projective
over Spec T where T is a Gorenstein ring. Then Q :={O;, | z € Z} is a spanning class.

PROOF. By Lemma 5.4.2(1) we have z € Supp E <= RHomy(E, O;) # 0; hence
RHomz(E, O;) =0 for all O; € Q implies that Supp E is empty, thus E = 0. This
shows (a). To check the condition (b), suppose that RHomz (O, E) =0 for all O, € Q.

Then
452
0 = RHom7 (RHomyz(O,, E), T) = RHomyz(E,S;z0O;).

But since Z and T are Gorenstein, again by Lemma 4.5.2 Sy is simply tensoring by a
line bundle and (possibly) shifting. Tensoring a skyscraper by a line bundle gives back
the same skyscraper, so the above implies that RHomy (E, O;) =0 for all O, € Q. As
above, this gives £ =0. O

As one final piece of notation, if Y is a C-scheme and I' is a C-algebra, we define
(’); =0y Q®cT,

where C and I are the constant sheaves associated to C and TI.
We can now sketch the proof of Theorem 5.4.1.

PROOF. For notational simplicity in the proof, denote Uy simply as Y. The tautolog-
ical bundle from the GIT construction restricted to Y gives us a bundle M on Y, which
is a sheaf of A-modules. There is a projective birational morphism f: ¥ — Spec R,
see Remark 5.4.6.

Consider the commutative diagram

P1
YXY —Y

r2 ‘ {ﬂ (5.A)
Y —— SpecC
There is a natural functor
@ := Ry (— ®%9Y M): D(QcohY) — D(Mod A),
which has left adjoint W := 7*(—) ®?9 A M. There are natural isomorphisms
Vo) =" Rr(—= 8, M) ®l5y MY
=Rpo.pi(— ®I{9Y M) ®?yy\ MY (flat base change)
=Rpo,(pi(— ®I(‘9Y M) ®I(5f/\xy pyMY) (projection formula)

=Rp2.(P{(0) 80, PIMB5y  P3MY).
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It follows that W is the Fourier—Mukai functor with respect to
L L
Q:= MK MY :pTM@O?xy piMY.
It is known that any Fourier—-Mukai functor applied to a skyscraper Oy is the derived
restriction of the corresponding kernel via the morphism iy : {y} x ¥ — Y x Y, so since
W is the Fourier—Mukai functor with kernel O,

VOO, =Li}Q. (5.B)

We claim that Q is supported on the diagonal. For this, we let M, be the fibre of M
at y, and first remark that

Exty (My, M) =0 forall y #y ifi ¢ [1,n—1]. (5.0)

The case i = 0 is clear, the case i = n follows from CY duality Theorem 4.6.3(2) on A,
and the remaining cases i < 0 and i > n follow since ./\/ly and M y/ are modules, and
gl.dim A =n.

Now the chain of isomorphisms

Hompy xy)(Q, O, y[i]) =Hompy xy)(Q, iy, Oyli])

= Hompy) (Li;Q, Oylil) (adjunction)
= HOmD(Y)(\If(I)Oy, Oy/ [l]) (by (SB))
= Homp ) (POy, <I>(’)y/ [iD (adjunction)

= Hompp)(M,y, My/[i])

= Ext)y (My, M)
shows two things.
(1) First, if (y, ") ¢ Y xg Y then f(y) # f(y) and so My and M are finite length
A-modules which, when viewed as R-modules, are supported at different points of R.
Since

Ext)y (M, My)m = Ext’Am(/\/lym, My/m)
for all maximal ideals m of R, we deduce that there are no Homs or Exts between M,
and My/, so the above chain of isomorphisms gives Homy x y (Q, Oyy y[i]) =0 for all
i. Hence, by Lemma 5.4.2(1), we see that Q is supported on ¥ x g Y, and so
dim(Supp Qf(y xyna) <dim(Y xg¥) <n+1,

where the last inequality holds by assumption.
(2) Second, if (y, y") € (Y x Y)\A (i.e., y # '), then by (5.C)

Homp(yxy)(Q, Oy y[i]) =0 unless 1 <i <n—1.

Applying Lemma 5.4.2(2) with j = 1 gives homdim Q|yxyna < n — 2, thus by
Theorem 5.4.3(1)

dim(Supp Ql(y xy)\a) = dim((Y x ¥)\A) —homdim Q|y xy)\a
>2n—(n—2)=n+2.
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Combining (1) and (2) gives a contradiction unless Qfyxyya = 0, so indeed
Q is supported on the diagonal. In particular, by Lemma 5.4.2(1) it follows that
Homp (yxy)(Q, , O, y[i]) =0 for all i € Z (provided that y # y’), so the above chain
of isomorphisms shows that

Ext)y (M, M) =0foralli €Z, provided thaty # y'. (5.D)

Pick a point y € ¥ and next consider W®(O,. The counit of the adjunction gives us
a natural map Y0, — O, and thus a triangle

cy > Vo0, — Oy — . (5.E)
Applying Homy (—, Oy) and using the adjunction gives an exact sequence
0 — Homy (cy, Oy[—1]) — Homy (O, Oy) % Homp (90O, ©0y)
— Homy (cy, Oy) — Homy (Oy, Oy[1]) i Homp (@0O,,, ®O,[1])
— Homy (cy, Oy[1]) = --- .

The domain and the codomain of « are isomorphic to C, and ® (being a functor) takes
the identity to the identity, thus « is an isomorphism. By a result of Bridgeland [41,
Lemma 4.4], B can be identified with the Kodaira—Spencer map, and is injective. We
conclude that Homy (cy, Oy[i]) =0 for all i <0, from which the spectral sequence

EY? =ExtP(H™9(cy), Oy) = Hom(cy, Oy[p+q])
(see e.g., [137, Example 2.70(ii)]) yields H' (cy) =0 for all i > 0. Taking cohomology
of (5.E) then gives HO(\IICDC’)Y) = 0y. Set E :=WV®0O,, then since further
Homp(y)(E, O,/[i]) = Extly (My, M) =0

for all y # y’ by (5.D), and also for all i < 0 and all i > n in the case y =y’ (since A
has global dimension n), it follows from the New Intersection Theorem 5.4.3(2) that Y
is nonsingular at y, and £ = HO(E), thus also ¢y = 0.

Since this holds for all y € Y we see that Y is smooth. Thus ‘Perf(¥) = DP(cohY), and
further since A has finite global dimension it is also true that Kb (proj A) = Db (mod A).
Consequently it is easy to see that

® = Ry (— ®F M): DP(coh ¥) — DP(mod A)

and its left adjoint W = — ®II( MY also preserves boundedness and coherence. Further,
by Lemma 4.5.2(2), Sy = — ® f!(’)R is a Serre functor on Y relative to the canonical
R, and Sy =1d is a Serre functor on A relative to the canonical R by Theorem 4.6.3(1).
Using

RHom (®(a), b) = RHomg (RHomy (S, 'b, ®(a)), R)
= RHomg (RHomy (WS, 'b, ), R) (adjunction)
= RHomy (a, Sy ¥S} 'b),

taking degree zero cohomology we see that Sy o W o le is right adjoint to &.
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Now, since Y is smooth, {Oy | y € Y} is a spanning class by Lemma 5.4.4. Hence
since ® has both right and left adjoints, and further O, = M, to show that ® is
fully faithful we just have to check that the natural maps

Home(coh Y) (Oy, Opli]) — Home(mod A)(./\/ly, My[iD) 5.F)

are bijections for all y, y' € Y and i € Z [137, Proposition 1.49].

But by (5.E) (and the fact we now know that ¢, = 0), the counit ¥® — 1 is an
isomorphism on all the skyscrapers Oy, and hence also on their shifts. Thus all the
skyscrapers and all their shifts belong to the full subcategory on which & is fully
faithful, and so in particular (5.F) must be bijective for all y, y’ € Y and all i € Z. We
deduce that ® is fully faithful.

Finally, since Db (coh Y) is nontrivial and Db (mod A) is indecomposable, to show
that @ is an equivalence we just need that Sy @O, = ®Sy Oy, for all y € Y (the proof of
this fact follows in a similar way to [137, Corollary 1.56], with Serre functors replaced
by the RHom versions). But, as above Sy = Id and Sy is tensoring by a line bundle, so

OSyOy =(LROy) = PO, =1dPOy, =S, P0O,.
It follows that ® is an equivalence. (]

REMARK 5.4.5. The irreducible component appears in the statement of the theorem
since (as in Exercise 3.2.1) often components arise in quiver GIT. However, with the
hypotheses as in Theorem 5.4.1, there is still no known example of when Uy # My. In
the case when R is complete local and dim R =3, Uy = ./\/lg by [231, Remark 6.6.1].

REMARK 5.4.6. The above proof of Theorem 5.4.1 skips over the existence of a
projective birational map ¥ — Spec R. Recall (from Remark 3.0.12) that the quiver
GIT only gives a projective map ¥ — Spec C[R]€, but C[R]® need not equal R by
Exercise 3.2.4. For details on how to overcome this problem, see [231, Section 6.2] or
[73, Proposition 2.2, Remark 2.3].

Credits: The geometry of the minimal resolutions of the quotient singularities arising
from finite subgroups of SL(2, C) has a long history stretching back to at least du Val.
The relationship with the representation theory was discovered by McKay in [173],
which in turned produced many geometric interpretations and generalisations, e.g.,
[12, 94, 244]. Auslander’s version of the McKay correspondence was proved in [19],
and is summarised in [247, Section 10].

The fact that the skew group ring is always Morita equivalent to the McKay quiver
was written down in [39], but it was well-known to Reiten—Van den Bergh [182],
Crawley—Boevey and many others well before then.

It is possible to use [12, 94, 244] to establish the derived equivalence in Theorem
5.3.1, but there are many other proofs of this. The first was Kapranov—Vasserot [146],
but it also follows from [230], [44] or [231]. The main result, Theorem 5.4.1, is
Van den Bergh’s [231] interpretation of Bridgeland—King—Reid [44]. See also [72,
Section 7].
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5.5. Exercises.

EXERCISE 5.5.1. We can use weighted C*-actions on polynomial rings as an easy
way to produce NCCRs. Consider the polynomial ring S = C[xq, ..., Xn, Y1, .-, Yml,
with n, m > 2, and non-negative integers ay, ..., da,, b1, ...,by € N. We define a
C*-action on S by

Aoxii=A%x; and A-y;:=A Py
As shorthand, we denote this action by (ay, ..., an, —b1, ..., —by). We consider
Si={feSIr f=Nf)

for all i € Z. It should be fairly clear that § = ;. S;. We will consider the invariant
ring Sp, which is known to be CM, of dimension n +m — 1. It is Gorenstein if the
sum of the weights is zero, i.e., a; +---+a, —by — - - - by, = 0. Note that the §; are
modules over Sy, so this gives a cheap supply of Sp-modules.

(1) (The easiest case.) Consider the weights (1, 1, —1, —1). Here
So = Clx1y1, x1y2, x2y1, x2y21 = Cla, b, ¢, d]/(ac — bd)

We have seen this example before. Which of the S; € CM Sy? (The result is
combinatorial, but quite hard to prove). Show that End, (S1©52) =Endg, (So®S1).
This gives an example of an NCCR given by a reflexive module that is not CM.
(2) Find Sy for the action (2, 1, —2, —1). We have also seen this before. How to build
an NCCR for this example?
(3) Experiment with other C* actions. Is there any structure?

EXERCISE 5.5.2. Compute the character table for the groups A, and ID,, and hence
determine their McKay quivers.

EXERCISE 5.5.3. For R = C[[x, y]]G with G a finite subgroup of SL(2, C), prove
that for each nonfree CM R-module, the minimal number of generators is precisely
twice its rank.

Computer exercises.

EXERCISE 5.5.4 (how to show infinite global dimension without actually computing
it). By Exercise 4.9.4, when R is local Gorenstein, M € CM R with R € add M, and
Endr (M) € CM R, then

gl.dimEndg (M) < 0o <= add M = {X € CM R | Homg(M, X) € CM R}.

Thus to show Endg (M) has infinite global dimension, we just need to find a CM module
X, with X ¢ add M, such that Homg (M, X) € CM R. Once we have guessed an X, we
can check the rest on Singular. Consider the ring R := C[[u, v, x, y]/(uv —x(x2 +y7)).

(1) Let M := R® (u, x). Show that Endg(M) € CM R.
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(2) Consider the module X given as

—x —y —u 0
6 0 —
¥y ox u
v 0 x2 Xy
0 v xy(’ —x2

R* R* > X = 0.

Show that Hompg (M, X) € CM R, and so Endg (M) has infinite global dimen-
sion. (aside: how we produce such a counterexample X is partially explained
in Exercise 5.5.5)

EXERCISE 5.5.5 (Knorrer periodicity). Consider a hypersurface R:=C[[x, y, 1/(f)
where f € m:= (x, y). We could take f = x(x2+y7), as in the last example. Consider
a CM R-module X with given projective presentation

ROER LR x50
(the free modules all having the same rank is actually forced). The Knorrer functor
takes X to a module K (X) for the ring R’ := C[lu, v, x, y]l/(uv — f), defined as the
cokernel
—@ —u]I)

vl Y
_

(R))* (R = K (X) — 0.

(1) Experimenting with different f, show that K(X) € CM R’. For example, if we
write f into irreducibles f = fi ... f;;, then

Re Dy o Ll pax g

are examples of CM R-modules on which to test the hypothesis.
(2) When X, Y € CM R, compute both Exty (X, ¥) and Ext, (K (X), K(Y)). Is
there a pattern?

6. Appendix: Quiver representations

Quivers provide a method to visualise modules (= representations) and are very useful
tool to explicitly write down examples of modules. They have many uses throughout
mathematics.

DEFINITION 6.0.6. A (finite) quiver Q is a directed graph with finitely many vertices
and finitely many arrows.

We often label the vertices with numbers.

EXAMPLE 6.0.7. For example

9)
-b.Q

01 =

.
1

are both quivers.
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Important technical point: for every vertex i in a quiver we should actually add in a
loop at that vertex (called the trivial loop, or trivial path) and denote it by e;, but we do
not draw these loops. Thus really in Example 6.0.7 the quivers are

() ()

e ——>e<——e e Se e .
» » » YN oy iy

Q= . 4 4 and  Or= -

o e o e
but we do not usually draw the dotted loops.
Given any quiver we can produce a k-algebra as follows:

DEFINITION 6.0.8. (1) For a quiver Q denote the set of vertices by Q¢ and the set
of arrows by Q. For every arrow a € Q1 we define the head of a (denoted i (a)) to
be the vertex that a points to, and we define the tail of a to be the vertex that a starts
from. For example if

0=
then h(a) =2 and t(a) = 1.

(2) A nontrivial path in Q is just a formal expression aj -as - . ..-a, where ay, ..., a,
are nontrivial arrows in Q satisfying h(a;) =t(a;41) for all i such that 1 <i <n —1.
Pictorially this means we have a sequence of arrows

at a an
in Q and we just write down the formal expression aj-aj - ...-a,. We define the
head and the tail of a path in the obvious way, namely h(aj-a3-...-a,) = h(a,) and

tlaj-ap-...-ap) =t(ay).
(3) For a quiver Q we define the path algebra kQ as follows. kQ has a k-basis given
by all nontrivial paths in Q together with the trivial loops. Multiplication is defined by

_|p-a ifhip)=1(g), _|p ift(p)=i,
pq = eip:=
0 else, 0 else,
[P itk =i
pei= 0 else,

for all paths p and ¢ and then extend by linearity.

REMARK 6.0.9. (1) Although kQ may be infinite-dimensional, by definition every
element of kQ is a finite sum ) X, p over some paths in Q.

(2) Pictorially multiplication is like composition, i.e., if

ay  ay apn by by bm
p:.*).*).~--.*>' and qzo*»o*»o-no*»o
then
a ap an by by b . .
pg= |t e e e e e i h(ay) = 1(by), e, h(p) =1(q),

0 else.
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This means that pg is equal to the formal expression aj-...cotay - by-...cotby, if
p and g can be composed, and is equal to zero if p and ¢ cannot be composed. In
practice this means that £ Q is often noncommutative.

(3) kQ is an algebra, with identity 1;p = Zier e.

EXAMPLES 6.0.10. (1) Consider Q = (recall we never draw the trivial loop, but it
is there). Then the basis of kQ is given by e, the only path. Hence every element in
k Q looks like Aeq for some A € k. Multiplication is given by eje; = e extended by
linearity, which means (Lej)(ue1) = (A)eje; = (A)eq. This implies that kQ is just
the field k.

a
(2) Consider Q= {75 . The basis for kQ is given by ey, e3, a. An element of k Q
is by definition A1eq + Arex + Aza for some A1, Ao, A3 € k. Multiplication is given by
(A1er + Arex + Aza)(pier + poer + pusza) = Aprerer +rjpuoeier +Auzera
+Aopiezer + Appuoerer + A puzena
+Aszprae; +Azpugaer + Azuzaa,
which is equal to Ayu1e; +0+Aypuza +0+ Appuzer + 040+ Azppa + 0. That is,

(Areg +Azex +A3a)(nier + uoes + pn3a) = Aypeier +ropoer + (A uz +Azpzla.
This should be familiar. If we write Aje; + Arex + A3a as

Al A3
0 i)/’

then the above multiplication is simply

(/\1 A3) (Ml M3)=(MM1 /\1M3+?»3M2)
0 2/\0 wu 0 Ao it2 '

which shows that kQ = U;(k), upper triangular matrices. More formally define 1 :
kQ — Uy (k) by e — E11, ep +— Ey and a — E5 and extend by linearity. By above
this is a k-algebra homomorphism which is clearly surjective. Since both sides have
dimension three, ¥ is also injective.

(3) Consider

o

o= ().
The basis of kQ is given by e}, o, ¢ -, @ -« - ¢, . .., and so kQ is infinite-dimensional.
If we agree to write
a-...-a=ao",
\—\,—/

then every element of kQ is by definition a finite sum of paths in Q, i.e., a polynomial
in «. Since all paths can be composed the multiplication in kQ is
ol =(a-...~a)(oz~...-a)=oz~...-oe=ai+j
e N — — ———
i J i+j
extended by linearity, i.e., polynomial multiplication. This shows that kQ = k[X].
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a b
(4) Consider Q = {7357 3. The basis for kQ is given by e, e;, e3, a, b and

a-b. and so kQ is six-dimensional. In kQ the product ba equals zero whereas the
product ab equals the path a - b. Some other products:

aa=0, eja=a, ea=0, ejea=0, (a-be3=a-b.
In fact, kQ = U3 (k) in a similar way to (2). See Exercise 6.1.2.

Thus by studying quivers we have recovered many of the algebras that we already
know. In fact if we now study quivers with relations we can obtain even more:

DEFINITION 6.0.11. For a given quiver Q a relation is just a k-linear combination
of paths in Q, each with the same head and tail. Given a finite number of specified
relations Ry, ..., R, we can form the two-sided ideal

R:=kQRkQ+---+kQR,kQ

of kQ. We call (Q, R) a quiver with relations and we call kQ/R the path algebra of a
quiver with relations.

REMARK 6.0.12. Informally think of a relation p — g as saying “going along path p
is the same as going along path ¢” since p =¢ in kQ/R. Because of this we sometimes
say “subject to the relation p = ¢~ when we really mean “subject to the relation p —g”.

EXAMPLES 6.0.13. (1) Consider
o

0= ()

subject to the relation o - . Then kQ = k[ X] and under this isomorphism the two-sided

ideal generated by « - « corresponds to the ideal generated by X2 in k[X]. Thus

kQ/R = k[X1/(X?).

(2) Consider a

subject to the relations a-b —ey and b-a —ep. Then kQ/R = M, (k). To see this notice

(in a very similar way to Example 6.0.10(2)) that there is a k-algebra homomorphism

Y1 kQ — Mjy(k) by sending e; — Eq1, ea— Ey, at— Ej3, b— Ej1. Now
V(@a-b—e)=EpnEn—En=E;—En=0,
V(b-a—ey))=ExE;p—Exn=En—En=0,

and so ¢ induces a well-defined algebra homomorphism kQ /R — Mj (k). It is clearly

surjective. But the dimension of kQ/R is four which is the same as the dimension of
M, (k). Hence the map is also injective, so kQ/R = M, (k).

DEFINITION 6.0.14. (1) Let kQ be the path algebra of a quiver Q. A finite-
dimensional quiver representation of Q is the assignment to every vertex i € Qg a
finite-dimensional vector space V; and to every arrow a a linear map f; : Vi) = Vi(a)-
We sometimes denote this data by (V;, f,;). Note that by convention we always assign
to the trivial loops e; the identity linear map.
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(2) If (Q, R) is a quiver with relations, we define a finite-dimensional quiver represen-
tation of (Q, R) to be a finite-dimensional quiver representation of Q such that for all
relations R;, if R; =) Ap,p then Y} i), fp = Omap.

Note that if there are no relations (i.e., R = 0) then trivially a finite-dimensional
quiver representation of Q is the same thing as a finite-dimensional quiver representation

of (0, R).

EXAMPLE 6.0.15. Consider

subject to the relation a - ¢ — b - c. If we set

fa=id fe=id Ja=id fo=id
M = — S3k—>k and N:= kT 3 k—k
fp=id fp=0

then M is a quiver representation of (Q, R) since the relation f, - fo — fp - fc =0 holds.
However N is not a quiver representation of (Q, R) since the relation does not hold.

To make quiver representations into a category, we must define morphisms:

DEFINITION 6.0.16. Suppose (Q, R) is a quiver with relations, and V = (V;, f,)
and W = (W;, g,) are quiver representations for (Q, R). A morphism of quiver
representations ¥ from V to W is given by specifying, for every vertex i, a linear map
Y : Vi = W; such that for every arrow a € Q|

fa
Vitwy —— Vi)
Vi(a) Vi(a)
8a
Wia) — Wi

we have fu - Vi) = Vi) - a-

EXAMPLES 6.0.17. (1) Consider Q =« —% « (no relations). Consider M and N
defined in Example 6.0.21(2). To specify a morphism of quiver representations from M
to N we must find linear maps | and v such that

k k
1//1‘ ‘Wz
k 0

commutes. Note v, is the zero map, whereas v can be an arbitrary scalar. Now to
specify a morphism of quiver representations from N to M we must find linear maps

id
E——
0

B —
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k k
¢ ’ ’ )
k 0
commutes. Note ¢, is the zero map, and the fact that the diagram commutes forces ¢

to be the zero map too. This shows that the only morphism of quiver representations
from N to M is the zero morphism.

(2) Consider

¢1 and ¢, such that
d

_—

i
0

Em——

0= e e

b
subject to the relations a -b — ey and b - a — e>. By Example 6.0.13(2)
kQ/R = M (k).

Suppose that
Ja

—

M = j» K

-~

Ib

is a quiver representation of (Q, R). Note that since f, - f =id and f} - f, =id, both
fa and fj must be linear isomorphisms. Now it is clear that

id
' kn

~

id
is a quiver representation of (Q, R) and further

Ja
e

b
id fa
K" kn

id

is a morphism of quiver representations since both

fa
Ktk K" K"
fb
id fa and id Ja
id
Kt g K" K"
id

commute.
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DEFINITION 6.0.18. For a quiver with relations (Q, R) we define fRep(kQ, R) to
be the category of all finite-dimensional quiver representations, where the morphisms
are defined to be all morphisms of quiver representations. We denote by fdmodkQ/R
the category of finite-dimensional right £ Q / R-modules

The category fRep(kQ, R) is visual and computable; in contrast, the category
fdmod kQ/R is more abstract. The following result is one of the main motivations for
studying quivers.

THEOREM 6.0.19. Suppose (Q, R) is a quiver with relations. Then finite-dimensional
quiver representations of (Q, R) are the same as finite-dimensional right k Q / R-modules.
More specifically there is an equivalence of categories

fRep(kQ, R) ~ fdmod kQ/R.

SKETCH PROOF. If M is a finite-dimensional right £ Q/R-module, define a finite-
dimensional quiver representation of (Q, R) by setting V; = Me; and fy : Me;(q) —
Mep4) by fa(x) = xa. Conversely, given a quiver representation (V;, fy) of (Q, R),
define M = P, 00 V;. Denote by V; A Yt V; inclusion and projection; then M is
a right kQ/R-module via

x-(ay ... am) =ty Jam ©- -0 faln,(al)(x),

X-e =t omi(x).
It is fairly straightforward to show that these are inverses. O

REMARK 6.0.20. (1) Suppose we want to understand the modules of some algebra
A. Theorem 6.0.19 says that, provided we can find a quiver Q with relations R such
that A = kQ/R, then A-modules are precisely the same as quiver representations of
(Q, R). This means that A-modules are very easy to write down! Hence Theorem
6.0.19 gives us a method to visualise modules.

(2) Note that in the proof of Theorem 6.0.19 if (V;, f,) is a quiver representation of
(Q, R) then the corresponding kQ/R module has dimension ZieQO dimy V;.

EXAMPLES 6.0.21. (1) Consider Q =« (no relations). Then by Example 6.0.10(1)
kQ = k and so k-modules are the same as quiver representations for Q. But here to
specify a quiver representation we just need to assign a vector space to the only vertex,
and so quiver representations are precisely the same as vector spaces. This just says
that k-modules are the same as vector spaces.

(2) Consider Q =« —% .« (no relations). By Example 6.0.10(2) kQ = U, (k) and
so Up(k)-modules are the same as quiver representations of Q. Hence examples of
U, (k)-modules include

Mi=(k-%k) ad N:=( k-20).
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(3) Consider Q = Q (no relations). By Example 6.0.10(3) kQ = k[X] and so
k[X]-modules are the same as quiver representations of Q. For example,

id

()

k

is a quiver representation of Q and so is a k[ X ]-module. Now here a quiver representation
of Q is given by specifying a vector space V together with a linear map from V to
itself and so (since kQ = k[X]) k[X]-modules are given by specifying a vector space
V and a linear map V Zv.

(4) Consider

o

o= (»
subject to the relation « - . By Example 6.0.13(1) kQ/R = k[X]/(XZ). Now

Jo=id

()

k

is not a quiver representation for (Q, R) since the relation f, - fy = 0 does not hold
(id -id # 0), hence it is not a module for k[X]/(Xz).

REMARK 6.0.22. If (Q, R) is a quiver with relations, then under Theorem 6.0.19
morphisms of quiver representations correspond to kK Q/R-module homomorphisms.
Further,

monomorphism injective
Y = () corresponds to a { epimorphism <= each y; is an { surjective
isomorphism bijective

linear map. Thus if we have a morphism of quiver representations ¢ = (;) : N - M
in which each ; is an injective linear map, we call N a subrepresentation of M (since
under the above correspondence N embeds into the module of M, so we can view N
as a submodule of M).

EXAMPLE 6.0.23. In Examples 6.0.17(2) the morphism of quiver representations

Ja

k" k"

Ib
id Ja
id

Ktk

id
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is an isomorphism since both the connector maps id and f, are linear isomorphisms.
This shows that as kQ/R = M, (k)-modules,

fa id
M:< . );( e )
Jb id

Taking the direct sum of modules can also be visualised easily in the language of
quivers:

DEFINITION 6.0.24. Suppose (Q, R) is a quiver with relations, and V = (V;, f,),
W = (W;, g4) are quiver representations of (Q, R). Then we define the direct sum
V @ W to be the quiver representation of (Q, R) given by

ow. (fa O
(vem (5 2)

EXAMPLE 6.0.25. (1) Consider Q =+ —% « (no relations) as in Example 6.0.21(2).
Then

(kb )D( k0 )= o B g0 = 2 B,

(2) In Example 6.0.23

id n id
M;( K k" )z <ka)
id id

6.1. Exercises.

EXERCISE 6.1.1. Write down the dimension (if it is finite) of the following quiver
algebras, where there are no relations.

(1) lE. 2 IZi 3) ﬁZi

What is the general result?

EXERCISE 6.1.2. (1) Show that the algebra U, (k) of upper triangular matrices is
algebra-isomorphic to the path algebra of the quiver

12 3 Rk T
subject to no relations. How do we view the algebra D, (k) of diagonal matrices in the
above picture?
(2) (This question shows that U;(k) is not a semisimple algebra.) Consider the case
n=2(@.e., Uy(k) = ¢«—— o )andlet M be the quiver representation (U, (k)-module)

id
k —> k
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Show that M has a subrepresentation (U, (k) submodule) N := 40, , and that there
does not exist a submodule N’ such that M = N @ N'.

EXERCISE 6.1.3 (from quivers to algebras). Consider the following quivers with
relations

o w . 5 o
b o 0 3) L
o =e; af = Ba (no relations)

Identify each with an algebra you are already familiar with. If k = C is there a quiver
with no relations which is isomorphic to the quiver with relations in (1)?

EXERCISE 6.1.4. (From algebras to quivers). Write the following algebras as quivers
with relations (there is not a unique way of answering these —to solve them in as many
ways as possible):

(1) The free algebra in n variables.

(2) The polynomial ring in n variables.

(3) R x S, given knowledge of R and S as quivers with relations.

(4) The group algebra CG, where G is any finite group.

(5) Any k-algebra given by a finite number of generators and a finite number of
relations.

EXERCISE 6.1.5. (1) Show that M, (k) is algebra-isomorphic to the quiver

N 2 Jn—1
I©§©§ = :T/\N/Z
g1 & L

subject to the relations f;g; =e¢; and g; f; = e; 41 forall i such that 1 <i <n—1.
(2) (The quiver proof that M, (k) is semisimple.) By (1) representations of the above
quiver with relations are the same thing as finite-dimensional M,,(k)-modules. Using
the quiver with relations, show that there is precisely one simple M, (k)-module, and it
has dimension n. Further show directly that every finite-dimensional M, (k)-module is
the finite direct sum of this simple module.

(Direct proof of Morita equivalence.) Using (1) and (2), show that there is an equivalence
of categories between mod k and mod M,, (k).

EXERCISE 6.1.6. Show, using quivers, that k[x]/x" has precisely one simple module
(up to isomorphism), and it has dimension one.

EXERCISE 6.1.7. Let k be a field of characteristic zero. Let A be the first Weyl
algebra, that is the path algebra of the quiver

xCeDy

subject to the relation XY — Y X = 1. Show that {0} is the only finite-dimensional
A-module.



Solutions to the exercises

This chapter provides partial solutions to the exercises at the end of each section of
the book.

I. Noncommutative projective geometry

SOLUTION TO EXERCISE 1.6.1. (1) Write A = k[xq{, ..., x,] = Blx,], where B =
klxy,...,x,—1]. Since A= B & Bx, ® Bx,% @ --- we have

ha(t) =hp@O[1 419 412 4. )= hp(r)/(1 —19m),

and we are done by induction on n.

(2) Since F,;, is spanned by words of degree m, considering the last letter in a word
we have the direct sum decomposition F,,, = @/_; Fin—q;xi. Writing hp(t) =) a;t!
we get am = Y ;i am—d; (where a; =0 for i < 0). This leads to the Hilbert series
equation hp(t) = Z?:l hp(1)t%; now solve for hp(z). [l

SOLUTION TO EXERCISE 1.6.2. Suppose that x is a nonzerodivisor and a normal
homogeneous element in A, such that A/xA is a domain. If A is not a domain, it must
have homogeneous nonzero elements y, z with yz = 0. Choose such nonzero y € A,
z € A, with m +n minimal. Then yz =0 in A/x A, where y = y + x A is the image of
y in the factor ring. So y = 0 or 7 = 0; without loss of generality, assume the former.
Then y € xA, so y = xy’ with 0 # y’ of smaller degree than y. Then xy'z =0, and x
is a nonzerodivisor so y'z = 0, contradicting minimality.

In the example A = k(x, y)/(yx2 —x2y, y2x —xyz), the element xy — yx is normal
since x(xy — yx) = —(xy — yx)x and similarly for y. Clearly A/(xy — yx) = k[x, y]
is a noetherian domain. Since the Hilbert series of A is known to be 1/(1 —1)2(1 —12),
a similar argument as in the proof of Lemma 1.3.3 shows that (xy — yx) must be a
nonzerodivisor, so Lemma 1.3.2 applies. O

SOLUTION TO EXERCISE 1.6.3. Let v and w be reduction-unique elements. Let s
be any composition of reductions such that s(v+Aw) is a linear combination of reduced
words, where A € k. Let r be some composition of reductions such that zs(v) is a
linear combination of reduced words, and let # be some composition of reductions such
that uts(w) is a linear combination of reduced words. Then s(v + Aw) = uts(v + Aw)
(since s(v + Aw) is already a linear combination of reduced words) and uts(v + Aw) =
uts(v) + auts(w) =red(v) + Ared(w). Thus s(v + Aw) is independent of s, and the

307
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set of reduction-unique elements is a subspace. Also, s(v 4+ Aw) = red(v + Aw) =
red(v) + Ared(w) and so red(—) is linear on this subspace.

For (3) = (2), the hypothesis is equivalent to F = @ V as k-spaces, where V is
the k-span of the set of reduced words. Given any element #, let s and ¢ be compositions
of reductions such that s(%) and ¢ (h) are both linear combinations of reduced words.
Then s(h) —t(h) € I (since a reduction changes an element to one equivalent modulo
I)and s(h) —t(h) e V. Sos(h) —t(h)e INV =0.

For (2) = (1), if a word w contains a non-resolving ambiguity, then there are
reductions ry, r such that r{ (w) and r,(w) cannot be made equal by performing further
reductions to each. In particular, if s and ¢ are compositions of reductions such that
sr1(w) and trp(w) are both linear combinations of reduced words, they are not equal,
so w is not reduction-unique. (]

SOLUTION TO EXERCISE 1.6.4. The word z2x may first be resolved using g; to
give (xy+yx)x =xyx—+ yx2, which is a linear combination of reduced words, or using g
to give z(xz), which may be further reduced giving xz2 and then x (xy+yx) =x2y4xyx.
These are distinct so their difference is added as the new relation g4 = yx% — x2y.
Similarly, g5 = y2x — xy? is added from resolving z2y two ways. It is straightforward
to check that all ambiguities now resolve.

The basis of reduced words is all words not containing any of z2, zx, zy, y2x, yx2,
which is

)28z i, i, i3 2 0,€ € {0, 1)),

The set of such words with € = 0 has the same Hilbert series as a polynomial ring
in variables of weights 1, 1, 2, namely 1/(1 — 021 —1?) using Exercise 1.6.1. Thus
hat)=0+0/1 =020 -t =1/(1—-1)3. O

SOLUTION TO EXERCISE 1.6.5. (1) The usual isomorphism Hom4(A, A) = A
given by ¢ — ¢ (1) is easily adjusted to prove that Homg (A(—s;), A) = A(s;) in
the graded setting. The indicated formula follows since finite direct sums pull out of
either coordinate of Hom.

2) If ey, ..., en is the standard basis for the free right module P and f1, ..., f; is
the standard basis for the free right module Q, then the matrix M = (m;;) is determined
by ¢p(ej) =D _; fimij. We can take as a basis for Hom(P, A) the dual basis 7, ..., e},
such that ¢} (¢;) =1 and e (ej) = 0 for i # j. Identifying Hom(P, A) and ;L ; A(s;)
using part (a), then {e'} is just the standard basis of P, A(s;). Similarly, the basis
fis .-, fy of Hom(Q, A) is identified with the standard basis of @'}:1 A(t)).

Now the matrix N = (n;;) of ¢* should satisfy ¢*(f*) =) jni jejf since these are
left modules. By definition we have ¢* (") = f*o¢ and f*od(ex) = f*(3_; fimu) =
> [ (fymyg = mix. We also have (Zj n,-jejf)(ek) = Zj njj (e;’f(ek)) =ny, using the
definition of the left A-module structure on Hom(P, A). This proves that M = N, as
required. U

SOLUTION TO EXERCISE 1.6.6. (1) This varies the argument of Lemma1.5.2.
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(2) Using the minimal graded free resolution P, of M to calculate Tor, we see that
TorlA (M4, ak) is the i-th homology of the complex Pe® ok, where Pi®@ sk = P;/P;A=.
Since the resolution is minimal, the maps in this complex are 0 by Lemma 1.5.2, and
thus Torl.A(M ,k) = P;/P; A~ is a k-space of dimension equal to the minimal number
of homogeneous generators of P;. In particular, the minimal free resolution has length
max{i| Tor; (M 4, ak) # 0}, so the statement follows from (1).

(3) Clearly if gk has projective dimension d, using a projective resolution in the
second coordinate to calculate Tor gives max{i| Tor; (M4, ak) # 0} < d. Combined
with part (1) we get the first statement. Obviously we can prove all the same results on
the other side to obtain proj. dim(4 N) < proj.dim(k4) for any left bounded graded left
module N.

(4) By part (b) we have both proj.dim(ky) < proj.dim(4k) and proj.dim(4k) <
proj.dim(k4), so proj.dim(4k) = proj.dim(k4). Finitely generated graded modules
are left bounded, and we only need to consider finitely generated modules by the result
of Auslander. Any finitely generated graded right module M satisfies proj. dim(M) <
proj. dim(4 k) by parts (1) and (2), so r. gl. dim(A) = proj. dim(4 k). Similarly we obtain
1. gl. dim(A) = proj. dim(ky4). [

SOLUTION TO EXERCISE 2.4.1. The required isomorphism follows from an appli-
cation of Lemma 1.5.5(1) followed by its left-sided analog. If A is weakly AS-regular,
that is if (1) and (3) of Definition 2.0.8 hold, then if P, is the minimal graded free resolu-
tion of k4, we know that the P; have finite rank ([218]) and that Qo = Hom4 (P,, A) is
a minimal graded free resolution of k. Applying Hom(—, 4A) to O, yields a complex
of free right modules isomorphic to the original P,, by the isomorphism above. This
implies that E_xtix (ak, o4 A) is isomorphic to k4 (£) if i =d, and is O otherwise. [l

SOLUTION TO EXERCISE 2.4.2. By the Diamond Lemma, A has k-basis
' (yx) Yo i j k= 0)

since the overlap yzx2 resolves. Thus hs(t) = 1/(1 — t)2(1 — t2). Now using
Lemma 2.1.3 and guessing at the final map we write down the potential free resolution
of k4 as follows:

xy=2yx  y? )
(¥) ( 22 yx—2xy
—

0 A(—4) 24 A(—3)®2 A=D)®2EY 4 o,

The proof that this is indeed a free resolution of k4, and the verification of the AS-
Gorenstein condition, is similar to the proof in Example 2.1.5. (]

SOLUTION TO EXERCISE 2.4.3. (1) It is easy to see since the algebra has one
relation that the existence of a graded isomorphism A(t) — A(z’) is equivalent to
the existence of a change of variable x’ = cj1x + 12y, Y = c21x + 20y, such that
X't/ (x")+y't'(y") and xT(x)+yT(y) generate the same ideal of the free algebra, that is,
they are nonzero scalar multiples. By adjusting the change of variable by a scalar, this is
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equivalent to finding such a change of variable with x’'t/(x")+y't'(y/) =x1(x) +y1(y),
since our base field is algebraically closed. We have

eV / /
(;gg):B(;), (;,E);,;):B'(’y‘,) for some matrix B’, (;):C(;)
So
7)Y tpr~f X : AT X
(' ”(r’(y’)) =(CB C(y)’ while -~ (x ”(r(y)) = y)B(Y>'
Thus A(t) = A(t') if and only if B = C'B’C for some invertible matrix C, that is, if
B and B’ are congruent.

(2) This is a tedious but elementary computation.

(3) Let A=k(x,y)/ (xz). To calculate the Hilbert series of A, note that the overlap
of x2 with itself trivially resolves, so the set of words not containing x? is a k-basis
for A. let W, be the set of words of degree n not containing x2, and note that
W, =W, _2yxUW,_1y. Thus dim; A,, =dimy A,,_1 +dimy A,,_, for n > 2, while
dim; Ag = 1 and dimg A| = 2. In terms of Hilbert series we have ha(t) =tha(t) +
12hs(t) + 141 and thus ha(r) = (14+1)/(1 —t —1?). Since dimyg A, is part of the
Fibonacci sequence, these numbers grow exponentially and A has exponential growth;
in particular GKdim(A) = co. The minimal free resolution of k4 is easily calculated to
begin

X
Ay A Ay () AD@2EY 4 Lo,
after which it simply repeats, since xA = {a € A|xa = 0}. In particular, A has infinite
global dimension.

To see that k(x, y)/(yx) is not right noetherian, show that the right ideal generated
by v, xy, xzy, ... is not finitely generated. Similarly, for k(x, y)/ (xz) show that the
right ideal generated by x, yx, y2x, ... is not finitely generated. O

SOLUTION TO EXERCISE 2.4.4. We claim that the minimal free resolution of k is
T(x1)

o n
0— A2 @ Pa-n L a0

i=1
This complex is exact by Lemma 2.1.3, except maybe in the final spot, in other words,
the last map may not be injective. Thus it is exact if and only if it has the Hilbert series
predicted by (2.E), that is h4(r) = 1/(1 —nt + #2). In this case, the AS-Gorenstein
condition follows in the same way and A is weakly AS-regular.

Assume now that the leading term of f = > x;t(x;) is x,x; for some i < n, under
the degree lex order with x| < --- < x,,. Then clearly there are no overlaps to check
and a k-basis of A consists of words not containg x,x;. If Wy, is the set of such words
in degree m, then W,, = (Ulgjgn Wm_lxj) \ Wy—2x,x1. This leads to the Hilbert
series equation a4 (1) = nh4(t)t —h 4 (t)t* and hence ha (1) = 1/(1 —nt +1%). Thus A
is weakly AS-regular by the argument above.
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If instead f has leading term x,%, the same argument as in Exercise 2.4.3 shows that
a change of variable leads to a new relation f = x/z’(x), where 7’ corresponds
to a matrix congruent to the matrix representing r. But every matrix is congruent to
a matrix which is 0 in the (n, n)-spot: this amounts to finding a nontrivial zero of
some homogeneous degree 2 polynomial, which is always possible since n > 2 and k is

algebraically closed. (]

SOLUTION TO EXERCISE 2.4.5. The argument in the proof of Theorem 2.2.1 shows
that if A is AS-regular of global dimension 2, minimally generated by elements of
degrees di < dr < --- <dy, then the free resolution of k4 must have the form

T(x1)

. n
0— A0 " Pacd S0,
i=1

where ¢ = d; + d,—; for all i, and where the 7(x;) are another minimal generating
set for the algebra. Then A = k(x1,...,x,)/(Q_x;it(x;)) and A has Hilbert series
1/ -7, 1% 4+ 1Y), Tt is easy to check that whenever n > 3, necessarily the
denominator of this Hilbert series has a real root bigger than 1 and hence A has
exponential growth. Thus n =1 or n =2, and n =1 is easily ruled out as in the proof
of Theorem 2.2.1. Thus the main case left is n =2 and £ = d| + d,. Write x| = x and
X2 =Y.

If di = d», then we can reduce to the degree 1 generated case simply by reassigning
degrees to the elements; so we know from Theorem 2.2.1 that up to isomorphism
we have one of the relations yx — gxy or yx —xy — x2. If dy > d} but dyi = d»
for some i, then Ad2 = kxi + ky, Adl = kx, and so clearly the relation has the form
x(ax! + by) + cyx = 0 with b and ¢ nonzero. A change of variables sends this to
yx —xy —x't1 or else yx — gxy. Finally, if d; does not divide d», then Ag, = ky,
Ay, = kx, and so the relation is necessarily of the form yx —gxy (after scaling).

This limits the possible regular algebras to those on the given list. That these algebras
really are regular is proved in the same way as for the Jordan and quantum planes: the
Diamond Lemma easily gives their Hilbert series, which is used to prove the obvious
potential resolution of k4 is exact. (]

SOLUTION TO EXERCISE 2.4.6. (1) Recall that v = (xq, ..., x;,). We want to ex-

press 7/ =>" @iy, ig T (Xig)Xiy - . Xi,_, as a matrix product. We have
7'[:2( Z A, .., idxil"'xid—l)xid
id Cilsenld—1
and thus vM is the row vector with i;-th coordinate
WM)iy = X iy igXiy - Xig_y-
ienig—1

We see from this that 7/ is equal to (t(x;), ..., 7(xx))(vM)" = vQ~ ' (vM)". Now
using that QMv' = (vM)!, we get 7’ =vQ~ ' QMv' = vMv' = as claimed. Iterating
this result d times gives w = t ().
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(2) Writing 7 = )_ rjx; for some uniquely determined r;, we see that the r; are the
coordinates of the row vector vM, and hence they are a k-basis for the minimal set of the
relations of the algebra A by the construction of the free resolution of k4 (Lemma 2.1.3).
If we have some other k-basis {y;} of kx| + - - -+ kx,, writing w = ) _ s;y;, the s; are a
basis for the same vector space as the r;, so they are also a minimal set of relations
for A. In particular, taking y;, = 7(x;,) and applying this to t(7) = 7 shows that

X iy T T, ) [ 1<y Sn}
sl

is a minimal set of relations for A. Thus t preserves the ideal of relations and induces
an automorphism of A. [l

SOLUTION TO EXERCISE 3.3.1. The multilinearized relations can be written in the
matrix form
0 zo —ryo\ (X1
—qz0 0 xo y1 | =0.
yo —pxo O 21

The solutions {(xq : yo : z0), (x1:y1 :21)} C P2 x P2 to this equation give X5. Thus
the first projection E of X3 is equal to those (xq : yq : zg) for which the 3 x 3 matrix
M above is singular.

Taking the determinant gives det M = (1 — pgr)xoyozo. Then either pgr = 1 and
det M = 0 identically so E = P2, or pgr # 1 and det M = 0 when xqypzo = 0, that is
when E is the union of the three coordinate lines in P2. The equations for X can also
be written in the matrix form

0 —rzi
(xo yo zo0) 21 0 —gx1 |,
-py1 x1 O

and a similar calculation shows that the second projection of X5 is also equal to E.

Now it is easy to check in each case that for (xq : yg : zg) such that M is singular, it
has rank exactly 2. In fact, in either case for E, the first two rows of M are independent
when zg # 0, the first and third when yy # 0, and the last two when xg % 0. This
implies that for each p € E, there is a unique g € E such that (p, g) € X». A similar
argument using the second projection shows that for each g € E there is a unique p € E
such that (p, q) € X3. Thus X, ={(p, o (p))|p € E} for some bijection o, and we can
find a formula for o by taking the cross product of the first two rows when zo 7% 0 and
similarly in the other two cases.

Thus when zg 7# 0 we get o (xg : yo : 20) = (X0 : 7¢Y0 : ¢20), When yg # 0 the formula
is o(xg: Yo :z0) = (prxg:ryo:zo), and when xg # 0 the formula is o (xg : yg : z9) =
(pxo : yo : pqzo)- These formulas are correct in both cases for E. (When pgr =1
and E = P2, one can easily see that the three formulas match up to give a single
formula.) ]
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SOLUTION TO EXERCISE 3.3.2. This is a similar calculation as in Exercise 3.3.1.
The multilinearized relations can be written in two matrix forms

—YiyY2 YiX2\ _ (YoY1 —Xo)1 X2
oo (50 3) =0 on) G2)

—X1y2 XxX1x2 yoX1 —XoX1 y2
The determinants of both 2 x 2 matrices appearing are identically 0. Thus X3 C
P! x P! x P! has projections w1, and 7p3 which are onto. On the other hand, the
matrices have rank exactly 1 for each point in P! x P!, so that for each (pg, p1) € P! x P!
there is a unique pp € P! with ( Pos P1, P2) € X3; explicitly, it is easy to see that p» = py.
Thus X3 = {(po, p1. Po)|po, p1 € P'} and clearly the full set of point modules is in
bijection already with X3 = P! x P!. Moreover, for the automorphism o of P! x P!
given by (po, p1) = (p1. po), we have X3={(p.¢.r) € ®)|(q,N=0(p,q)}. O

SOLUTION TO EXERCISE 3.3.3. The multilinearization of the relation is ypxi. Its
vanishing set in P! x P!, with coordinates ((xq : y0), (X1 :y1)), is the set

X, = ((1:0) x P U(IP’I x (0:1)).

Then by construction, X, € (IPl)X” consists of sequences of points (pg, ... p,—1) such
that (p;, pi4+1) € E forall 0 <i <n —2. Thus

Xn={(po, ... pa—1)|Fi €{0, ..., n—1} s.t. pj=(1:0) for j <i, pj=(0:1) for j >i}.

In particular, the projection map X, ;1 — X, collapses the set

[((1:0), (1:0), ..., (1:0),9) | g P}

to a single point, and thus the inverse limit of Proposition 3.0.10 does not stabilize for
any n. 0

SOLUTION TO EXERCISE 3.3.4. (1) Assume A is quadratic regular. This exercise
simply formalizes the general pattern seen in all the examples so far. The entries of
the matrix M are of degree 1. Write M = M (x, y, z). Taking the three relations to be
the entries of v M in the free algebra, then the multilinearized relations can be put into
either of the two forms

x1
[OM](x0, y0,z0) | y1 | =0, (xo Yo zo)M(x1,y1,21)=0.
71

Thus if E is the vanishing of det M in P2, then det QM = det Q det M differs only by
a scalar, so also has vanishing set E. Thus E is equal to both the first and second
projections of X, C P2 x P2, by a similar argument as we have seen in the examples.
Either det M vanishes identically and so E = P2, or else det M is a cubic polynomial,
and so E is a degree 3 hypersurface in P2.

(2) Now let A be cubic regular. In this case M has entries of degree 2. We let
N = N(xo, yo; X1, y1) be the matrix M with its entries multilinearized. Then the
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multilinearized relations of A can be put into either of the two forms

X
[ON1(x0, Yo; X1, ¥1) (é) =0,  (x0 o) N(x1,y1;x2,y2) =0.

The determinant of N is a degree (2, 2) multilinear polynomial and so its vanishing is all
of P! x P! if det NV is identically 0, or a degree (2, 2)-hypersurface in P! x P! otherwise.
Again det N and det Q N have the same vanishing set £ and so the projections p2(X3)
and pr3(X3) are both equal to E, where X3 € P! x P! x P! O

SOLUTION TO EXERCISE 4.5.1. We do the quantum plane case; the Jordan plane
can be analyzed with a similar idea. Let A = k{(x, y)/(yx —gxy) where g is not a root
of 1. Recall that {x’y/|i, j > 0} is a k-basis for A. Let I be any nonzero ideal of A
and choose a nonzero element f € I. Write f = Z?:O pi(x)y for some p; (x) € k[x]
with p, # 0. Choose such an element with n as small as possible. Then look at
fx —q'xf e I, which is of smaller degree in y and so must be zero. But this can
happen only if f = p,(x)y", since the powers of ¢ are distinct. A similar argument
in the other variable forces x"y" € I for some m, n. But x and y are normal, and so
x"y" e I implies (x)™(y)" C I. Now if I is also prime, then either (x) C I or else
(y) € I. Thus every nonzero prime ideal / of A contains either x or y.

Now A/(x) = k[y] and k[y] has only O and (y) as graded prime ideals. Similarly,
A/(y) = k[x] which has only 0 and (x) as graded prime ideals. It follows that
0, (x), (y), (x, y) are the only graded primes of A. ]

SOLUTION TO EXERCISE 4.5.2. If 6 € Homgg. 4 (7 (M), 7w (N)) is an isomorphism,
with inverse ¥ € Homgg4 (7w (N), w(M)), find module maps

6:M=p, - N and ¢ :Nsy—> M

representing these morphisms in the respective direct limits limy,— oo Homg 4 (M>,, N)
and limy,— oo Homg 4 (N>, M).

Then for any ¢ > max(m, n), 1Z|N2q O§|M2q :M>4 — M represents ¥ o) = 1. Thus
is equal in the direct limit limy,— oo Homgy 4 (M>,,, M) to the identity map, so for some
(possibly larger) ¢, the map | Nsg © 6| M, is the identity map from M>4 onto M>.
Similarly, there must be r such that 6| M=, © vl N-, gives an isomorphism from N>,
onto N>,. This forces M>; = N> for s = max(q_, r). The converse is similar. U

SOLUTION TO EXERCISE 4.5.3. Consider a Zhang twist S = R for some graded
automorphism o. Thus o acts as a bijection of Ry = kx + ky + xz. We claim that
w € S1 = Rj is normal in S if and only if w is an eigenvector for o. Since w*S| = wR|
and S1 *w = Ryo(w), we have w normal in § if and only if wR| = o (w) R, which
happens if and only if o (w) = Aw for some A (for example, by unique factorization),
proving the claim.

Now the quantum polynomial ring A of Example 4.1.4 has normal elements x, y, z
which are a basis for Aj. By the previous paragraph, if ¢ : A — R is an isomorphism,
we can take the images of x, y, z to be a basis of eigenvectors for o; after a change of
variables, we can take these to be the elements with those names already in Ry, and
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thus o is now diagonalized with o (x) = ax, o (y) = by, o(z) = cz for nonzero a, b, c.
But then the relations of R are

y*x—ab_lx*y, z*y—bc_ly*z, x*kz—ca lzxx,

where (ab~1)(bc™")(ca™') = 1. Conversely, if pgr = 1 then taking a = p, b = 1,
c=q ' wehave ab~! = p, be™! = ¢, ca™! = r so that the twist R® by the o above
will have the relations of the quantum polynomial ring in Example 4.1.4. (]

SOLUTION TO EXERCISE 4.5.4. (1) We have the following portion of the long exact
sequence in Ext:

e BXU(A/ Az, A) —2> ExXC(A/Azp i1, A) —> Ext! (@ k(—n), A) —> -

as indicated in the hint. If E_xti (k, A) is finite-dimensional, say it is contained in degrees
between m and m,, then E_xti (@ k(—n), A) is finite-dimensional and contained in
degrees between m| —n and my — n. In particular, E_xti (A/Asp41, A)/(im @) is finite-
dimensional, and is contained in negative degrees for n > 0. This shows by induction
on n that the nonnegative part of the direct limit lim,_; s E_xti (A/A>p, A)=p is also
finite-dimensional. If Ext (k, A) =0, then this same exact sequence implies by induction
that Ext' (A/As,, A) =0 for all n, and so lim,_, oo Ext'(A/A>,, A) =0 in this case.

(2) Calculating Ext' (k, A) with a minimal projective resolution of k, since A is
noetherian each term in the resolution is noetherian, and so the homology groups
Ext! (k, A) will also be noetherian A-modules. Calculating with an injective resolution
of A instead, after applying Hom(k 4, —) each term is an A-module killed by A~ . Thus
the homology groups Ext' (k, A) will also be killed by A~;. Thus Ext' (k, A) is both
finitely generated and killed by A1, so it is a finite-dimensional A/A>| = k-module.
(The reason this argument fails in the noncommutative case is that calculating with
the projective resolution gives a right A-module structure to the Ext groups, while
the calculation with the injective resolution gives a left A-module structure to the Ext
groups. The Ext groups are then (A, A)-bimodules which are finitely generated on one
side and killed by A~ on the other, which does not force them to be finite-dimensional.
In the commutative case the left and right module structures must coincide.) (]

SOLUTION TO EXERCISE 4.5.5. (1) We have seen that {x’y/|i, j > 0} is a k-basis
of B, by the Diamond Lemma. Thus By has k-basis {xy/]i >0, j>1} and B/By has
{1, x, xz, ...} as k-basis. The idealizer A’ of By is certainly a graded subring, so if
it is larger than A, then x" € A’ for some n > 1. But then yx" = x"y +nx"tl e By,
which is clearly false since chark = 0. Obviously k € A" and thus A’ = A.

(2) Since x" By € A for all n > 1, we see that each x” € B is annihilated by A~ = By
as a right A-module. Thus the right A-module structure of B/A is the same as its
A/A> 1 = k-vector space structure. In particular, as a graded module it is isomorphic to
Byo1 k().

(3) Left multiplication by x” for any n > 1 gives a homomorphism of degree n in
Homu (A>1, A), because x" A~ € A. Any homomorphism in Homy4 (A, A) is equal to
left multiplication by some a € A, and if its restriction to Hom (A>1, A) is the same
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as left multiplication by x" we get ab = x"b for all b € A~ and thus a = x"" since B
is a domain. This contradicts x” ¢ A. Thus x” is an element of Hom4 (A>1, A) not in
the image of Hom4 (A, A) for each n > 1. The map Homy4 (A, A) — Homy(A>q, A)
is also clearly injective, and so from the long exact sequence we get that E_xti‘ (kg, A)
is infinite-dimensional.

More generally, all of the maps in the direct limit lim,— oo Homy (A>,, A) are
injective, since A is a domain; hence the cokernel lim,_; o E_xtl‘ (A/Asp, A) of the
map A — Homggr 4 (7w (A), 7 (A)) is also infinite-dimensional. (In fact one may show
that Homgg- 4 (7w (A), w(A)) = B). ]

II. Deformations of algebras in noncommutative geometry

SOLUTION TO EXERCISE 1.2.1. (a) Write Weyl,, := A/(R) where A is the free
algebra on xq,...,x, and yi,...,y,, and R is the span of the defining relations
X;yj—yjXi =0ij, xixj —x;x;, and y;y; —y;y;. We then have a unique homomorphism
¢ : A — D(A") by the assignment ¢ (x;) = x; and ¢(y;) = —9;. We show that
#(R) =0, and hence ¢ factors through a homomorphism ¢ : Weyl, — D(A"). This
follows from a direct computation: to verify x; (—d;) — (=9;)x; = §;;, we check that
X (=0;)(f) — (=3,)(x; f) = —(=03;)(x;) - f = J;; f; then note that multiplication
operators by x; and x; commute, as do partial derivative operators 0;, d;. It is clear
that ¢ is surjective, since it sends generators to generators.

(b) We need to show that ¢ is injective. We first claim that Weyl, is spanned by the
operators f- P where f € k[x{,...,x,] and P € k[yy, ..., y,] are monomials. This
is easy to see, because given any monomial in x; and y;, we can apply the relations
to push the y; to the right and the x; to the left, resulting in a linear combination of
elements of the desired form. Next, we claim that the resulting elements ¢( f P) are
linearly independent (again assuming f and P are monomials). This implies not only
that ¢ is an isomorphism, but in fact that these elements f P form a basis of Weyl,,
(note that, in Exercise 1.2.8 below, we will actually see that this is a basis for arbitrary
commutative rings k, and not merely for characteristic zero fields; but note that ¢ will
no longer be an isomorphism in this generality).

It remains to prove the final claim. For a contradiction, suppose that a nonzero linear
combination F :=) £P Af, p(f_)( f P) of such monomials is zero, with A 7, p € k. Let
P be of maximal degree such that A s p # 0. Let g € k[xy, ..., x;] be the monomial
corresponding to P, i.e., such that, viewing g as a function in n variables, P =
g(d1,...,9y). Then, applying the operator F to g, we get F(g) = cf where ¢ > 1
is a positive integer (specifically, if g = x{' coexi then ¢ = rq!rp! - - - rp!). Since we
assumed that k had characteristic zero, we have cf # 0, which is a contradiction,
since F was assumed to be zero. (Note that this proof works when k is any ring of
characteristic zero, not necessarily a field.) |

SOLUTION TO EXERCISE 1.2.3. It can easily be seen from the definition that the
map ¢ : Weyl,, — Weyl(V) such that ¢ (x;) = x; and ¢ (y;) = y; is a homomorphism. It
is surjective since V is spanned by the x; and y;. We only need to show it is injective.



SOLUTIONS FOR CHAPTER II: DEFORMATIONS OF ALGEBRAS IN NONCOMMUTATIVE GEOMETRY 317

The kernel is (R) where R is the span of the relations xy — yx — (x, y), for x, y € V.
We only need to show these are zero in Weyl,,. To do so, write x and y as a linear
combination of the x; and y;. Then xy —yx —(x, y) decomposes as a linear combination
of the defining relations of Weyl,, (where x and y are replaced by basis elements). [J

SOLUTION TO EXERCISE 1.2.7. Following the hint, we showed above in the so-
lution to Exercise 1.2.1.(b) that a basis for D(A") is of the desired form. Since the
associated graded elements of this basis are clearly a basis for Sym V, it remains only
to see that the degree of these elements matches the description: under the additive
filtration, x; and y; are both in degree one, whereas under the geometric filtration, the
x; are in degree zero and the y; are in degree one. (]

SOLUTION TO EXERCISE 1.2.8. Setting k = Z, the result actually follows from the
solution given for Exercise 1.2.1.(b) above. But then, applying ®zk gives the result
for Weyl,, (k) defined over an arbitrary rings k, again by the same relations (since
Weyl, (k) = Weyl, (Z) ®7 k). In the case that k is a field and V is a vector space, we
then know that Weyl,, = Weyl(V) by Exercise 1.2.3. U

SOLUTION TO EXERCISE 1.3.4. Let ¢ : TV =gr(T'V) — gr A be the tautological
surjection. We show that ¢ (R) =0, so that it descends to a homomorphism ¢ : B — gr A.
Indeed, R =gr(R) =gr(E) C gr(TV) =TV, which implies that ¢(R) = 0. O

SOLUTION TO EXERCISE 1.4.2. The skew-symmetry and Jacobi identities for {—,—}
follow immediately from those identities for the commutator [a, b] = ab — ba, by
taking associated graded, using the identities {gr,, a, gr,, b} = gr,,1,_g4la, b] and
{gr,, a, {gr, b, 8y c}} = grm+n+p_2d[a, [b,cl]], fora e A<y, b € A<y, and c € A<
(which follow immediately). The Leibniz rule is then equivalent to the statement that
{gr,, a, —} is a derivation for all a € A<, (and all m > 0). This follows because [a, —]
is a derivation already in A: [a, bc] = [a, b]c + bla, c]; we then apply 8 mtntp—d>
assuming a € A<y, b € A<y, and c € A<p. O

SOLUTION TO EXERCISE 1.4.3. If d is not maximal such that gr(A) is commuta-
tive, then [A<n, A<n] € A<(nyn—q—1) forallm,n>0. Thus gr,, 1, _4[A<m, A<n]=0,
and hence {gr,, A, gr, A} =0. g

SOLUTION TO EXERCISE 1.4.4. For x, y € g, we have

{grix, gryy} =gri(xy —yx) =gri{x, y}
(denoting the Lie bracket on g also by {—, —}), which is the bracket of (1.D). Then,
(1.D) follows from the Leibniz identity (indeed, it is clear that the Leibniz identity
uniquely determines the Poisson bracket from the Lie bracket on generators, so there

is a unique formula for the LHS of (1.D), and it is easy to check this formula is the
RHS). O

SOLUTION TO EXERCISE 1.4.5. By Exercise 1.2.7 (solved above), we only need
to identify the Poisson bracket on gr Weyl(V) with the bracket on Sym V. By the
Leibniz rule, it suffices to check this on homogeneous generators. In the case of the
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additive filtration, gr V is homogeneous of degree one, and we have uv —vw = (u, v) in
Weyl(V), matching {u, v} = (u, v) in Sym V, as desired. In the case of the geometric
filtration, the same identity holds, requiring # and v to be homogeneous (of degree zero
or one) in V. U

SOLUTION TO EXERCISE 1.5.2. By definition, Diff is nonnegatively filtered. We
only need to show that its associated graded algebra is commutative, i.e., that

[Difffm (B)a Diffgn (B)] - Diffgm—l—n—l (B)

We prove this inductively on the sum m + n. Applying ad(b) for b € B, we obtain by
the Leibniz identity for commutators,

ad(b)([Diff <, (B), Diff<, (B)])
C [ad(b)(Diff <, (B)), Diff<,, (B)] + [Diff <, (B), ad(b) Diff<, (B)]
C [Diff<,,_1(B), Diff<, (B)] 4 [Diff<, (B), Diff<,_ (B)],

and both terms on the RHS lie in Diff;,,_1(B) by the inductive hypothesis. O

SOLUTION TO EXERCISE 1.9.5. (i) This is a matter of checking the definition.
Given a representation of Q, we let every path in k Q act by the corresponding composite
of linear transformations. Given a representation of kQ, we restrict the representation
to the subset QO C kQ to obtain a representation of Q.

(i1) More generally, if we fix (V;), then every representation of the form (p, (V;)) is
clearly given by the choices of linear operators p(a) : Vg, — Vg, foralla € Q1. 0

SOLUTION TO EXERCISE 1.9.6. If there is only one vertex, then paths in the quiver

are the same as words in the arrows, which form a basis for the tensor algebra over
kO;. O

SOLUTION TO EXERCISE 1.9.8. For any vector space, T*V =V @ V*, canonically.
Thus the assertion follows from Exercise 1.9.5.(ii). O

SOLUTION TO EXERCISE 1.9.10. (i) This follows because the relations are qua-
dratic (hence homogeneous).

(i1) The associated graded space of the relations for IT (Q) identifies with the span of
the relations for I1o(Q), so by Exercise 1.3.4 we have a surjection gr [T, (Q) — Ip(Q).

(iii) For the quiver Q with two vertices and one arrow, from one vertex to the other,
we can consider A = (0, 1). Let a, a* be the two arrows in Q with Ag, =0 and A4, = 1.
Then I, (Q) = kQ/(a*a, aa* —ap,). Thus a*(aa*) = a*a, = a* in 1, (Q), but also
(a*a)a* = 0. So a* =0 in I, (Q), hence also in gr ITy (Q), but this is not true in
[p(Q). U

SOLUTION TO EXERCISE 1.9.13. By definition, Rep,(IT;(Q)) is the subspace of
the space of all representations of Q satisfying the relation 1 (p) = A - Id. (]
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SOLUTION TO EXECISE 1.10.1. The first statement follows because the monomials
given are those in which xy and yx (which are zero) do not appear. The next statement,
that A, , = {0} for a # b, follows because in this case xyx = ax = bx implies x =0,
and then 0 = xy = a and 0 = yx = b shows that, since one of a and b is nonzero, we
obtain the relation 1 =0, i.e., A, = {0}.

The final statement, that A, , = Kk[x, xil], follows because in this case the relations
are equivalent to y = ax~!. It is clear that a basis of k[x, x '] is given by monomials
in either x or x~1 = a~!y, but not both, proving the next statement. Since the basis
is the same as for the case a = 0, we obtain that A, j is flat along the diagonal, as
desired. [l

SOLUTION TO EXERCISE 1.10.2. (a) One way to correct this, which we will use
below, is e = —3D?, f = 3x%, and h =[e, f]= —3(xD + Dx).

(b) For this, we first compute that, in a highest weight representation of highest weight
m, the element C acts by %mQ +m. Indeed, since C is central, it suffices to compute this
on the highest weight vector v, where (ef + fe+ %hz)(v) =(h+ %hz)(v) = (%m2+m)v.

Thus we only have to solve %mZ +m= —%. We obtain the solutions —%, —%, as desired.
(c) Clearly {1,x2,x* .. }isan eigenbasis under the operator & = —%(xD + Dx),
with eigenvalues —%, —%, —%, .... Moreover, it is clearly generated by the highest

weight vector 1. So this is a highest weight representation of highest weight —%.

(d) We know that all finite-dimensional irreducible representations of sl are highest
weight representations, with nonnegative highest weights. Part (b) above shows that
(Uslp)" does not admit such highest weight representations, hence it admits no finite-
dimensional irreducible representations. By the isomorphism of (a), neither does
Weyl(V)C. For the final statement, note that any finite-dimensional representation has
an irreducible quotient, so the existence of a finite-dimensional representation implies
the existence of a finite-dimensional irreducible representation. t

SOLUTION TO EXERCISE 1.10.5. The first statement follows because a surjection
of finite-dimensional spaces is an isomorphism if and only if the dimensions are
equal. The second statement follows for the same reason, applied to each weight space
individually. (]

SOLUTION TO EXERCISE 1.10.6. (a) Notice that the defining relations form a
Grobner basis: xy — yx —z, yz —zy — x, and zx — xz — y. Therefore, using the
lexicographical ordering on monomials with x < y < z, we can uniquely reduce any
element to a linear combination of monomials of the form x¢ yh z, just as for k[x, y, z].
(That is, since we have a Grobner basis for a filtered algebra A whose associated graded
set is a Grobner basis for the associated graded algebra B = gr(A), we conclude that
the canonical surjection B — gr(A) of Exercise 1.3.4 is an isomorphism.)

It is clear that this algebra is the enveloping algebra of the three-dimensional Lie
algebra with basis x, y, z satisfying [x, y] =z, [y, z] = x, and [z, x] = y. This must
be isomorphic to sl since the latter is the unique three-dimensional Lie algebra g
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which is semisimple, i.e., satisfying [g, g] = g. Alternatively, we can explicitly write an
isomorphism with sl,, by the assignment x = %(e —f),y= %(e 4+ f),and z = %h

(b) For example, one can get a deformation which is not flat by setting [x, y] =
x,[y,z] =0, and [z, x] = y. This does not satisfy the Jacobi identity: [x, [y, z]] +
v, [z, x]] + [z, [x, Y]] =0+ 0+ [z, x] = y. Thus it will not be flat: the element y is
generated by these relations, and hence so is x since [x, y] = x. Thus the quotient by
these relations is k[z].

(c) A Grobner basis is again given by the defining relations, whose associated
graded relations are the defining relations for the skew product B := Sym(k?) x Z/2 =
k[x, y] x Z/2, independently of L. Thus, letting A denote the Cherednik algebra we
define here, we get an isomorphism B — gr(A), which says (by our definition) that A
is a flat deformation of B for all A.

(d) For the associated graded relations, we still get a semidirect product k[x, y]xZ/2,
where now the action of Z/2 is by £ 1Id on x, but is trivial on y. But for the Cherednik
algebra, we will get the relation

0=z, 1=z, [xy — yxI] = [z, x]y + x[z, y] — [z, y]x — ylz, x] = 2z(xy — yx),

and together with the relation xy — yx = 1 we get z = 0. Since z2 =1 we get 1 =0, so
that the algebra defined by these relations is the zero algebra. U

SOLUTION TO EXERCISE 1.10.7. We identify Weyl(V) with Weyl,, for dim V =2n.
To see that Weyl,, x Z/2 is simple, first note that if you have an ideal generated by a
nonzero element of the form f € Weyl,, then it is the unit ideal, because Weyl,, itself
is simple (this is easy to verify: take commutators of f sequentially with generators
x; or y; until we get a nonzero element of k). Writing Z/2 = {1, o}, we also have
(fo)=(fo)o =(f) =() for 0 € Z/2. Now take an ideal of the form (a + bo)
for nonzero a, b € Weyl,. Again by taking commutators with generators, we obtain
that there is an element of the form (1 + co) for some ¢ € Weyl,. If ¢ =0, we are
done. Otherwise, [x, | +co] = (xc 4+ cx)o, which cannot be zero since gr(xc + cx) =
gr(xc) =gr(x) gr(c) # 0. We then get from above that ((xc 4 cx)o) = (1) and hence
our ideal is the unit ideal.

For Weyl%/ 2, we can also do an explicit computation; alternatively, we can follow
the hint. Namely, for f € Weyl,%/ 2, note that f = efe. Thus,

WeylZ/2 . £ WeylZ/? = e(Weyl, x Z/2)(ef e)(Weyl, x Z/2)e

=e(Weyl,, XxZ/2)(f)(Weyl,, x Z/2)e

=e(Weyl,, XZ/2)e = Weyl%/z. (]

SOLUTION TO EXERCISE 1.10.8. Following the hint, we see that if gr(C,) is exact,
then so must be C,. Thus, in the situation at hand, since gr(Q,) — gr(M) is exact, SO
is Qe — M. O
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SOLUTION TO EXERCISE 1.10.11. (a) Given a codimension-one ideal, we have the
algebra morphism B — B/B. =k, and given the algebra morphism, we can take its
kernel, which has codimension one.

(b) It is clear that TV /(T V)4 =k, so by (a) this is an augmentation.

(c) Let V € B4 be any generating subspace (e.g., simply V = By ); we then have a
canonical surjection of augmented algebras, TV — B. Since this is compatible with
the augmentation, the kernel must be in the augmentation ideal, (7' V)4, so we can let
R be this kernel (or any generating subspace of the kernel).

(d) We follow the hint. The last two differentials become zero by construction, since
they involve multiplying V on k. Then the first homology is V.

(e) The second assertion (about the case that R is spanned by homogeneous elements)
follows because we can assume that R has minimal Hilbert series among subspaces
spanned by homogeneous elements which generate the same ideal, call it J. This is
equivalent to the given condition RN(RV +V R) = {0}, for R spanned by homogeneous
elements (hence, R a graded subspace of 7'V), which we can see because, for all m > 2,
Ry, is a complementary subspace in Jy,; t0 Jy N (R<(n—1))-

We now consider the assertion Tor4 (k, k) = R. For the complex in the hint to be
well-defined, we need to show that the multiplication map TV ® R — TV - R is injective
(hence an isomorphism). To see this, for a contradiction, suppose that the kernel, call it
K, is nonzero, and that m > 0 is the least nonnegative integer such that the projection of
the kernel to 7"V ® R is nonzero. By the assumption (RV 4+ V R) N R = {0} (in fact we
only need (TV)4+ RN R ={0}), we must have m # 0. Take an element f € K projecting
to a nonzero element of 7"V ® R. Let (v;) be a basis of V and write f =), v; fi for
fi € TV ® R. Then we clearly have f; € K as well for all i; but some f; must have a
nonzero projection to 7"~V ® R, a contradiction.

Let K be the kernel of the map B® R — B ® V, and consider its inverse image
K CTV®RCTYV. Then it is clear that K = (TV - R)N(TV - R- TV,). Thus we
can let S = K (or any left 7V-module generating subspace thereof), and we obtain the
extension of the resolution given in the hint. Applying ® gk, and using the assumption
RN (RV 4+ VR)={0}, we get a complex S — R — V — k. We claim that the maps are
zero. The map R — V is zero by the assumption R C ((T V)+)2. The final step, showing
that S — R is zero, uses the full strength of the assumption R N (RV + VR) = {0}.
Namely, we can assume S = K= (TV-R)N(TV-R-TV,). Then the kernel of S — R is
(TV4-R)N(TV-R-TVy). This is all of S, though, because if ), fir; =)_; gir/h; for
fi-g €TV,h; €TV, and r;, rl./ € R, then we can write f; = A; +fiJr for ff eTV,,
and we then have }; A;jrj = —3_; fj+rj + > i (gir/h}) € RN(RV + VR), which must
be zero. Hence f; = fl.+, and (TV4-R)N(TV-R-TVy)=(TV-R)N(TV-R-TV,),
so the map S — R is zero, as desired. O

SOLUTION TO EXERCISE 1.10.13. This follows from the previous exercise; namely,
in the graded case, we can certainly assume B = TV /(R) where R is spanned by ho-
mogeneous elements in degrees > 2. It follows from part (d) that V = Tor (k, k). If
R is minimal, then it follows from part (e) that R = Tor, (k, k). Hence, if Tor, (k, k)
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is concentrated in degree two, B is quadratic by taking minimal R. The converse is
immediate from part (e) above. [l

SOLUTION TO EXERCISE 1.10.15. If we apply ® pk to (1.0), we immediately get
that (2) implies (1). We show that (1) implies (2). Take a minimal graded projective
resolution as in (1.0), where by minimal we mean that the Hilbert series of the
V; are minimal (which uniquely determines the resolution, inductively constructing
B®YV; > B®V;_1 so that h(V;; t) is minimal). Then V; is in degrees > i for all i. We
show by induction that V; is in degree exactly i for all i. Indeed, if not, and m is minimal
such that V,, is not only in degree m, then applying ® gk to the minimal resolution,
we obtain that Tor, (k, k) = V,, is not concentrated in degree m, a contradiction. [

SOLUTION TO EXERCISE 1.10.16. (a) Taking associated graded, we see that
g(E®VN (V4K ®E) Cgr(E®V)Ngrn(V+Kk®E)=R®VNV @R,

(b) The fact that the sequences are complexes is straightforward, and the exactness
at BV, B, A®QV, and A was already observed in Exercise 1.10.11.(d). Now, restrict
the first complex (which is a complex of graded modules) to degrees < 3. Then, its
exactness follows from Exercise 1.10.11.(e), since in this case the degree < 3 part of
(R)VN(TV)4-Risjust RVNVR, which is S by definition.

(c) Note that the maps AQT - A® E and B® S — B ® R are injective in
degrees < 3. Restricting to degrees < 3, the second complex deforms the first except
possibly at A ® T. Moreover, in this situation, the associated graded of the kernel of
AQ®FE — A® YV must be S in degree three; since E deforms R, this implies that the
kernel lies in (V @ k) ® E, and hence must be (V +k)E N EV (here the parentheses
do not denote an ideal).

(d) The solution is outlined in the problem sheet. [l

SOLUTION TO EXERCISE 2.3.2. Here we note that, if B is finite-dimensional, then
B[[h] = B ®x k[[#A]l, the ordinary tensor product (allowing only finite linear combi-
nations). Explicitly, if by, ..., b, is a basis of B, then B[#] is a free k[]-module
with basis by, ..., b,. Then, (2.E) follows from the fact that bfxb'g = (bxb’) fg for
b,b' € B and f, g € k[[A].

On the other hand, if B is infinite-dimensional, then this argument does not apply:
knowing b x b’ only will determine (b1 fi + -+ + by fin) * (c1g1 + -+ - + cngn) by
k[[#]-linearity, for by, ..., by, c1,...,cn € Band fi,..., fm, &1,---,&n € k[[A]. So
multiplying two series with coefficients linearly independent in B will not be determined
by k[[#]-linearity from the star product on B, i.e., (2.E) need not hold. (We will not
attempt to construct a counterexample, however.) 1

SOLUTION TO EXERCISE 2.3.10. (a) This follows immediately from the formula:
in particular, x; x y; = x;y; + %hé,-j, Vj*Xi = Xjyj — %h&-j, X; xxj = x;xj, and
Yi*xyj=DYiyj- Also, f*z,' = fZ,' =7 *f for all f

1

(b) This follows because e — ano %zinh"n”, and 7" decreases degree by 2n,

so the sum evaluated on any element f ® g is finite.
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(c) Since we have a star product defined over k[#], i.e., (O(X)[A], x), we can
quotient by the ideal (4 — 1) (which is not the unit ideal) and get back a star product
which is obtained from the above by setting /i = 1; in particular it is clearly a filtered
deformation of the undeformed product.

(d) By part (a), the given map is a homomorphism, and it is clearly surjective. To
test injectivity, it suffices to show that the associated graded morphism is injective,
but the latter morphism is the identity. Uniqueness follows because the x;, y;, and z;
generate the source (they also generate the target, of course).

(e) If we show that the map, call it @, is an algebra morphism, then it will
automatically invert the morphism of (d), since it sends the generators x;, y;, and
z; to the generators x;, y;, and z;. We have to show that, for generators f;, g; €

(X1, o o Xy V1o o ooy Yms 215 - - > Zn—2m }» that, with multiplication taken in the Weyl
algebra,
O(f1- - f)P(g1---gp) =P(f1-+ fuxg1 - 8&p)- (ILA)
The LHS can be expanded as
1
ol Z Joy Jom &) - &x(p)- (Il.B)
P 0ESy,TES)

Now we can attempt to symmetrize this by applying the relations of the Weyl algebra.
More precisely, recall that an n, p-shuffle is a permutation 6 € Sy, such that 6(1) <
-<0f®m) and O(n+1) <--- <0(n+ p). Let Sh, ;, € Sy, be the set of all such
shuffles, which has size (n + p)!/(n!p!). For each 6 € Sh, ,, and each summand
fo) - fom &) -+ - &x(p) of the above, we can rearrange the terms according to the
shuffle 6, by moving first f;,) to its proper place, then f,(,—1), etc.; each time we
move an f; past a g, we apply the relation f;g; = g; fi +1g;, fi]. Since the g; and f;
are generators of the Weyl algebra, [g;, fi] € k[[7]]. Doing this, we obtain the following
identity. Define the following index set we will use for the summation that results:

Pairs, , :={(I,J,0) |1 C{1,...,n},J C{1,..., p},t: 1 — J bijective},
which is the set of partial pairings between {1, ..., n} and {1, ..., p}. Define the subset
Pairsy = ((1, J, 1) € Pairs,, , | 1(i) < 0(i),V €i},

obeying the condition (i) < 6(i). For each 1 <i < n, let [f;] denote f; if i ¢ I,
and otherwise let it denote [ f;, g,i)] = {fi» &)} Let {g;} denote g; if j ¢ J and 1
otherwise. We then get

fiefagiogp= Y. 9<H[ﬁ]]_[{gj}),

(I,J,1)ePairsy  “i=l1 j=1

where the 0 rearranges the following n 4 p terms according to the permutation. Call the
RHS Ry. We can then write the LHS as (n!p!/(n+p)) Y gegh, , Ro, a symmetrization.
Applying this to (IL.B), one can check that we get the RHS of (II A) identically. Namely,
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both yield the following expansion:

> 2""symm<]‘[[m]"[{g,-}),

(1,J,1)€Pairsy p i=1 j=l1

where now we take the product in the symmetric algebra and apply symm : Sym V —
Weyl(V). This is so because, by symmetry, both sides have to be a sum of the above
form but possibly with coefficients ¢(;, ;,,) replacing 2711 the LHS of (IL.A) has these
coefficients being the probability that, in a random ordering of f1, ..., fu, g1, ..., &ps
we have f; occurring before g,(;) (which is 2-111), and the RHS is 27! by definition.
See also [115, §4.3] for a similar proof in the context of a Moyal product on algebras
defined from quivers. U

SOLUTION TO EXERCISE 2.3.11. Since 72 annihilates v ® w when v, w are gener-
ators, it is immediate that any quantization will satisfy the relations of part (a). Therefore
the map given is an isomorphism. The fact that it is the identity modulo % is equivalent
to the statement that the associated graded morphism is the identity endomorphism of
O(A™M[A]], which is immediate from the definition. [l

SOLUTION TO EXERCISE 2.7.2. As above, if A is finite-dimensional, then A[[A] =
A ®1; k[[A]l, so the space of k[#]-linear endomorphisms of A is identified with
Endy, (A) @ k[[#2]], and every element therein is continuous. Note that, if A is infinite-
dimensional, then a k[[/]]-linear automorphism need not be continuous. U

SOLUTION TO EXERCISE 2.8.1. (a) Here is a bimodule resolution of Sym y:!

0 SymVRA ™y eSymV - SymvV @A™V ly @ Symv — ...
- SymV@V®SymV — SymV QSymV — SymV,

f®(v1/\~-~/\vi)®gl—>Z(—l)j_l(fvj)@)(vl/\'-'ﬁj"'Avi)@g

Cutting off the Sym V term and applying Homsym v)e (—, Sym V®Sym V), we get the
same complex, up to the isomorphism /\dim Voiyrx N V', which comes from contract-
ing with a nonzero element of /\dim V'V. Thus, we compute that HH®*(Sym V, Sym V ®
Sym V) = Sym V[—dim V], as desired.

(b) The latter complex deforms to give a resolution of Weyl(V), given by the same
formula as above:

0— Weyl(V) @ AV Yy 5 Weyl(v) @ AmV—ly ...
— Weyl(V) @ Weyl(V) — Weyl(V),

I actually can be directly obtained from the given resolution of k, if one notices that Sym V is a Hopf
algebra: to go from the above resolution to the bimodule one, one applies the functor of induction from Sym V/
to (Sym V)®2 (using the Hopf algebra structure); for the opposite direction, one applies the functor ®gym v k

(which exists for arbitrary augmented algebras).
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f®(v1/\-~-/\v,-)®g._>Z(_l)jfl(fvj)@)(v]/\...ﬁj.../\vi)®g

As pointed out, to see it is a resolution, we only need to verify it is a complex, which is
easy. Now, if we cut off the last term Weyl(V) and apply Homweyi(v)e (—, Weyl(V)),
just as before we get the same complex as before applying this functor, so the homol-
ogy will again be concentrated in degree d: H H®(Weyl(V), Weyl(V) ® Weyl(V)) =
Weyl(V)[— dim V], as desired.

(c) The fact that this forms a complex, call it P, (cutting off the Ug, setting Py =
Ug®Uyg), is a straightforward verification. Then, setting Q°® :=Homyge (Ps, Ug®Ug),
we may not any longer get an isomorphic complex (this is related to the fact that Ug is
not Calabi—Yau in general, as we will see in the next exercise sheet), but the associated
graded complex is still the resolution of Sym V, and hence it is still a deformation of
the resolution of Sym V. Thus, by the same argument as before, Q° is a resolution of
its (dim V')-th cohomology, HHdim V(Ug, Ug® Ug), which is a filtered deformation
of the bimodule Sym V (i.e., it is a filtered Ug-bimodule whose associated graded
Sym V-bimodule is Sym V).

(d) The first paragraph is straightforward to verify explicitly following the details
given.

For the final assertion, the first isomorphism is immediate from the first paragraph.
For the second, we can write U g“d = Z(Ug) & W where the center, Z(Ug), is the sum
of all trivial subrepresentations, and W is the sum of all nontrivial irreducible subrepre-
sentations. Thus, Hp(gW) =0 = H.C E (gW), and we obtain the final isomorphism
since Z(Ug) = Z(Ug) ®x k (regarding the latter as the vector space Z(Ug) tensored
with the trivial representation k). O

SOLUTION TO EXERCISE 2.8.3. Since the deformation of the quadratic relation
is by a scalar term only, denoting by E € V®2 4k the deformed relation, we have
(referring to Exercise 1.10.16) that T = EQV N(V+k)Q E mustequal EQVNV QE.
Next note that S = R® VNV @ R is spanned by half of the undeformed Jacobi identity,
[x,y]1®z+ [y, 21 ®x + [z, x] ® y. Therefore, the map gr(T) — S is an isomorphism
if and only if the given (deformed) Jacobi identity is satisfied. (]

SOLUTION TO EXERCISE 2.8.4. (a) Given only A together with ¢ : A/AA = B,
A is generated by ¢~!(V) as a topological k[[i]-module. This follows because it
is so generated modulo /i, and A is fi-adically complete as it is a topologically free
k[[#]-module. So we have a continuous surjection g : T V[[/i]] - A. Now, for every
element r € R, we have ¢(r) € iiA, so there exists a power series 7’ € AT V[[/] such
that g(r + Ar’) = 0. Let {r;} be a basis of R and let {ri’} be as before. Let E be the
span of the rl.’. Then E — TV[h] — TV is an isomorphism onto R. We also have
an obvious surjection v : TV[A]/(E) — A. Moreover, the composition of this with
the quotient to A/Ai = B clearly is the identity on V. We have only to show that i
is an isomorphism. To see this, consider the /i-adic filtration. We get the surjection
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gr(y) : TVIAT/(R) — grp(TVA]/(E)) = gry (A). It suffices to show that this is an
isomorphism. Composing with the isomorphism gr; (A) = B[[/i]l, we obtain a surjection
TV[AN(R) — B[[A]l, which is nothing but the canonical isomorphism. So gr(y) is an
isomorphism, and hence so is .

(b) Most of the details here are provided; we leave to the reader to fill in the missing
ones. (]

SOLUTION TO EXERCISE 2.8.6. Suppose A is a graded formal deformation over
k[[#] of a Koszul algebra B. Since B is Koszul, it admits a graded free bimodule
resolution P, — B, with each P; generated in degree i. The same argument as in
Exercise 1.10.15.(d) (taking now the fi-adic filtration, instead of the weight filtration)
shows that P, — B deforms to a graded bimodule resolution Pf’ — A, with each Pl.h
free over A of the same rank as P; over B. Moreover, Pl.h is also generated in degree i,
so A is Koszul over k[[#] in the sense given. O

SOLUTION TO EXERCISE 3.7.4. (a) We follow the hint. To see o is a k-algebra
homomorphism, note that o(ab)-1=1-ab=(1-a)-b=o0c(a)-1-b=oc(a)o(b)-1.
Then o (ab) = o (a)o (b) because M is a free left module. It is clear that o (1) = 1, and
easy to check that o is k-linear. Then, let t be defined by #-1 =1-t(h). Then it is
clear thatc ot =100 =1d.

(b) This follows immediately from (a), noting that, as a graded module on either side,
M = A (since M is generated in degree zero), and o must be a graded automorphism. [

SOLUTION TO EXERCISE 3.7.5. This follows from the hint: we only need to ob-
serve that the given action on (3.E) is indeed compatible with the differential and
outer bimodule structure. More generally, if M is a A° ® B-module, then HH®(A, M)
always has a canonical B-module structure; in this case we can view M = A® A as an
A¢ ® A¢-module, where the first A¢ acts via the outer action and the second A€ via the
inner action. [l

SOLUTION TO EXERCISE 3.7.11. (a) We computed HH®(Sym V, Sym V. ®Sym V)
and HH®* (Weyl(V), Weyl(V) ® Weyl(V)) in the last exercise sheet, as vector spaces. If
we take care of the bimodule action, we see that HHE™ Y (Sym V, Sym V ® Sym V)
really is Sym V as a bimodule, since the bimodule complex computing this is isomorphic
to the original one computing Sym V as a bimodule. The same is true for Weyl(V).

(b) The resulting complex is still exact because k[I'] is flat over k (in fact, free),
and we haven’t changed the differential by applying @ k[I"]. We only need to check
we get a complex of A x I'-bimodules, and this follows directly from the definition of
the bimodule structure. For the final assertion, note that, for general I' < GL(V), we
can still consider Sym V x T, and the above yields a bimodule resolution. Applying
Hom(sym vye(—, Sym V), we get a complex computing HH®*(Sym V, Sym V ® Sym V),
and we get that this is (Sym V)?[—d], where o is the automorphism o (v ® y) =
det(y)(v®y). So this is trivial if I' < SL(V'), which yields that in this case Sym V x T’
is trivial.
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REMARK. For a general algebra B and automorphism o, we have B = B? as
bimodules if and only if o is inner, i.e., of the form o (a) = xLax for some invertible
x € B. In the above situation of B=SymV x T, and o (v® y) =det(y)(v®y), one
can check that o is not inner when T is not in SL(V), so that actually Sym V x I is
Calabi—Yau (for I" finite) if and only if I' < SL(V). ]

SOLUTION TO EXERCISE 3.8.2. Let I'; := Y"_ ¢'y;. Working in k[e]/(¢"+?),
we have %[/L + T, nu+Tyl= 8"t for some § € C2(A, A). Moreover, we claim that
8 is a cocycle. Using [u, —] = d(—), we have

d(%[ﬂ"‘ Pp, u+Tnl) =[dln, u+ Tyl =[dTs, Tnl = [[pt, Tnl, Tnl.

Then, since [[',] is a multiple of ¢ and [p, ']+ %[Fn, I',] is a multiple of "1 the
RHS equals (modulo "%2):

~[A . Tl T =0,

by the Jacobi identity (which holds on cochains identically). Thus ¢ is indeed a
three-cycle, and defines a cohomology class [§] € HH3(A).

Now, to extend I', to an (n + 1)-st order deformation I'j,;1 =T, + 8”+1y,,+1, we
need to solve the equation %[u +Tyt1, 415411 =0 (modulo ¢"+2), which simplifies
to

d(t1) +38=0.
Hence, the condition to extend I';, to an (n + 1)-st order deformation is the condition
that the cohomology class [§] € HH3(A) is zero.

Finally, the space of choices of y,,11 is equal to d —1(8), which is an affine space
on the space of Hochschild two-cocycles. If we apply an automorphism of the form
® =Id 4"t (f), we get that P o (u+T,) o (@~ @ &~ 1) is nothing but u+ T, +
[e"t1 £, Ty = w4+ T, — et (df). So, up to these gauge equivalences, the space
of extensions to an n 4+ 1-st order deformation I',,41 is an affine space on HHZ(A)
(provided it is nonempty, i.e., § is a coboundary). U

SOLUTION TO EXERCISE 3.10.1. We computed HH®*(Ug, Ug ® Ug) as a vector
space in the last exercise sheet. A little more work computes the bimodule structure. We
find that HHd™ V(Ug, Ug®Ug)=Ug° for o the automorphism o (x) = x —tr(ad(x))
because tr(ad(x)) coincides with the action of ad(x) on /\diva. Therefore Ug is
twisted Calabi—Yau, and actually Calabi—Yau when tr(ad(x)) = 0 for all x (i.e., g is

unimodular). For the final statement, note that, if g = [g, g], then for some x{i), xg) €y,

we have x = Zi[x{l), xél)], and hence tr(ad(x)) =), tr([ad(xil)), ad(xél))]) =0.Itis
clear that the adjoint action, hence also its trace, is zero on an abelian Lie algebra, and
we conclude that all reductive Lie algebras are unimodular. Finally, since the trace of a
nilpotent linear map is zero, nilpotent Lie algebras are unimodular. (]

REMARK. If tr(ad(x)) # O for some x, then Ug® is not isomorphic to Ug, since
the automorphism o is not inner. In fact, the only invertible elements of U g are scalars,
since fg = 1 implies gr(f) gr(g) = 1 as Sym g has no zero divisors. (We remark that
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we could alleviate this by completing U g at the augmentation ideal (g), in which case
all elements not in the ideal are invertible; however, o does not preserve this ideal so it
still cannot be inner.) So Ug is Calabi—Yau if and only if g is unimodular.

SOLUTION TO EXERCISE 3.10.3. (a) The details for the first isomorphism (for
Hochschild cohomology) are already given in the hint. We omit the similar computation
for Hochschild homology.

(b) Write AXT =P gerA -g as an A-bimodule. For every pair of elements g, h € ',
we have an isomorphism by conjugation, Ad(g) : HH®(A, A-h) = HH®(A, A-(ghg™h).
Therefore, letting C;, := Ad(I") - h denote the conjugacy class, we obtain, as a I'-
representation,

HH®(A, A-Cp) = |nd§h(r) HH®(A, A - h),

and taking I-invariants, we get HH®*(A, A - h)%/T) . Summing over all conjugacy
classes yields the desired formula. Now, for an arbitrary I'-representation V, we have

~ r
V®k-Co) =Indy )V,

and taking I-invariants, we get (V ® (]k-Cg))F =~ vz Applying this to the above,
and summing over all conjugacy classes, yields the desired formula.

(c) The necessary details are in the hint (we omit the corresponding ones for Hoch-
schild homology).

(d) The necessary details here are also given; see [1] for the full details (it is only a
few pages). O

SOLUTION TO EXERCISE 4.1.5. First, we verify the final assertion, that the skew-
symmetrization of a dg (right) pre-Lie product is a Lie bracket. This is because the
pre-Lie identity, upon skew-symmetrization, becomes a multiple of the Jacobi identity,
and the compatibility with the differential carries over to the skew-symmetrization.

Going back to the situation of C®(A)[1] for A an associative algebra, we have to
check that o is a derivation and that it satisfies the right pre-Lie identity. The derivation
property follows from the fact that d(y on) and d(y) on+ (— DIYly o (dn), applied to
a1 -+ ® am+n, are both

m .
> (=pi=bath <a1)/(a2®- - ®a; @N(aj41®- @i 1n) @4 nt1®+ Qmn)
i=1
i—1 X
+ 2 (=D (a1® - aragqr - -®a; @n(aj41® - Qi yn) Qjyn+1 @+ Qlmin)
k=1

i+n—1
+ Z (_l)k)/(al - - ‘®ai®’7(ai+1 Q- akag41 -+ ‘®ai+n)®ai+n+l - - ‘®am+n)
k=i
m+n—1 X
+ X DY (@r® - ®ai®nair1®: - - ®din) @i 1nt1®- - - Akt 1 - - @lmtn)
k=i+n

+(=D" Y (01®- - ®a; ®N(ai 11+ i) Ot 4n 19 - ~®am+n_1)am+n).
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The basic point is that the terms on the LHS are all printed above: they involve multi-
plying adjacent components either inside y or inside n with a sign. The corresponding
terms on the RHS all occur with the same sign, and the RHS also has some terms which
cancel pairwise, of the form £y (a1 ® -- - ®a;in(aj+1 Q- - ®aj+n) @ -+ @ am+,) and
similarly replacing the middle by n(a; ® - - - ® dj4n—1)ai+n. One could (and should)
think of this diagrammatically, where 1 takes n successive inputs to one output, y takes
m successive inputs to one output, and the multiplication map takes two successive
inputs to one output, and then both the LHS and RHS express as the same signed
combination of diagrams.

A similar, but more involved, direct computation shows that the pre-Lie identity is
satisfied (see [109]). The basic idea is that, diagrammatically, both sides are the ways of
applying 1 to some successive inputs and 6 simultaneously to other successive inputs,
and finally applying y to the result. O

SOLUTION TO EXERCISE 4.1.6. (a) The identity is again a similar explicit compu-
tation; we refer to [109] for details. Both sides diagrammatically give the result of
applying y; and y» each to different blocks of successive inputs (so yj to the leftmost or
rightmost |y | inputs, and y, to the other inputs) and then multiplying the result, with an
appropriate sign. On the RHS, all other ways of applying y1, y», and the multiplication
cancel pairwise.

One can similarly verify the identity that the cup product is compatible with the
differential, so it descends to a binary operation on cohomology. Using the identity, we
see that the LHS is a coboundary, hence the cup product is symmetric on cohomology,
as desired.

Note that, since the cup product is associative on cochains, it is also on cohomology,
so we get a commutative graded algebra structure on Hochschild cohomology.

(b) Note that the Gerstenhaber bracket is the skew-symmetrization of the circle
product, and so d[yy, y21 — [dy1, y2] — (=Hin |[7/1, dys] is the skew-symmetrization
of the LHS, which is zero. So the Gerstenhaber bracket is indeed compatible with the
differential, which implies we obtain a Gerstenhaber bracket on Hochschild cohomology.

We remark that one can similarly directly verify the Leibniz identity for the Gersten-
haber bracket on Hochschild cohomology (see [109]). O

SOLUTION TO EXERCISE 4.4.1. Since we have assumed G < GL,, and g < gl,, and
k =R or C, we can write

y-d(oy) =exp(B)-d(exp ) = Ad(exp?)(d) = exp(ad(8))(d)
exp(ad(B)) — 1
=" (—dp),
g P

where Ad(expﬂ)(d) and exp(ad(B))(d) are just two formal expressions (standing for
certain infinite linear combinations of terms of the form A%dB?, which are equal because
Ad(exp™) = exp(ad(—)) as formal series). This implies (4.E). [l
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SOLUTION TO EXERCISE 4.5.5. From 7 € /\2 Vect(X) we define the bracket { f, g}
as m(f ® g). The skew-symmetry of the bracket is immediate from the skew-symmetry
of m, and the Leibniz rule follows from the fact that Vect(X) acts by derivations on
O(X).

We need to check that [, w] = 0 if and only if the Jacobi identity is satisfied. Write
T=); gl.(” ®€i(2)’ a skew-symmetric element of Vect(X )®2 (which is identified with the
image of ) ; El.(l) /\éi(z) under the skew-symmetrization map /\2 Vect(X) — Vect(X)®2).
Then we have

1 2 2
ral =4 15", 60 1AeP Ag®.
ij
1 1 2 2
Let o =Y, ;£ 6@t @& Then
O(f®g®@h) ={{f g} hl—{{f hl g}
Skew-symmetrizing and multiplying by 4, we get
[, )(f @ g ®h) = =3[, . I} + (g, th, [+ {h. £, &}D),

which implies that [, 7] = 0 if and only if the Jacobi identity is satisfied. (]

SOLUTION TO EXERCISE 4.8.9. Given a dgla morphism ¢ : g — b, we need to
show that the induced map ¢* : 3'([)[1])* — 3’(9[1])* is a dg algebra morphism. It is
clear that it is an algebra morphism, since this only requires ¢ to be linear. We need to
show that ¢* is compatible with the differential. This follows from the fact that g — b
is both compatible with the differential and with the Lie bracket, since the differential
dc is the sum of two terms, one corresponding to each. Namely, for & € h[1]* and
a,b € g, we have

¢* odce(§)a®b) =&((¢(a), (D)) =£(@([a, b)) =dcg o™ (€)(a®b),
¢*odcg(§)(a) =£(d¢(a) =£(¢(da)) =dcE o dp™(€)(a). O

SOLUTION TO EXERCISE 4.14.1. The Poisson bivector has degree —1, or equiva-
lently, |[7(f ® g)| = |f|+1gl — 1 when f and g are homogeneous. Hence, the only
possible graphs that can be nonzero applied to v®w for v, w € g are those corresponding
to the product, vw, the Poisson bracket {v, w} = w (v ® w), and finally 720 @ w).
But, 72 is symmetric (since 7 is skew-symmetric), and hence T2 @w—w®v) =0;
similarly vw — wv = 0. Therefore the only graph that can contribute to v *w — w * v
is the one corresponding to the Poisson bracket, {v, w} = [v, w]. We conclude that
v*w — w*v = ch[v, w] for some ¢ € k. Then, the fact that we get a deformation
quantization implies that ¢ = 1. O

SOLUTION TO EXERCISE 4.14.2. The necessary details are given already in the
exercise sheet. O

SOLUTION TO EXERCISE 4.14.4. The details below (and more) are all taken from
[156].
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(i) To see that By, (7, ..., ) has order m, note that by construction it has m arrows
pointed at the vertex labeled f and each arrow corresponds to differentiation. Moreover,
since 7 has degree —1, this operator has degree —m; an operator of degree —m and
order m must be a constant-coefficient operator.

(i1) The formula is equivalent to the statement that, if we apply the wheel to the
function x™ placed at the vertex f (for x € g), we obtain tr((ad x)"). Note that
7(x ®—) =ad(x)(—). Let x; be a basis of g, and write ad(x) =
cij € k. Applying the wheel to x" yields

E CitinCigig * " Cipiys

i12i2seeim

i cijx;d; for some

but this is nothing but tr((ad x)™), as desired.

(ii1) This follows immediately from the single wheel (k = 1) case, by the definition
of Br.

(iv) Kontsevich’s isomorphism must be expressed as a formal sum of graphs, and
the graphs must have exactly one vertex labeled f (since the underlying linear map
of our isomorphism is the restriction of a linear map from a single copy of Sym g to
Sym g[[/i])). In the graphs that appear, each vertex labeled 7 cannot have both of its
arrows pointing to the same vertex, since 7 is skew-symmetric. Also, each vertex
labeled 7 can be the target of at most one arrow, since 7 is linear: in more detail, if we
write 7 =) ik fixdj A0 for fjx € g, applying more than one partial derivative to fjx
would yield zero, hence Br = 0 if I" is a graph with a vertex labeled 7 which is the
target of multiple arrows. Since every vertex labeled 7 is the source of two arrows, the
only possibility (to have Br # 0) is to have every vertex labeled 7 pointing to both the
vertex labeled f and one other vertex, such that each vertex labeled 7 is the target of
exactly one arrow. Such graphs are the union of wheels, so the result follows from (iii).

(v) The stated results imply that the isomorphism is a sum of the form

x> Z %cml-~-cmktr((adx)m1)~-~tr((adx)mk),

my,...,mj even
which coincides with the given formula (since the m1, ..., my can occur in all possible
orderings, e.g., 2,4 and 4, 2 both occur). O
SOLUTION TO EXERCISE 5.1.1. More generally, if fi, ..., fi € O(A") cut out a

variety X of dimension n — k, then we can form

Ex = iy neenty (Afi A+ Adfi) € Ngn, Veet(A”),

a (n — k)-polyvector field on A". Note that, by construction, ig, (df;) =0 for all i.
We claim that Ex is unimodular in the sense that each vector field of the form
£ =igy(dh1 ®---®dh,_x_1) € Vect(A") is divergence-free, i.e., Lg(vol) = 0 with
vol =dx| A--- Adxy the standard volume form on A”". Equivalently, iy, a...a5, (@) is
unimodular whenever « is an exact (n — 1)-form. This is a standard local computation,
and it only uses that « is closed: writinga =), fidx A-- -/\gx\i/\- --Adxy, we have
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iy nndy (da) = Zi dfi/dx;, which is the same as the divergence of iy a...n9, (@) =
By construction, Ex is parallel to X (since fi, ..., fr vanish there); algebraically
this is saying that we have a well-defined map,

Exlx : 0O 5 0X), (g1®- - @gni) > izy(dg1®- - @dgn—i),

which is skew-symmetric and a derivation in each component. As a result, so is
[Ex, Ex], which on X is obviously zero (in the case dim X > 2 this is because its
degree is greater than dim X; for dim X = 1 this is clear). Thus [Ex, Ex] =0. In the
case dim X =2, this implies that Ey is a Poisson bivector on A" (by Proposition 4.5.4).
Finally, to see that f; are central in this bracket, we recall the identity ig (df;) =0
above, but iz, (df;) is the Hamiltonian vector field §¢ := {f, —}. [

III. Symplectic reflection algebras

SOLUTION TO EXERCISE 1.9.1. Letz =}, ¢ fg - & be an element in the centre
of C[V] x G. Choose some g # 1. Since G C GL(V), there exists 7 € C[V] such that
g(h) # h. Then

[h,21=) felh—g(h))-g=0
geCG
implies that fe =0 for all g # 1. Therefore Z(C[V] % G) is contained in C[V]. But it
is clear that if z belongs to both Z(C[V] x G) and C[V], then it is contained in C[V]G.
On the other hand one can easily see that C[V]G is contained in Z(C[V] % G). [l

SOLUTION TO EXERCISE 1.9.2. Taking away the relation [y, x]=1 from (y—s)x =
xy+ s gives sx = —s and hence x = —1. Then the relation [y, x] = 1 implies that
1=0. [l

SOLUTION TO EXERCISE 1.9.4. At ¢t = 0, the algebra D;(breg) X W is equal to
Clbreg x h*1 x W. Therefore the image of eHp .(W)e is contained in

e(Clbreg X h*] x W)e = Clbyeg x h*17.

This is a commutative ring. O

SOLUTION TO EXERCISE 1.9.5. Part (1): Since the isomorphism h* — b given by
X — X = (x, —) is W-equivariant, the only thing to check is that the commutation
relation

[y, x]1=1x(») = ) e()as(Mx(ey)s, Vyeh, xeb*
seS
still holds after applying C) everywhere. This follows from two trivial observations.
First,
x(y)=y(E) =, 3 =,),

and secondly, possibly after some rescaling, we have (ag, og) = (oz;/ , (xsv) =2 and
a5 =y, & = as. For part (2), just follow the hint. O
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SOLUTION TO EXERCISE 2.11.3. Part (1): Choose some 0 # x € h* C C[h] and take
M =H (W)/H (W) - (eu — x). This module cannot be a direct sum of its generalized
eigenspaces.

Part (2): Let L be a finite-dimensional H.(W)-module. Then, it is a direct sum of
its generalized eu-eigenspaces because eu € Endc (L) and a finite-dimensional complex
vector space decomposes as a direct sum of generalized eigenspaces under the action

of any linear operator. If [ € L, for some a € C, then the relation [eu, y] = —y implies
that y-l € L,_1. Hence yy --- yx -1 € L,—j. But L is finite-dimensional which implies
that L, = 0 for k > 0. Hence b acts locally nilpotently on L. (]

SOLUTION TO EXERCISE 2.11.4. Since M is finitely generate as a C[h]-module,
we may choose a finite-dimensional, eu- and h-stable subspace My of M such that M
generates M as a C[h]-module. Therefore, there is a surjective map of C[h]-modules
C[hl®c My — M, a@m +— am. This can be made into a morphism of C[eu]-modules
by defining eu- (a @ m) = [ew,a] @m +a Qeu-m. If fy(t) € Z[x? | a € C] is the
character of M then the character of C[hH] ® M is given by

1
(I=n"

fot) e Pz

aeC

and hence ch(M) € @, ¢ t“Z[[1]] too. O

SOLUTION TO EXERCISE 2.11.5. Let M € O. We can decompose M as a C[eu]-

module as
M= @ M
aeC /7

where M% = @, .; Mp. It suffices to show that each M9 is a H¢(W)-submodule of
M. Butif x e h* and m € My then x -m € Mp, and b e a iff b+ 1 € a. A similar
argument applies to y € h* and w € W. Thus M“ is a Ho(W)-submodule of M. [

SOLUTION TO EXERCISE 2.11.6. Exercise 2.11.5 implies that
o= P o=
relrr(W)
with A(L) € O . In this situation Claim 2.7.3 is applicable. It implies that A(L) = L(})

and hence category O is semi-simple. (]

SOLUTION TO EXERCISE 2.11.9. (1) If ¢ ¢ % + Z then category O is semi-simple.
The commutation relation of x and y implies that

[y, x"] = nx"~1 —2¢x" s nodd
Y | nx! n even
This implies that
Clx]1® po
L(po) = , L(pp) = A(p1)

x2mHLClx]® po
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when ¢ = % +m for some m € Z=(. Similarly,

B ___C®m
L(po) = Alpy), L(py) = x2m+t1 Clx] ® py

when ¢ = _71 — m for some m € Zxy.

For part (2), we have eu = xy — ¢s. Therefore ¢y) = —c¢ and ¢; = ¢. Thus, pg <; p1
if and only if 2¢ € Z>(. Similarly, p; < pg if and only if 2¢ € Z (. For all other ¢, pg
and p; are incomparable. (I

SOLUTION TO EXERCISE 2.11.10. Both these steps are direct calculations. You
should get @ = §(2 —¢). O

SOLUTION TO EXERCISE 2.11.7. By the proof of Corollary 1.6.3, we know that ¢
is aspherical if and only if

I:=H¢(W)-e-He (W)
is a proper two-sided ideal of H(W). If this is the case then there exists some primitive

ideal J such that I C J. Hence Ginzburg’s result implies that there is a simple module
L()) in category O such that 7-L(}) =0. But this happens if and only if e-L(A) =0. [

SOLUTION TO EXERCISE 2.11.9(3). The only aspherical value for Z, is ¢ = —%.
O
SOLUTION TO EXERCISE 3.14.1. The Young diagram with residues is
0
1
21310
310112310
O[1]2]3]|]0]1
Then F>|1) = ql(6, 6,3, 2, 1)), K1|A) = [A) and
Eqlr) =q?1(6,5,3, 1, D) +¢'1(6,6,2,1,1)) +1(6,6,3, 1)). O
SOLUTION TO EXERCISE 3.14.3. By adding an infinite number of zeros to the end
of A € P, we may consider it as an infinite sequence (A1, A2, ...) with A; > A;41 and
An =0 for all i and all N > 0. Define I(A) by iy = Ax + 1 —k. It is clear that this rule
defines a bijection with the required property. U

SOLUTION TO EXERCISE 3.14.4. We have
G([4]) = [41+4q[3.11+¢[2,1,11+¢*[1, 1,111, G([3.1]) = [3,1]+q[2.2]+¢*[2, 11],
G(12,2]) = [2.2]+¢[2,1,1], G(12,1,1) = [2,1,1]+q[1,1,1,1],
g(1,1,1,1) =[1,1,1,1]
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and
G5 = [51+4¢[3, 1,11 +¢°[1,1,1,1,1], G4, 1) =[4,114+¢[2,1,1,1],
G([13.2) = (3,21 +¢[3, 1, 11+ ¢%12,2, 11, Gg(2,2,1)) =1[2,2,1],
G(3, 1,1 =[3,1,11+¢q[2,2,1]+¢q[1,1,1,1,1], G(2,1,1,1)) =[2,1,1,1],
G, 1,1, 1,1 =[1,1,1,1,1]. O
SOLUTION TO EXERCISE 3.14.6. (1) In this case, the numbers e, (1), ¢, and
dim A are:
HAA S @&4n ¢G,2 ¢1,1H 2,2,n 2,1,1,1) 1,1,1,1,1)
5 1 0 0 0 0 0 0
4,1 0 1 0 0 0 0 0
(3,2) 0 0 1 0 0 0 0
(3,1,1) —1 0 —1 1 0 0 0
2,2, 1) 1 0 0 —1 1 0 0
2,1,1,1) 0 -1 0 0 0 1 0
a,L,1,,) o o 1 —1 0 0 1
¢ -8 15 -3 0 L 20 B
dimA 1 4 5 6 5 4 1
If we define chy (1) := (1 —1)> - ch(L (1)), then
65 19
chisy(1) =172 —61+5t2,  chypy(r) =415 — 4%,
_9 5 19 75
chiz o) (1) =5t"2—6t+12, chg 1)) =61—-5t2 —172,
19 20 5
chp o () =572, cho1,1,1)(0) =417, cha11,1,H@ =12,

(2) It suffices to calculate the 2-, 3- and 5-cores of the partitions of 5. For r =2
we get

{[5, 13,21, 12,2, 1], [1, 1, 1, 1, 11}, {[4,1],[2, 1,1, 1]},
where the 2-cores are [1] and [2, 1] respectively. For r = 3 we get
{[51,12,2,1],[2, 1, 1, 11},  {[4,11,[3,2],[1,1, 1,1, 1]},
where the 3-cores are [2] and [1, 1] respectively. For r =5 we get
{151, (4, 11, (2, L, L1 [ L L L 1), {13, 21, {[2,2, 11},

where the 5-cores are &, [3, 2] and [2, 2, 1] respectively (for an explanation of
what is going on in this final example read [32]). (]

SOLUTION TO EXERCISE 3.14.7. The argument is essentially identical to that for
ch(L(A)). We use the polynomials e _,(q) to express the character chy (L(1)) in
terms of the character of the standard modules A (). Then, we just need to calculate
chy (A(L)). Note that 1) C[H]® A is a graded W-module 2) the eu-character of A(L) is
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simply the graded character of C[h] ® A multiplied by #*. Hence, it suffices to describe
C[h]® A as a graded W-module. This factors as

Clhler=C1¥ @CmreV i

and hence
1 coW
chy (Ch1® 1) = =————-chw (C[H]""" ®2).
= (1 —1)
We have
chw(CHIY@n =) (Z[C[b]fow ®A: u]r")[m = > fa®lul.
nelr(W) ~ieZ nelr(W)
In fact, for W = G4, one can explicitly calculate the generalized fake polynomials:
pAA 4) 3, 1) (2,2)
(4) 1 t412 413 2+
3,1 402408 14142024208 42048 142420 414 4P
2,2) 124+ 124208 41+ 1 t+203 10
2,1, 1) B4+ 14224208420+ +4° 1422483 +14 41
(1,1,1,1,1) 1% B4t r+13
AV (2,1,1) (1,1,1,1)
(4) B4+t 10
(3, 1) 142024303 12t 410 Bt
(2,2) 242083 41441 241t
21,1 1+t 42024203 4204 485 1412413
a,1,1,1,1) t+12 413 1 O

SOLUTION TO EXERCISE 4.10.2. Let z = x2 so that C[x]%2 = C[x2] = C[z]. The
ring D(h)W is generated by x2, xd; and 82 and D(h/ W) = C(z, d,). Since

X0y (Z") = x 0y (x2”) = 2nx2t = 2nz"

and
92(z") =2n(2n — 1"

we see that ¢ : D(H)W — D(h/ W) sends xdy to 270, and 3)% is sent to d;(4z0; — 2).
Then 9 is not in the image of ¢ so it is not surjective. A rigorous way to show this is
as follows: the morphism ¢ is filtered. Therefore, it induces a morphism on associated
graded; this is the map

C[A, B,C]/(AC —B*>) > C[D,El, A~ D, Br>2DE, C>4DE>.
This is a proper embedding. O

SOLUTION TO EXERCISE 4.10.3. Part (1). Under the Dunkl embedding,

c
y=0x——(l—s),
X
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which implies that dx - pg = 0 and dx - p; = (2¢/x)eq. So the Z,-equivariant local sys-
tems on C* corresponding to A(pg)[8 ~and A(pp)[8~!] are given by the differential
equations d, =0 and 9y — 2¢/x = 0 respectively. Now we need to construct the corre-
sponding local systems on C* /Z,. If z := x2 then d; = (1/2x)0y and A(,oo)[rS_l]ZZ,
resp. A(p)[8~11%2 has basis ag = 1 ® po, resp. a; = x ® py, as a free Clz*")-module.
We see that

1+2¢

2z

81~a0=0, 3Z~(11= aj.

Since the solutions of these equations are 1 and ZHTZC, the monodromy of these equations
is given by # + 1 and ¢ —exp(Zn«/—_lct) respectively. Therefore KZ(A(pg))
is the one-dimensional representation C by of 71(C*/Z,) defined by T - by = by
and KZ(A(p1)) is the one-dimensional representation C by of 7 (C* /Z,) defined by
T -b; = —exp(2m+/—1c)b respectively.

Part 2). If ¢ = % -+ m for some m € Z=q then Pxz = P(p1). If ¢ = —% —m for
some m € Z=( then Pgz = P(pp). Otherwise, Pxz = P(po) ® P(p1), O

SOLUTION TO EXERCISE 5.9.2. The space X.(G,) is never smooth. The Poincaré
polynomial of C[H]°°C2 is

A=A =%/ =0 =142 42+ +26 +15.
The polynomials > 4¢% and 7 +7° do not divide this polynomial in Z[z, ~!]. Therefore
dim L(hy), dim L(hy) < 12

for any parameter ¢, which implies the claim. U

IV. Noncommutative resolutions

SOLUTION TO EXERCISE 1.5.2. (2) Sy is generated by x”, y" and xy, so it is
isomorphic as a ring to C[a, b, c]/(ab —c"). As an Sy-module, for i > 0 we have S; is
generated by x’ and y" ' (depending on conventions). This leads to the quiver

S

7/

S1 Sr—2
\X X/ 3

Y\ i
S S0 <—x— Sp—1 -~

(3) For %(1, 1) Sp is generated as a ring by x3, x2y, xy2, y3, whereas S is generated
as an Sp-module by x and y, and S, is generated as an Sp-module by x2, Xy, y2. The
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quivers are

ﬂ
S S
tee—=""
Spe=—=25,

For %(1, 2) the generators of the ring (again, up to conventions) are xs, X3 v, xyz, y5.
As Sp-modules, S} is generated by x and y>, S, by x2 and y, S3 by x>, xy, y*, and S4

by x4, xzy, y2. The quivers are

)
/ \ Sy
g (N
]
\ / SO —— S2
So ~—— 54 ~—
SOLUTION TO EXERCISE 1.5.3. (1), (2) and (4) are CM. (3) is not. U

SOLUTION TO EXERCISE 1.5.4. (1) (a), (b) are not CM, whereas (c) and (d) are.
(2) (a), (b), (c) are not CM, whereas (d) is CM, as are (u, x) and (u, y). The module
(u?, ux, x%) is not. Part (3) is similar. O

SOLUTION TO EXERCISE 1.5.5. All hypersurfaces are Gorenstein, so this implies
that (1), (2) and (3) in Exercise 1.5.4 are Gorenstein, as are (1), (4) in 1.5.3. The ring in
(2) in 1.5.3 is not Gorenstein. (I

SOLUTION TO EXERCISE 2.5.1. Label the algebras A, B, C, D from left to right.

Question A B C D
() Clryl  CloyP™) Clo,y, 250 Cpey, 250D
2a M=R&(x,y) M=SydS5; M=Sy® S M =S5y S
)b Not CM Yes CM Yes CM Yes CM
3) No Yes Yes Yes
) 2,1 2,2 00, 00 2,3
5) resolutions are periodic
(6) 2 2 00 3
@) NCCR
(8) Op(=1)  Opi(-2) X Op1 (-3)

where for (2)a we use the notation from Exercise 1.5.2, and in (8) X is one of the
1
partial resolutions of C[x, y]i(l’z) containing only one curve. The fact that X| has only

hypersurface singularities is the phenomenon that explains the periodicity in (5). O
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SOLUTION TO EXERCISE 2.5.2. (1) Set M| := (u,x —1), My := (u, x(x — 1)) and
M3 := (u, x2(x — 1)). The main calculation is
inc
PN
M| —x—> M»

T |

inc|x—1 X inc

from which, after some work, the presentation follows.

(2) We can check whether A = Endz(Z & M| & M> ® M3) is a NCCR by localizing
to the maximal ideals, and there (up to Morita equivalence) we find the NCCR from
2.5.1.

(3) There are many. Set M :=Z & (u,x — 1) & (u, x(x — 1)) & (u, xz(x — 1)), the
module from (1), then for example taking N := Z & (u, x) ® (u, x — 1) we see that
Endz(N) is morita equivalent to Endz (M), since add M = add N. [l

SOLUTION TO EXERCISE 2.5.3. (2) As right modules, the projective resolutions of
the simples Sy, S, S3 are
0—> 34 > (e1A)> > e3ADerA — e]A— S| — 0,
00— eA—>eADesA— erA— S — 0,
0— (34)9% > e2A® (e14)9% — e34 — S35 — 0.
See [240, 6.9] for the general form of the projective resolutions. Part (1) is similar.

For (3), the key point is that Z(A) is not Gorenstein, and in general we can’t apply
Auslander—Buchsbaum unless A is a Gorenstein Z(A)-order, which it is not. O

SOLUTION TO EXERCISE 2.5.4. Label the algebras A, B, C, D from left to right.

Question A B C D
C b b b (C 9 b k C b b b l
@ [u,v,x,y] [u,v xzy] [u vzx y] . Clx.y.z]3 01D
(uv—xy) (mv—x7)  (wv—(x—y-)(x+y?))
(3) e.g.consider e.g. consider e.g. consider Consider
R&® (u,x) R® (u,x) R® (u,x+y?) So®S1® S
@ Op (=D Opi(—2)® O Y| Op2(~3)

where for (3)D we use the notation from Exercise 1.5.2, and in (4) Y| is the blowup of
the ideal (u, x + yz), which forms one half of the Pagoda flop. The first three examples
capture the phenomenon of Type A contractions in 3-folds; in example A the curve has
width 1, in Example C the curve has width 2 (changing the 2 to n in the relations gives
the example with width #), and in example B the curve has width oo. O
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SOLUTION TO EXERCISE 2.5.5. (3) With R a complete local CM ring of dimension
three, the general result is that Homg (M, N) € CM R if and only if depthp Ext}e (M,N)
is positive. See for example [141, 2.7]. O

SOLUTION TO EXERCISE 2.5.6. (3) The general theorem due to Watanabe is that if
G has no complex reflections, then the invariant ring is always CM, and it is Gorenstein
if and only if G <SL(n, C). O

SOLUTION TO EXERCISE 3.2.1. Label the algebras A, B, C, D from left to right.

A B C D
0=(=1.1) Opi(=1) Opi(=2) Y Opi(-3)
0=(,-1) C? Opi(=2) Y» 7

where Y| is one of the partial resolutions of the %(1, 2) singularity containing only
one curve, Y is the other, and Z; is a scheme with two components, one of which is
O]Pl (-3). U

SOLUTION TO EXERCISE 3.2.2. Label the algebras A, B, C from left to right. Then

A B C
0=(=1,1) Op(=1)% Op(-2)®0p Y
O=(1,—1) Op(=D%? Op(-2)®0p 1,

where Y7 is blowup of Spec Clu, v, x, y]/(uv—(x —yz)(x +y2)) at the ideal (u, x+y2)
and Y, is blowup at the ideal (u, x — y2). In examples A and C, the two spaces are
abstractly isomorphic, but not isomorphic in a compatible way over the base; they are
examples of flops. O

SOLUTION TO EXERCISE 3.2.3. Since 6y = —60; — 6, the stability condition is
determined by the pair (61, 62). The chamber structure is

NES
SN

where in each chamber is the toric fan corresponding to the quiver GIT for that chamber.
There are thus three crepant resolutions. (]
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SOLUTION TO EXERCISE 3.2.4. The invariants are generated by Ry :=as, Ry :=
at =bs, Rz :=bt, v and w, and abstractly the invariant ring is isomorphic to

CIRy. R2, R3, v, w]

R —RR;
(v—w)R;
(v—w)Ry
(v—w)R3 O

SOLUTION TO EXERCISE 4.9.1. (1) No. Take for example R = C[x, y] and M =
R&® (x,y). (2) See [21, 4.1]. O

SOLUTION TO EXERCISE 4.9.2. (1) Note that Endg (R @ M) € CM R implies that
M € CMR. Because of this, Ap = Endg, (R, @ Mp) implies that for any prime p not in
the singular locus, Ay = My (Ryp) for some n. On the other hand, finite global dimension
is preserved under localization, so if p is in the singular locus then Ay cannot be a
matrix algebra over Ry (since they have infinite global dimension). Thus the Azumaya
locus equals the nonsingular locus. (2) Note in (1) that both loci equal the locus on
which M is not free. This can be described as the support of the module Ext}e (M, QM),
and hence is closed. (3) The K group of Endg (R & M), which is finitely generated
since the global dimension is finite (and R is now local), surjects onto the class group

of R. O
SOLUTION TO EXERCISE 4.9.3. C® C[x]. O
SOLUTION TO EXERCISE 4.9.4. See [141, 5.4]. O

SOLUTION TO EXERCISE 4.9.5. The most direct way is to establish (using for
example the snake lemma) that Endy (Oy & £) = Endg(R & (x, y)) via the global
sections functor, where R = C[x, y]. From there, in the presentation the arrow a
corresponds to multiplication by x taking an element from R to (x, y), similarly the
arrow b to multiplication by y, and the arrow ¢ corresponds to the inclusion of the ideal
(x, y) into R. O

SOLUTION TO EXERCISE 5.5.1. (2) is the singularity uv =x2y from Example 3.1.5
and Exercise 3.2.3. For the remainder, see [247, §16]. [l

SOLUTION TO EXERCISE 5.5.3. By Artin—Verdier theory, taking the torsion-free
lift M of M to the minimal resolution, there are short exact sequences 0 — 0%
M— Op—0and 0 > M* - O% — Op — 0 where D is a divisor transversal
to the curve corresponding to M. Taking the pullback of these sequences, the middle
exact sequence splits giving an exact sequence 0 — M* — 0% — M — 0, proving
the statement. U

SOLUTION TO EXERCISE 5.5.5. The Ext groups are isomorphic, since the Knorrer
functor gives an equivalence of categories CMR ~ CMR’, known as Knorrer periodicity.
See for example [247, §12]. O
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SOLUTION TO EXERCISE 6.1.1. (1) 8, (2) 11, (3) co. The general result is that the
path algebra is finite-dimensional if and only if there is no oriented cycle. (]

SOLUTION TO EXERCISE 6.1.3. (1) k[)c]/(x3 —1). When k = C this is isomorphic
to k @ k & k which can be viewed as just a quiver with three dots. (2) k[x, y].
3) k®k[x]. O

SOLUTION TO EXERCISE 6.1.4. (1) One vertex, n loops, no relations. (2) One
vertex, n loops, the commutativity relations. (3) Draw the quivers side by side, and
take the union of the relations. (4) Since CG is semisimple, it is a direct product
of matrix rings. Combine answers for (3) above and 6.1.5(1) below. Alternatively,
work up to morita equivalence, where CG is then just a finite number of dots, with
no relations. (5) One vertex, number of loops=number of generators, then the finite
number of relations. O

SOLUTION TO EXERCISE 6.1.5. (1) is an easy extension of 6.0.13(2). (2) then
follows as in 6.0.25(2) and 6.0.23. (3) Consider the functor mod k — mod M,, (k)

Vi V_ 2V V-V _ >V
1 1 1
This is clearly fully faithful, and is essentially surjective by (2). (]

SOLUTION TO EXERCISE 6.1.6. Take an arbitrary simple module, which is neces-
sarily finite-dimensional. View as a quiver representation, with vector space V and loop
corresponding to a linear map f: V — V such that f” = 0. Consider the kernel, then
this gives a submodule, so necessarily the kernel must be everything (since f cannot
be injective). Thus f must be the zero map, so V must be one-dimensional else the
representation decomposes. (]

SOLUTION TO EXERCISE 6.1.7. View any such simple as a finite-dimensional rep-
resentation of the quiver. Thus X and Y are linear maps from a finite-dimensional
vector space to itself, and they must satisfy the relation XY — Y X = 1. Taking the trace
of this equation gives 0 = n, which is a contradiction. (]
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1-critical, 60 center of a Poisson algebra, 86
Cherednik algebra, rational, 178, 231

additive filtration, 77 Chevalley—Eilenberg (co)homology, 106

André—Quillen (co)homology, 106 Chevalley—FEilenberg complexes, 121

AR quiver, 289 x-conditions, 57

Artin—Schelter, 30 circle product, 137

aspherical values, 179 classification

associated graded algebra, 77 of noncommutative curves and surfaces, 62
of regular algebras of dimension 2, 37
of regular algebras of dimension 3, 38

Cohen—Macaulay module, 250

associative algebra, Z-graded, 75
associative algebra, dg, 104
augmentation ideal, 101
augmentation map, 23

Cohen—-Macaulay ring, 250
augmented algebra, 101

coherent, 52

cohomology
Auslander-Buchsbaum formula, 253 Chevalley—Eilenberg, 106

Auslander—Reiten sequence, 289
autoequivalence, 56
Azumaya locus, 225

augmented commutative k-algebra, 115

Harrison—André—Quillen, 106
Hochschild, 105
Poisson, 150

coinvariant algebra, 232

baby Verma module, 232
commutative algebra, dg, 105

bar resolution, 124

Beilinson—Bernstein localization theorem, 90 commutative polynomial ring, 33

Bernstein filtration. 77 complete augmented commutative k-algebra, 115
BGG-reciprocity, 193 complex of vector spaces, 104

birational, 64 complex reflection, 172

birationally commutative, 65 complex reflection group, 172

cone, nilpotent, 87

Calabi—Yau algebra, 69, 129 congruent matrices, 41

Calabi—Yau potential, 161 connected, 14

Calogero—Moser partition, 233 coordinate ring, twisted homogeneous, 58
Calogero—Moser space, 224 crepant resolution, 277

canonical basis, 205 critically dense, 67

categorical quotient, 79 cubic regular algebra, 39

category O, 184 curved L~ morphism, 146
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CY algebra, 279
CY category, 279
cyclotomic Hecke algebra, 218

deformation, see also formal
n-th order, 116
infinitesimal, 108
of a module, 131
Poisson, 111
deformation principle, 123
deformation quantization, 108
deformed preprojective algebra, 93
degree lex order, 19
depth, 250
depth lemma, 250
derivation, 126
derived category, 271
de Rham functor, 213
dg associative algebra, 104
dg commutative algebra, 105
dg Lie algebra, 105
dg vector space, 104
dgla, 105
diamond lemma, 19
differential operator of order < m, 82
directed graph, 114
discrete group, quotient of affine variety by, 79
distinguished object, 54
double quiver, 93
du Val singularity, 89
dual graph, 285
duality, Van den Bergh, 159
Duflo—Kirillov isomorphism, 153
Dunkl embedding, 180

enveloping algebra, universal, 79
enveloping algebroid, universal, 83
exponential growth, 16

Ext, 22

fake degree, 235

fat point, 61

filtered deformation, 78

filtration, 77, 175

fine moduli space, 48

finitely graded, 15

Fock space, 202

formal
cohomology, 112
deformation, 108, 116, 132
parametrization, 47
Poisson deformation, 111

INDEX

free algebra, 14
free resolution, minimal, 24
fundamental degree, 87

gauge equivalence, 118
Gelfand—Kirillov (GK) dimension, 16
generated in degree 1, 37
geometric filtration, 77
Gerstenhaber bracket, 137
global dimension, 28
Gorenstein ring, 250
graded algebra, 14, 77
graded Hom, 25

graded homomorphism, 15
graded quotient ring, 63
graph, directed, 114
Grobner basis, 19

Harish-Chandra isomorphism, 87
Harrison (co)homology, 106
Heisenberg Lie algebra, 41, 50
higher-order deformation, 116
highest-weight category, 191
Hilbert series, 15
Hochschild (co)homology, 105
Hochschild-Kostant—Rosenberg theorem, 107
homological dimension, 291
homologically smooth, 128
homology
Chevalley-Eilenberg, 106
Harrison—André—Quillen, 106
Hochschild, 105
horizontal section, 214

idealizer, 62

inclusion ambiguity, 20

increasing filtration, 77

infinitesimal deformation, 108

inner derivation, 126

integrable connection, 212

invariant of a Lie algebra representation, 87
invertible bimodule, 127

Jordan plane, 17

k-linear abelian category, 56
Killing form isomorphism, 88
Kleinian singularity, 89

Koszul algebra, 102

Koszul complex, 33

Koszul deformation principle, 123
KZ-functor, 216, 217



Lo morphism, 146
Lo quasi-isomorphism, 147
Lagrangian subspace, 175
left bounded, 23
left invertible bimodule, 127
Lie algebra
dg, 105
Heisenberg, 41, 50
representation invariant, 87
line module, 49
localization, 52
theorem, Beilinson-Bernstein, 90

Maurer—Cartan, 138, 139
maximal orders, 69
McKay correspondence, 89
Auslander, 289
combinatorial, 287
derived, 290
McKay quiver, 286
minimal free resolution, 22, 24
minimal model, 65
minimal set of generators, 33
moduli space, 263
Moyal-Weyl star product, 109
multilinearization, 44

Nakayama automorphism, 42
Nakayama’s lemma, 23

naive blowup algebra, 67

new intersection theorem, 294

nilpotent cone, 87

noncommutative crepant resolution, 251
noncommutative invariant theory, 70
noncommutative projective scheme, 54
normal element, 17

one-parameter formal deformation, 108
operad, 106

order of a deformation, 116

outer derivation, 126

overlap ambiguity, 20

parametrization of point modules, 43, 48
formal, 47

partition, 199

path algebra of a quiver, 92

PBW property, 82

PBW theorem, 176

Poincaré-Birkhoff—Witt theorem, 80, 176

point module, 42, 66, 68

Poisson algebra, 81, 227

INDEX

Poisson cohomology, 150
polynomial ring, commutative, 33
potential, 161

pre-Lie algebra, 137
preprojective algebra, 93

prime ideal, 53

product of extensions, 105
projective dimension, 27
projective module, 23

projective resolution, 23

quadratic algebra, 101
regular, 39
quadric surfaces, 69
quantized quiver varieties, 94
quantum affine enveloping algebra, 201
quantum plane, 17
quantum polynomial ring, 17
quasi-coherent, 52
quasi-isomorphism, Lo, 147
quiver, 92, 297
double, 93
varieties, quantized, 94
quotient
categorical, 79
functor, 54
of an affine variety by a discrete group, 79

rational Cherednik algebra, 178
restricted, 231
reduced word, 19
reduction-unique, 20
Rees algebra, 117
reflection algebra, symplectic, 119, 174
reflection group, symplectic, 173
reflexive equivalence, 253
regular algebra
Artin—Schelter, 30
classification of —s, 37, 38
quadratic/cubic, 39
regular connection, 213
representable, 48
representation of a quiver, 92
restricted rational Cherednik algebra, 231
right invertible bimodule, 127
right pre-Lie algebra, 137

Satake isomorphism, 180
Schouten—Nijenhuis Lie bracket, 109
Schur algebra, 200

Serre duality, 61

Serre functor, relative, 278
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sheaf cohomology, 61 tilting module, 255

o-ample, 58 triangulated category, 271

singular CY algebra, 279 trivial module, 25

singularity, 89 truncated R-point module, 48

singularity category, 280 twist of a Maurer—Cartan element, 139

skew group ring, 174, 246 twisted Calabi—Yau algebra, 129

skew product, 95 twisted homogeneous coordinate ring, 50, 58
skew-Laurent ring, 63 twisted superpotential, 42

Sklyanin algebra, 18, 45, 50, 161

skyscraper sheaf, 60 universal

enveloping algebra, 68, 79
enveloping algebroid, 83
filtered deformation, 118
formal deformation, 118

smash product, 95

solutions functor, 213
spherical subalgebra, 175
Springer resolution, 90
stability, 6-(semi)stable, 262
standard module, 185

star product, Moyal-Weyl, 109

Van den Bergh duality, 159
vector space

Z-graded, 75
strongly noetherian, 49 grade
. complex of —s, 104
symmetric algebra, 75 dg, 104
symplectic ’ .
symplectic, 76
core, 229 :yr]np ectie
leaf, 228 versa

filtered deformation, 118

flecti 1
reflection, 173 formal deformation, 118

reflection algebra, 119, 174

resolution, 236 weakly Artin-Schelter regular, 30, 31
vector space, 76 Weyl algebra, 76
syzygy, 241 Witt algebra, 68
tail, 53 Yoneda product of extensions, 105
tensor algebra, 75
thick subcategory, 273 Z-graded, 75
tilting bundle, 274 Z-graded vector space, 75

tilting complex, 274 Zhang twist, 50, 55



